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Abstract

The main goal of this thesis is the analysis of a wide class of structured population models
in the space of finite, nonnegative Radon measures equipped with the flat metric. This
framework allows a unified approach to a variety of problems providing them with basic
well-posedness and stability results.

The first result is the existence and uniqueness of measure valued solutions to the one-
sex structured population model. A nonlinear semigroup is constructed here by means of
the operator splitting algorithm. This technique allows to separate the differential opera-
tor from the integral one, which leads to a significant simplification of proofs. Concerning
stability, the Lipschitz continuity of solutions with respect to the model coefficients is
provided. The next analytical result is the well-posedness of the age-structured two-sex
population model. Existence and uniqueness of the measure valued solutions is proved
by the regularization technique as well as the stability estimates. A brief discussion on a
marriage function, which is the main source of the nonlinearity in this model, is carried
out and an example of the marriage function fitting into the considered framework is
given.

The second part of this thesis is devoted to a development of numerical methods for a
particular class of one-sex structured population models. The first method is constructed
through the splitting technique and corresponds with a current trend basing on a kinetic
approach to the population dynamics problems. Separation of a semigroup induced by
the transport operator from a semigroup induced by the nonlocal term allows to keep
the solution as a sum of Dirac deltas despite of the regularizing character of the nonlocal
boundary condition. As the next step, two alternative methods based on different ap-
proximations of the boundary condition are analyzed. These are the Escalator Boxcar
Train algorithm and its simplification. Convergence of both methods is proved exploiting
the concept of semiflows on metric spaces. Last but not least, the rate of convergence for
all schemes mentioned above is provided.
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Chapter 1

Introduction

The following thesis is devoted to the mathematical analysis of a wide group of structured
population models in metric spaces. Most of those models can be illustrated as an
evolutionary PDE for density of individuals [31, 82] with respect to a specific structural
variable which represents, for instance, age [81], size [8], phenotypic trait [17], maturity of
cells [80], [34] etc. A typical functional space in which early results were obtained is the
space of integrable functions or densities. The main goal of this thesis is to present a more
general approach, which is based on setting these models in a space of measures. We will
prove a well-posedness theory of measure valued solutions to a class of one-dimensional
problems originated from population dynamics, which are represented by the following
equation

Oppr+ 0y (b(t, ) ) +c(t, ) = [, (0(t, 1)) (y) dp(y),  (t,2) € [0, T] xR,

/'LO € M+(R+)7

(1.1)

where the initial condition is a finite, nonnegative Radon measure. In particular, we
strongly focus on the space of finite, nonnegative Radon measures M* (R, ) equipped with
a flat metric [67, 85]. This framework allows a unified approach to a variety of structured
population models (for particular examples see Subections 2.2.1 — 2.2.5), providing them
with basic well posedness and stability results. Here, we follow and develop the approach
in [43, 44] by constructing the solutions through the use of operator splitting, or fractional
step method [24, 25] in metric spaces. This allows a significant shortening of the proofs
compared to [43, 44], while at the same time gaining wider generality.

Apart from (1.1), which is intended for single-species populations, we consider a two-
sex population model, that is a system describing two interacting sub-populations struc-
tured with respect to age, which can be directly applied to human population dynamics.
We provide results concerning the well-posedness of measure valued solutions to this
problem, but in contrast to the single-species case we exploit the regularization tech-
nique instead of the splitting method. The major difficulty in this model is a nonlinear
“marriage operator”, which accounts for the interactions between males and females.
Since there is no obvious choice of the most appropriate marriage function, we adjust for
the measure setting proposed in [52], which has a sufficient generality for the practical
purposes.



A part of this thesis is devoted to development of numerical methods for (1.1). We
design a numerical scheme resulting from a variation of the EBT method commonly used
in biology (an abbreviation for the Escalator Boxcar Train method, for applications see
e.g. [15, 41, 69, 84]), which is essentially analogous to particle methods originally used
in physics. In contrast to the earlier achievements, we adopt the EBT method for a type
of models, where the influx of new individuals occurs not only through a boundary, but
possibly through the whole domain. This was possible to accomplish due to the operator
splitting method, which separately copes with the transport operator and the integral
operator. We prove a convergence of this generalized method in the space of finite,
nonnegative Radon measures equipped with the flat metric and provide the convergence
rates. For the McKendrick model [64], as a particular case of (1.1), we additionally present
an alternative approach consisting in a different definition of the boundary cohort and we
also provide similar results as for the splitting method. Last but not least, we confront
theoretical estimates with results of numerical simulations for several test cases.

The thesis is organized as follows. The aim of Chapter 1 is to introduce the reader
to the population dynamics, space of Radon measures and related topics. Thus, in
Section 1.1 we present the main ideas and a brief history of structured population models.
For the paper to be consistent we put a few words concerning the notation in Section 1.2.
In Section 1.3 we recall basic facts about the space of Radon measures. Sections 1.4
and 1.5 are devoted to metrics originated from the optimal transportation theory, that is
the 1-Wasserstein distance and the flat metric, respectively. The last section of the first
chapter, Section 1.6, covers a justification of setting the structure population models in the
space of Radon measures and underlines the advantages following from application of the
1-Wasserstein distance and flat metric. In Chapter 2 and Chapter 3 we present analytical
results concerning a well-posedness theory of measure valued solutions. Chapter 2, which
is based on the results obtained in [21] by Carrillo, Colombo, Gwiazda and Ulikowska, is
devoted to the one-dimensional problem (1.1). In Chapter 3 we present results established
in [75] by Ulikowska for the age-structured, two-sex population model. Chapter 4 is
devoted to development of the numerical scheme for (1.1) based on the splitting technique.
This chapter also contains the effects of numerical simulations for the particular test cases.
Results related to the latter topic were achieved by Carrillo, Gwiazda and Ulikowska in
[22]. In Chapter 5 we present two alternative numerical methods for the McKendrick
model together with their convergence analysis. This issue is a subject of the recent
research of Gwiazda, Jablonski, Marciniak-Czochra and Ulikowska.

1.1. Structure Population Models

The main purpose of the first population dynamics models was to describe changes in the
size of a population and to investigate factors which influence its evolution. A significant
step in the development of these models was made by Malthus [59], who noticed that
growth of a population is proportional to its size, which gave rise to a linear ordinary
differential equation of the following form

d
Ep(t) =rP(t).
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Here, P(t) denotes a total number of individuals and r is a constant growth rate. De-
pending on the sign of r the population grows or reduces exponentially, which in many
cases proves to be wrong in nature, since the exponential growth can be inhibited by
environmental limitations such as lack of nutrients, space, or partners to reproduction.
A modification of the model incorporating these factors was proposed in [77] by Verlust,
who made the growth rate dependent on the total population size.

Both models mentioned above were developed and became more complex during the
years of studies, but eventually it turned out that they are applicable only in case of
homogeneous populations. In such populations vital processes (e.g. birth, death, devel-
opment of individuals) do not depend on the individual’s state, which is not a common
phenomenon. For instance, in human population fertility and mortality depend strongly
on the age of a human, in cell populations the mitosis process is often influenced by the
size or maturity of a cell, the phenotypic trait of an offspring depends on its parents’
trait. It is worth mentioning that a common characteristic of physiologically structured
population models is that they all base on the individual’s behaviour. The starting point
in creating such models is thus to find a description of an individual’s life history related
to its survival, dynamic of a transformation, and reproduction. Then, the key point is to
investigate how the mechanisms at “individual level” generate phenomena at the “popu-
lation” level. The main idea of the population dynamics states that changes occurring in
a certain population are in fact a sum of actions of its individuals. In other words, there is
a balance law according to which a change of the “amount” of individuals at the state x is
equal to decrease of these individuals due to processes of death and transformation (e.g.
aging, growing, maturation, mutation) combined with their increase due to the process
of birth. In the sense described above, structured population models link processes on
the “individual level” and the “population level”. From that reason they are often called
individual-based models.

One of the first structured population models was described in [64] by McKendrick,
who took into account a population’s age structure. This led to the following partial
differential equation

Ou(t,x) + du(t,x) = —c(x)u(t, ),

U(O,t) = 0+oo ﬁ(yﬁb(tay)d%

where z is the age of an individual and wu(¢,-) is a distribution of a population with
respect to x. Note that (1.2) is a particular case of (1.1). Functions 8 and ¢ are age-
dependent birth and death rates respectively. A generalization of this model incorporating
the environmental influences, which brought it far closer to solving real problems, was
formulated in [45] by Gurtin and MacCamy, who considered a birth rate 5(x, P) and
a death rate c¢(z, P) as functions dependent on the total population size P. The main
advantage of introducing nonlinearities of such type is the possibility of tracking not only
individual behaviour but also the interactions and influences on the environment. For
instance, consider a population which consumes food and thus decreases natural resources.
Consumption of food makes the population grow, but on the other hand, smaller amount
of nutrition results in smaller fertility and as a consequence the population is expected to
decrease. This feedback loop gives a rise to a natural question about existence of stability,
where both effects are balanced, however this issue is not a subject of this thesis.

(1.2)
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The accuracy of structured population models led to their intensive development and
variety of further generalizations. Size, length, maturity, level of the particular chemical
substance within a cell, phenotypic trait and many others started to play a role of the
structural variable. For instance, the first size-structured population model was presented
by Anderson and Bell in [6]. The other direction of development consisted in considering
multi-dimensional structural variables. It was initiated in [76], where a population was
structured by age and size. Another trend was based on involving at least two interacting
populations. One of the first attempts of including both sexes and tracking interactions
between them was made by Kendall in 1949 [58]. Although the age structure was left out
of consideration, this paper became a starting point for many recently used models (see
[23] and [48] for extensions). A significant generalization based on incorporating the age
structure was formulated for the first time in [37] by Fredrickson and reintroduced in [50]
by Hoppensteadt in 70’s. This subject was in the center of researchers’ interest, as the
results could be directly applied to the human population dynamics. Predicting how the
population will grow and change its age structure is essential, since these changes affect
many areas of public life, e.g., health care, education, insurance market, job market, social
systems. It influences also the quality and availability of natural resources. Nowadays,
such models are used in modeling sexually transmitted diseases (e.g. HIV), see [32, 40,
46, 63]. Coming back to the Fredrickson-Hoppensteadt model, it describes the evolution
of males and females structured by age as well as the process of heterogeneous couples
formation, which depends on the age of both parters. The latter assumption brings
the model far closer to reality, as individuals at different ages usually show a tendency
to different social and sexual behaviours. Although there is many more factors which
influence the marriage process in the human population, in this thesis we also consider
only the most important ones - sex and age, since taking all of them into account leads
to the high complexity.

Summarizing, structured population models are nowadays present not only in demog-
raphy, but also in other areas of natural sciences like ecology, epidemiology or biology and
the structural variable is not restricted to age in general. Note that the structural variable
usually denotes a characteristic of an individual not a spacial position, since most often
it is assumed that the environment is homogeneous and thus the spatial position plays no
role. Apart from this restriction, one can freely choose any characteristic, which has an
influence on the evolution of a population and the individual’s vital processes. The model
(1.1) is intended to include variety of these choices. In the age-structure, two-sex popula-
tion model being a subject of the Chapter 3 the structural variable if fixed. It is worth to
underline that both models we consider here are fully nonlinear, which means that all vital
processes depend not only on the structural variable, but also on time and a state of the
whole population. For the more detailed overview of structured population models and
their history we refer to e.g. [31] (other citations: [17, 28, 31, 34, 43, 44, 64, 70, 82, 81]).

1.2. Notation

We use a notation according to which x € R™ = [0, +00)™, m € N. We emphasize that R
is used only for the ambient space, so it always refers to a structural variable and not to
time. The choice of R™ is justified by the fact that the ambient space does not play any
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specific role but is adopted to include some typical models, where traits of an individual
are described by nonnegative values. In this thesis we focus on one- and two-dimensional
case, but results concerning the 1-Wasserstein distance and flat metric provided in § 1.4 —
§ 1.5 are valid for the arbitrary m € N.

Let (X, |- ]x) and (Y,]|-|y) be metric spaces. We will use the following notation.
o B(X;Y) is the space of functions bounded with respect to the supremum norm,
o C(X;Y) is the space of continuous functions,

o CK(X;Y) is the space of k times differentiable functions, k € N,

o Cp(X;Y) is the space of continuous functions bounded with respect to the supremum
norm,

o Lip(X,Y) is the space of Lipschitz functions.

In the particular case where Y = R, we use an abbreviated notation, i.e., we omit a
specification of a codomain. For instance,

o Co(X) is the space of real-valued continuous functions vanishing at infinity,
o LP(X) is the usual Lebesgue space,
o WkP(X) is the usual Sobolev space.

To simplify the notation we define

n
lelsen = M@r )= D lilly Vo= (21, 20) € X7
i=1

The subscript following a symbol of a function always denotes its argument unless it is
said differently, e.g. f; denotes a value of a mapping f :[0,7] — Y at time t. To avoid
misunderstandings partial derivatives are always denoted by a symbol 0.

1.3. Space of Radon Measures

Denoted by M(R™) stands the set of finite, real Radon measures on R7. We say that a
measure is finite when its total variation is bounded. We recall that for a measure p its
total variation ||, is defined as

Il py = " (RY) + 0~ (RY),

where p* and p~ are measures arising from the Jordan decomposition theorem. By
M*(R™) we denote the space of finite, real and nonnegative measures. By M7j(R™) we
denote a subspace of M*(R7) consisting of measures with the first moment integrable,

M@ ={pem @)« [  Jeldn(z) < ool

9



where | - || is a norm in R™. Space of probability measures will be denoted by P(R7*) and
the space of probability measures with an integrable first moment by P;(R7). By Riesz
representation theorem it follows that

(M®RT), [ rv) = (Ca(RT), [ 1)

where (Co(R™), | - |..) is the space of continuous functions vanishing in infinity equipped
with the supremum norm. Thus, each p € M(R7) can be identified with a bounded linear
functional L on (Co(R7), || -|..) such that

oo

“NHTV = ”L”(CO(RT))*'

Here, |- |, my)- denotes the usual norm in a dual space, i.e.

IEcumey =sup{ [ o@)du(a) = o Co(®r) and Jol., <1},

Since the space of bounded linear functionals defined on a normed space is a Banach
space itself (when equipped with the dual norm), we conclude that (M(R7), || |l5) is
a Banach space as well. Below we recall basic definitions and facts concerning various
types of convergence in the space of measures.

Definition 1.3. We say that a sequence {u"}ney € M(R™) converges weakly* to a mea-
sure 1 € M(RT) if and only if

tim, [ @A - p) (@) =0 Ve Co(RE),

n—>+00

Respectively, we say that a mapping j: [0, T] - M(RT) is weakly* continuous if for any
v € Cp(R™) a function

FOTI=R 0= [ p@)du()
18 conlinuous.

Definition 1.4. We say that a sequence {u"}nen € M(RT) converges narrowly to a
measure 1 € M(R™) if and only if
n—+o00

lim J e(@)d(p" -p)(2) =0 VeeCp(RY).

Respectively, we say that a mapping p : [0,T] = M(R?) is narrowly continuous if for
any ¢ € Cp(R™) a function

FOTI=R 0= [ p@)du()

18 continuous.

10



Remark 1.5. Narrow convergence of measures (resp. narrow continuity) is also known as
weak convergence of measures (resp. weak continuity), see e.g. [11]. The weak topology
on M(R7) is the topology a(M(R7), Cp(R™)), that is the base of the weak topology
consists of the sets

Une)={v | [ sidn= [ paw
R R
where e M(R™), fi e C,(R7) and £ > 0.

<5,i=1,...,n},

Definition 1.6. We say that a sequence {{"}nen € M(R™) is tight if and only if

lim su du™(xz) =0.
Jmysup J e (z)

Proposition 1.7. For a sequence {4}y ¢ M(R™) it holds that
{1 }nen converges weakly” and is tight < {u"},en converges narrowly.

Remark 1.8. The narrow convergence is more sensitive on a behaviour of measures at
infinity than the weak* convergence. For instance, consider the following sequence of
probability measures on R,

u" () = X[nns1) (@),

which converges weakly* to 0, but does not converge narrowly since the tightness condition
is not fulfilled.

1.4. 1-Wasserstein Distance

A concept of the Wasserstein distances originates from the optimal transportation prob-
lem, which was formulated for the first time in the 18th century by Monge [66] and can
be briefly described as follows. Assume that one has a pile of sand and a hole, both of the
same capacity. The question which needs to be answered is how to transport all the sand
into the hole. In particular, where one should send the sand from the certain location
so that the minimal effort is put into this task. The choice of a proper transport plan is
crucial here, since the cost of transport usually varies depending on the distance between
points. Let us formulate this problem in a more rigorous manner and introduce the cost
function
c:RT xR > R, u{+oo},

which describes how much effort one has to put into transportation of the unit mass from
x to y. Mathematical equivalent of the transference plan is a probability measure 7 on
R7 x R™, such that dn(z,y) measures the amount of mass transferred from z into y.

Definition 1.9. Let p,v € P(R™) and I1(u,v) be a set of probability measures on R xR™
with marginal distributions p and v, i.e.

M, v) = {7 e P(RY < RY) : m(AxRY) = u(A), 7(RE x A) = v(A), Ae BRT)}.
Each element of the set II(u,v) is called a transference plan.

11



The concept of transference plan can be extended in a natural way on the subset of
nonnegative, finite Radon measures such that any two measures from this subset have
equal masses. Henceforth, we understand II(u, ) in this generalized sense, unless it is
said differently.

Having the cost function ¢ and the set Il of transference plans, we aim to minimize
the following cost functional

T(m) = [ elay)dn(n)(@.y). (110

where 7 € II(u,v). The problem posed above is more general that the one considered
by Monge in the sense that in Monge’s setting there was no possibility of splitting the
mass. However, it is quite common in literature to call this problem Monge-Kantorovitch
problem, regardless of whether the mass can be split or not, and in this thesis we follow
this convention as well. Below we recall a theorem which states that the problem of
minimization of the functional (1.10) is equivalent to some maximization problem. For a
more detailed analysis of the Monge-Kantorovitch problem we refer to [78, 79], where a
broad spectrum of problems related to the optimal transportation theory and Wasserstein
distances can be found.

Theorem 1.11. (Kantorovich - Rubinstein theorem) Let X be a Polish space, d
be a lower semi-continuous metric on X and Lip(X) denote the space of all Lipschitz

functions on X. Define T¢ as the cost of optimal transportation for the cost function
c(z,y) =d(z,y), that is

T p,v):= inf Xd(x,y)dw(x,y). (1.12)

mell(p,v) J X x
Then,

Tésv) =sup( [ p@)du-v)(@) : Lin(p) <1). (1.13)
If X =R7? and d(z,y) = |z - y|, then we write T instead of T¢.

Definition 1.14. Let X =R}, d(z,y) = |z -y[ and T be given as in Theorem (1.11).
Then, a map

Wl : P(RT) x P(RT) - [07 +OO]7 Wl(/% V) = T(/’Lu V) (115)
15 called the 1- Wasserstein distance.

From the definition above it follows that Wj(u,v) is equal to the cost of optimal trans-
portation for the cost functional ¢(z,y) = |z —y|. Unfortunately, at this stage it can
happen that Wi is infinite for two arbitrary probability measures and thus, W; is not a
metric in the strict sense. The common approach, which excludes a possibility that W is
infinite, consists in restricting P(R7) to the measures with the first moment integrable,
that is to the space Py (R™). Indeed, let p,v € Py(R7) and 7 € I1(p, v). Then,

f |z = yldr(z,y) f IIxIIdW(SE,y)+/ lyldm(z,y)
R <RI R xR R xR
= [ leldu@) + [ lylduy) < voo.
R R

Since it holds for each 7 € II(u,v), it holds also for the infimum. Hence, W7 (u, ) < +oo.

IN
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Remark 1.16. (P;(R™),W)) is a complete and separable metric space (for the proof
see [78, Theorem 6.16]).

Remark 1.17. The formula (1.15) is convenient if one needs to bound the W; distance
between i and v from above. Indeed, it is sufficient to calculate

Lo o=yl dm(ey),
R xR

+

where 7, is an arbitrary element from II(u,v).

Remark 1.18. Note that W) in Definition 1.14 yields a finite value for all p, v € M7 (R™)
such that p(R7) = v(R7™) = M. Indeed, by (1.13)

Wl(/*t?V):T(u?V):MT(ﬂvﬂ):Mwl(/jﬂﬂ)' (119)

where fi = /M, v =v/M. On the other hand, in case u(R7) # v(R7) we obtain

Wilp)=T(ur)> s [ ad(u=v)(@) = a(u(RD) - v(RD)

{¢+ p(x)=a}
and thus Wi (u,v) = +o0, since a is arbitrary.

In the proposition below we present a relationship between the 1-Wasserstein distance
and the distance induced by the total variation norm for compactly supported probability
measures on R™.

Proposition 1.20. Let p,v € P1(R7) be such that supp(u),supp(r) ¢ K, for some
compact set K c R™. Then,

Wi(p,v) < Crlp=vlpy,
where Cx = diam(K)/2 and diam(K) = sup,, ,,x [y1 — v2|.

Proof of Proposition 1.20. K is a compact subset of R™, so it is also bounded and
close. Therefore, there exist y;,y2 € K such that supremum in the definition of the
diameter of a set is attained and thus diam(K) = |y; — y2|. Define

To=(y1+22)/2 and 7 =diam(K)/2.

Then, K ¢ B(xz,,r), where the latter set is a closed ball of radius 7 centered at z,. Note
that in (1.13) we may assume that |¢|, < 7. Indeed, let ¢ € Lip(R7) be such that
Lip(¢) <1 and consider a function

¢(r) = () +a,

where a = —p(x,). Namely, we shift ¢ in such a way that ¢(x,) = 0. Since ¢ is by
definition a Lipschitz function with the Lipschitz constant not greater then 1, we obtain

[2(0)] =1@(2) = ¢(zo)| < |z =20 <7 Vae K. (1.21)

13



Moreover,

| e@dGu-v)(@)

[ e@dGu-v)@)+ [ adi-v)@)
| B@1A(=0)(@) + a(u(®E) - v(RD)),

where the last term is equal to 0 since p and v are both probability measures. Inequality
(1.21) implies

L e@ad-v@) < [ rdu-vi@)=rlp-vin,

+

Taking supremum over all functions ¢ ends the proof. O

1.5. Flat Metric

According to Remark 1.18, W) distance between measures of unequal masses is infinite.
Therefore, we exploit the flat metric called also the bounded Lipschitz distance (see e.g.
(67, 85]), which turns out to be bounded for any two elements of M*(R7).

Definition 1.22. Let p,v e M*(R7). A flat metric pt : M+*(RT) x M*(R7) - [0, +00)
is defined by the following formula

o) =sw{ [ od(u-v) s peCUED) and lplor<1}  (123)

where ||, 1ip = max {[¢|ge, Lip(p)}.

Henceforth, we often omit the superscript m, which should not lead to misunderstandings.
Proof that pg is a metric follows directly from the Definition 1.22. Moreover, pp is finite
for all p,v e M*(R7). Indeed, let ¢ € C*(R7) be such that |, p;, < 1. Then,

+

[ o=@ <ol [ 1dhi=vl) = vy < Dl + oy < +o0.
Taking sumpremum over all functions ¢ yields pp(u,v) < +00. In particular,

pr(p,v) < | =v|py- (1.24)

Note that similarly as for Wy, the flat distance between two measures can be controlled
by the total variation of their difference. However, on the contrary to the previous case,
a constant in the estimate does not depend on a size of the support.

Remark 1.25. For each A > 0, it holds that
1
pr(p,v) = Xsup{me pd(p-v) : pe CHRY) and [pf, 4 < A}- (1.26)
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Remark 1.27. Tt holds that (M*(R7), pr) c (WL2(R7))", that is (M*(R™), pr) is a
subspace of the dual space to W->*(R7) endowed with the norm

-

[l = max{[[ flge, [Dflpw},  where |Dflpe =37 [0s.f
i=1

It follows from the fact that the condition ¢ € C1(R™) in (1.23) can be substituted by
© € WLe(R™) through a standard mollifying sequence argument applied to the test
function ¢, since its derivative is not involved in the value of the integral. Therefore, this
metric is exactly the one induced by the dual norm of W1(R™).

Lemma 1.28. (M*(R™), p'") is a complete and separable metric space.

For a proof we refer to [44, Theorem 2.6]. The proof concerns (M*(R.), pr), however
the same technique can be applied to obtain an analogous results for (M*(R™), pr).

Remark 1.29. The space of all finite Radon measures is not complete when endowed in
the flat metric. Indeed, according to Remark 1.27

pr(1,0) = 1=V wsmyes bt (M(RT), pi) 2 (WE=(RI))".

Proposition 1.30. The flat metric metricizes the topology of narrow convergence on
M*(R™) (see Definition 1.4 and Remark 1.5). In other words, for any sequence {u"},en
in M*(R7) it holds that

{1 }nen converges narrowly to - <> lir+n pr(p", 1) =0.

Now, we will investigate how the flat metric is related to W, and estimate the flat
distance between two measures being sums of Dirac deltas. We will use these facts further
in Chapter 4 in order to estimate the bounded Lipschitz distance between the output of
numerical simulations and the exact solution in Chapter 5.

Proposition 1.31. Let u,v € P;(R7) be such that supp(u),supp(v) € K, for some
compact set K c R™. Then,

CKWl(M7V) < pF(:u7V) < Wl(ﬂ@”)a
where Cx = min{1,2/diam(K)}.

Proof of Proposition 1.31. Define r = diam(/K)/2. Using analogous arguments as in
the proof of Proposition 1.20 and Remark 1.25 we obtain

Wi(p,v) sup{mesod(u—V) : p e Lip(RY") and Lip(p) <1, ¢, ST}

IN

sup{[RmSOd(M—V) : p e Lip(R}") and “WHOO,LipSmaX{l,T}}

Sup{_[med(”_V) : pe CY(RT) and |<,0||00’Lip£max{1,r}}
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= max{1,r}pr(u,v).

Here, the condition ¢ € Lip(R™) was substituted by ¢ € C*(R7) through a standard
mollifying sequence argument applied to the test function p. Thus,

min{1, 7 }W; < pr(u,v).
On the other hand, it is clear that

IOF(:LLa V) < Wl(/%”)a (132)

since in the definition of W; the supremum is taken over the bigger set of functions.
Therefore, (1.32) holds even if we remove the assumption concerning the compactness of
the support. Note that if » < 1 (or equivalently diam(K) < 2), then both metrics are
equal. O

Let take a closer look at both metrics and consider the following example.

Example 1.33. Let d,,0;, € P1(R,) be Dirac deltas, a,b > 0, and calculate their distance
in the total variation norm, 1-Wasserstein distance and flat metric. We obtain

180 = 8y = fR 1d(8, +8,) = 2.

The only possible transference plan between both measures is given by 7(d4,) = 640
and thus

W1(6a,0p) = |a—b.
From Proposition 1.31 it follows that
min{1,2/|a - b|}|a - b| < pp(da, ) < |a—0]. (1.34)
If |a - b| <2, then min{1,2/|a - b|} =1 and
la=bl < pr(da,0s) <la=bl = pr(da,d) = min{2, |a - b[}.
If |a—0] > 2, then min{1,2/|a-b|} = 2/ja—b| and the first inequality in (1.34) yields

2 < pr(da,0p). On the other hand, it follows from (1.24) that pg(d4,dy) < 2. Since in this
case 2 =min{2,|a — b|}, we conclude that in general

pF(5a7 5b) = min{27 |& - b’}

Lemma 1.35. Assume that p = ¥, miS, and v = ¥ nid,, where J € N, i,y € R7
and mt,n* e R,. Then,

J . . . . .
pr(p,v) <3 (|J2* = y'lm’ + |m' - n]). (1.36)
i=1
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Proof of Lemma 1.35. Note that both measures are sums of J Dirac deltas, which
have possibly different locations and different masses. By triangle inequality

J J J J
pr (p,v) < pp (Z m'dyi, Zm’éyi) +pr (Z m'oy, anéyi) .
i=1 i=1 i=1 i=1

Let ¢ € CY(R7) be such that |¢| < 1. In order to estimate the first term we calculate

oo,Lip =

Sy o a (St - Snis, o) €35 hoter) - ot < 3 i

Regarding the second term,

/mgo(ac)d(;miéyi—;ni&y) ;/ o(x)m' —n'| dd, (a:)<2|m -n'

Taking supremum over all functions ¢ in both inequalities ends the proof. O

1.6. Advantages of the Measure Setting for Popula-
tion Dynamics Models

Setting population dynamics models in the space of measures was already suggested in
late 80’s in [31, Section IIL.5], but for a long time there was no suitable analytical tools to
cope with the issue. However, since it is often necessary to describe a population’s state
with a measure, which is not absolutely continuous with respect to the Lebesgue measure,
this approach falls within the scope of intensively developed areas of mathematics. In
exemplifying the usefulness of the measure setting we will focus mainly on Dirac deltas,
which are natural representation of strongly localized effects. Nevertheless, one should
keep in mind that our analysis applies to Radon measures in general. The choice of the
Radon measures space appears to be convenient here, since it contains in particular Dirac
measures and L! functions, which are typically associated with densities.

There are many reasons of setting population dynamics models in the space of mea-
sures. The most direct one is a possibility of analyzing populations, which are concen-
trated with respect to a structural variable. One can set up an initial data in the form
of Dirac measures or analyse rigorous models, which show a tendency towards aggrega-
tion. As an example we mention selection models, which describe a long-time evolution
of populations structured with respect to a phenotypic trait. The individuals compete
between each other, so that the strongest survive and the other extinct on the ecological
time scale, which is called the speciation process.

Another positive aspect of using Dirac measures is the consistency of this approach
with experimental data. As a matter of fact, a result of an experiment or observation
is usually a number of individuals, which state is within the specific range, e.g. demo-
graphical data provides the number of particular individuals within age cohorts. Thus,
describing the initial data by a sum of Dirac deltas does not have to reflect our intuition
about concentration of the individuals at one point. Through basing on such experimen-
tal data, a real distribution of individuals can be approximated by an appropriate L!
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function, a sum of Dirac deltas with proper masses or a general Radon measure. The
essential expectation of the approximation is as follows: the narrower ranges of the mea-
surement are, the lower the error rate of the approximation becomes(so called empirical
stability). In other words, more detailed measurement should assure that its result is
getting closer to the real distribution. To illustrate this by an example, let us consider a
data given by a set of numbers {a, } .y, where each a, is the amount of individuals within
the range [nh, (n+1)h), i.e. f[nh7(n+1)h) dp = a, and p is a distribution of a population.
Then, a set of all possible states of the population is defined as follows

A:{MEM+(R+)5/[n d,uzan,neN}.

h,(n+1)h)
If we consider the total variation norm | - |, we conclude that the diameter of the set A
does not depend on the range of the measurement h. The same result holds for the set
A restricted to L1(R,) functions. Indeed,

diamy,. (A) = sup | —v]py < sup ((Ry) +v(R)) =23 ay
w,veA wrveA neN
and thus diam , (AnL') <2¥,ya,, becasue in the latter case the supremum is taken
over a smaller set. In fact, the supremum in both cases is equal to 2}, .y a,, since there
exist integrable functions u,v e A
2a,, 2a,,
u(z) =Y TX[nh,(n+1/2)h)($) and v(z) =) TX[(n+1/2)h,(n+1)h)(x)
neN neN

such that |u—v|;y = [u—v|p1 = 2 X ey @n. Nevertheless, empirical stability can still be
assured if other metric are used. Let us calculate a diameter of a given set A in the flat
metric pr. To proceed, let u,v € A and define M =Y, yan, it = (u/M), v = (v/M). From
Remark 1.25 and (1.32) it follows that

pF(:U’ay):M/)F(ﬂuﬁ)SMWI(/Lﬂ)‘ (137)

According to Remark 1.17 it is sufficient to construct one transference plan 7 € TI(ji, )
in order to estimate Wi(fi,7). To proceed with the construction define a measure

C= and(ns1/2)h-
neN
Namely, we place the Dirac delta of mass a, at the middle of the interval [nh, (n+1)h).
Consider a transference plan (i, () which shifts the mass, distributed according to f,
from the interval [nh, (n + 1)h) into the point z = (n + 1/2)h. Similarly, let my € TI({, D)
be a transference plan which spreads the mass from = = (n + 1/2)h onto the interval
[nh, (n+1)h) such that the resulting distribution is 7. Then,

i, < ~yld < [
Wi Qs [ -sdmey) < [
Similarly, W1(¢,7) < h/2. Thus, Wi(f1,7) < h and by (1.37)

pr(p,v) <Wi(f, o) Z a, <h Z ay,.

neN neN

XR+(h/2) dmi(z,y) = h/2.

+X +
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The empirical stability is one of the justifications of equipping the space of measures
in metrics originated from the optimal transportation theory. Below we give another two
examples (see [44], Example 1.1 and Example 1.2) which provide further explanations
why the total variation norm is not suitable for population dynamics models. To be more
specific, we will show that working with this norm does not guarantee a continuity of
solutions even in the case of the simplest transport equation.

Example 1.38. Consider the following linear problem with no boundary conditions

Ot + b Oyt 0, in [0,T] xR,
Ho = 507

where §, € M(R,) is a Dirac delta located at 0 and b > 0 is a constant coefficient. A
distributional solution of this problem is p; = dy;. A simple calculation shows that pu is
not continuous as a mapping from [0,7"] into (M(R,), |- |7y,). Indeed, let 0 <t <s<T.
Then, it follows from the Example 1.33 that

e = posllpyy = 2
On the contrary,
W1 (0pt,0ps) <b |t —s| and  pr(0p,0ps) < bmin{2, |t — s|},

which means that p is continuous as a mapping from [0,7"] into (P;(R,),W;) (resp.
(M*(Ry), pr))-

Example 1.39. Consider a sequence of solutions p™ to the following linear problems
with no boundary conditions

O™ + " O™ 0, in [0,T] xR,
do,

Mo =

where {b"},cy is a sequence of positive coefficients converging to b > 0. A distributional
solution of each problem is given by p}' = dyns. In this case, even though b,, - b, we cannot
expect that a distance between p™ and p calculated in terms of the total variation norm
tends to zero. Similarly as in the previous example we obtain

12 = 1 | = 2

and
Wl(ébnt, 5bt) < t |bn - b‘ and pF(ébnt, 5[)15) < tmln{Q, |bn — b’},

which proves that the convergence of coefficients implies the convergence of solutions in
Wy and pp, respectively.

Finally, we briefly summarize the advantages coming from exploiting the flat metric
from the point of view of numerical schemes and their stability. The measure setting
allows for the application of mesh-free methods based on the EBT method and particle
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methods, which are discussed in details in Chapter 4 and Chapter 5. Here, we just
mention that these methods base goal is to solve a particular ODEs system instead of a
PDE. Thus, they require a solution in the form of particles (or formally, a sum of Dirac
deltas), since each ODE describe a behavior of a single particle. However, in population
dynamics one often cannot avoid dealing with continuous distributions even in a case
where the initial data are Dirac measures. For instance, consider two particular cases of
(1.1), i.e., the McKendrick model obtained by setting

n(t, 1) (y) = B, 1) (y)de=0

(for details see § 2.2.1) or a basic selection model (for details see § 2.2.5)

O = Ju, By)y(z,y)du(y), in [0,T]xR,,
5.

o

In the first case, continuous distribution appears due to the boundary condition, while
in the second one it appears immediately on the whole domain, if g and v are regular
enough. This phenomenon can be partially eliminated by using the splitting technique,
which in some particular cases (e.g., McKendrick model) gives the approximation of a
solution in the form of Dirac deltas as an output . It turns out that this approximation
converges to a solution in the flat metric and we are able to provide the rate of convergence
(see Chapter 4). As the selection model is regarded, in Chapter 2 we will prove that a
solution to (1.1) is continuous in the flat metric with respect to the model coefficients.
Note that if we approximate v(-,y) in the example above by a sum of Dirac deltas, then
a solution to the approximated problem covers Dirac deltas as well. Moreover, the error
of such approximation measured in the flat metric can be arbitrarily small and thus, the
numerical scheme based on the particle methods applies and converges to a solution.

Henceforth, we consider only the flat metric, since the Wasserstein distance between
measures which have different masses is infinite. Unfortunately, this property makes
it practically useless in problems coming from population dynamics, as in majority of
populations conservation laws do not hold.
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Chapter 2

One-sex Population Model:
Well-posedness

2.1. Formulation of the Model
The main aim of this chapter is to prove a well posedness of the following Cauchy problem.
Opfu+ 0 ((t, ) ) +c(t, ) = Ju, (0t 1)) (y) du(y),  (t,2) € [0, T] xRy,

Mo € M+(]R+)7

(2.1)

The weak* semigroup approach to (2.1) was developed in [28], where global existence
of solutions in the set of finite Radon measures was proved, together with their weak*
continuous dependence on time and initial datum. A different treatment of the problem,
based on the theory of nonlinear semigroups in metric spaces, was presented in [43] and
[44]. An alternative construction of measure-valued solutions to these models can be
obtained following ideas coming from kinetic theory [33, 19] by means of a Picard-type
result for evolutions in the set of measures, see [18]. Our approach bases on the splitting
techniqe in metric spaces developed in [25]. We exploit the latter technique to obtain
a well posedness of the autonomous linear version of (2.1). In order to prove the well
posedness of the non-autonomous linear case we approximate vital functions b, ¢ and n
by piecewise constant (with respect to time) functions. From the previous case we obtain
existence of solutions on corresponding time intervals. Passing to the limit with a length
of the intervals finishes the proof. The results for the nonlinear case are obtained by
exploiting Banach fixed-point theorem.

We assume that ¢ € [0,7] and x > 0 are time and the structural variable respectively.
A measure i, which is a value of the map p: [0,7] - M*(R,) at the point ¢, is a Radon
measure describing a distribution of individuals with respect to x at time ¢. Coefficients
b, c,n are called vital functions and below we explain their meaning. The dynamics of the

transformation of the individual being at the state z, at time t, is given by the following
ODE

d
ax(t) =b(t,z(t)), xz(t,) = z,.
The coefficient b describes thus how fast the individual changes its state, e.g. how fast it

grows or mature. In general, it represents the speed of changes of the structural variable.
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In case of the age-structured models the coefficient b is always equal to 1, since the aging
process can be equivalently expressed as the amount of time, which passes through the
individual’s life cycle. The survival chances are described by the coefficient ¢, which is
most often interpreted as a death rate. A component of the model related to the birth
process is the integral [p (1(t,11))(y)dpu(y) on the right hand side of (2.1). Formally, it
is a Bochner integral with values in M*(R,). Note that since (M*(R,), pr) is separable
(Lemma 1.28), strong measurability and weak measurability are equivalent, see [44] for
more details. We also refer to [35, Appendix E.5] for the basic results about Banach space
valued functions. A measure (¢, 1)(y) can be interpreted as a distribution of possible
offspring of the individual being at the state y, for each y € R,. In case all new born
individuals have always the same physiological state x;, n takes the following form

n(t, 1) (y) = B(t, 1) (Y)dp=a,

which leads to

Oppe+ 0y (D(t, ) p) +c(t, ) = 0, (t,x) [0, T] xRy,
(b(t, 1) (x0)) Dape(zy) = [, Bt ) (@) dpe(2), (2.2)
fo € M*(R,).

Here, Dypu(z;) is the Radon-Nikodym derivative of p; with respect to the one dimensional
Lebesgue measure A at the point x,. This notation is used to underline that we have in
mind a value of a density of the measure p; at a point x,. Note that under the particular
assumptions on the coefficients this density is a continuous function and thus we can
evaluate it pointwisely. For further consideration we assume without loss of generality
that 2, = 0 (see Remark 2.12).

This chapter is organized as follows. Section 2.2 is devoted to showing that (2.1)
comprehends various relevant models originated from the mathematical biology. We
consider the models in their simplest version, often referring to their formulations in
terms of L' densities. However, they are currently studied in the framework of Radon
measures, as highlighted in the references given above. In particular, in § 2.2.1 we show
that (2.1) includes the McKendrick age structured population model [64] as well as the
nonlinear age structured model [82, 81]. Then, § 2.2.2 deals with the linear and nonlinear
size structured models for cell division presented in [31] and in [70, Chapter 4], as well
as with the size structured model for evolution of phytoplankton aggregates, see [8].
Also a simple cell cycle structured population model fits in the present setting, as shown
in § 2.2.3. The body size structured model [28] is considered in § 2.2.4. Finally, the
selection-mutation models [4, 17, 20] are tackled in § 2.2.5. In Section 2.3 we present the
analytical results, separately considering the linear autonomous case in Section 2.4, the
linear non-autonomous case in Section 2.5 and the general case in Section 2.6.
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2.2. Biological Models

2.2.1. Age Structured Cell Population Model with Crowding

Consider the age structured population of cells evolving due to processes of mortality
and equal mitosis. Here, mitosis is understood as the birth of two new cells and the
death of a mother cell. Linear models are based on the assumption, that birth and death
rates are linear functions of the population density, what excludes such phenomena as
crowding effects or environment limitations. Hence, it is more reasonable to consider
nonlinear models, as an example we recall [81, Ex. 5.1], where the death rate depends on
the population density:

atp(ta l’) + axp(ta l‘)

-(B@ su@ 7 [ o) peo) @3)
p(t0) = 2 [ Bp(t)dy.

Here, t denotes time, x is age and p(t,z) is the density of cells having age = at time ¢.
Functions f(z), u(x) and 7 are respectively the division rate, the natural mortality rate
and the coefficient describing the influence of crowding effects on the evolution. Setting
in (2.1)

w(A) = [, p(t,x)de, b(t,u)(z) = 1,
(ti)(x) = B(r)+u(e) +rm(Ry) and ()W) (A) = 25()in if0€A

we obtain (2.3). This model is at the basis of several studies. For instance, one may
introduce a birth rate that depends on the population density

5@ = 1@ 6 ( [ pltddy)

Otherwise, one may simplify (2.3) obtaining the well-known and widely studied McK-
endrick age structured model [64]. Refer to [82] and the references therein for further
possibilities.

2.2.2. Nonlinear Size Structured Model for Asymmetric Cell Di-
vision

For unicellular organisms, structuring population by age does not apply well, mainly

because age is not the most relevant parameter that determines mitosis. Therefore, it is

often more reasonable to consider size structured models, see [31, Section 1.4.3, Ex. 4.3.6],
for which

om+0,(V(@mm = ~(B@)+u@)n+2 [ B patydy (24

where ¢ is time, x is size, n(t,z) is a density of cells having size = at time ¢, S(z) and
u(x) are division and mortality rate respectively. V(z) is the dynamics of evolution of
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the individual at the state . The integral on the right hand side describes the process of
division. If division occurs, a mother cell of size y divides into two daughter cells of sizes x
and y—x, which is expressed by the kernel d. In particular, d(-,y) is a probability measure
on R, for each fixed y. In general, the structural variable considered here does not need to
be a size. It can be maturity (see § 2.2.3), which is described by the cell diameter or by the
level of a chemical substance significant for the cell division process. Another biological
process which fits into (2.4) is the evolution of phytoplankton aggregates (without a
coagulation term), see [8]. Setting in (2.1)

Mt(A)
c(t, p)(z)

V(x),

2[4 B(y) d(z,y)dz,

Jan(t,z)dz, b(t, 1) (x)
B(x)+u(z) and (n(t u)(y))(A)

we obtain (2.4). In the linear case, with d(x,y) = 20,-,2, we obtain the model [70,
Section 4.1] describing equal mitosis. If d(x,y) = dg-sy + 02-(1-0)y, We obtain the general
mitosis model [70, Section 4.2]. Setting d(z,y) = 0,2y + 04-0, We return to the McKendrick
model [64].

2.2.3. Cell Cycle Structured Population Model

This model is a special case of the one mentioned in § 2.2.2. It describes the structure of
cells characterized by the position x in the cell cycle, where 0 < z, < x < 1. A new born
cell has a maturity z, and mitosis occurs only at a maturity x = 1. For simplicity, no
mortality of cells is assumed, see [81, Ex. 2.3]. The model thus reads

atp(tvx) + 0, (xp(t,x)) = 0,
$op(tax0) = 2p(t7 1)7
p(0,2) = po(x).

This model is a particular case of (2.1) if one sets p(A) = [, p(t,z)dz , b(t,pn)(z) =z,
c(t,n)(x) =0 and

6$::v P il’o A, =1,
(n(t ) () (A) = | 2 o€ Ay =l

, in the opposite case.

2.2.4. Body Size Structured Model with Possible Cannibalistic
Interactions

Let us now present a model slightly more general than the one in § 2.2.2. This gener-
alization is necessary for modeling those biological phenomenas, where the growth rate
depends on the population density. As an example, we consider the following model,
studied in [28, 43, 44], which describes the evolution of a body size structured popula-
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tion:
on+ 0, (g(x,n)n) + h(z,n)n 0,
Lo By, n)n(t,y) dy,

n(0,x) = ne(x),

g(xo,n) n(t,xo)

where t is time, x is the individual body size, x, is the size of each new born individual, z,,
is the maximum body size, n(t,z) is the density of population having size x at time ¢ (or
rather concentration, if we allow n(¢,-) to be a Radon measure), g describes the dynamics
of individual’s growth, h is a death rate and [ is related to the influx of new individuals.
In particular, dependence of the coefficients on n allows to model the evolution of e.g.
cannibalistic populations, see [29]. Again, this is a particular case of (2.1), obtained by
setting

Mt(A)
c(t, ) ()

fA n(t,m)dx, b(t,p,)(l‘)

h(z,n) and (n(t,1)(y)) (A)

g(x,n),
B(y,n)0p—s,

2.2.5. Selection-Mutation Models

Selection mutation models have been proposed in [4, 17, 20] to model species evolution.
More precisely, one is interested in the evolution of a density of individuals u(t, z) at time
t with respect to an evolutionary variable = € R,. For instance, one could consider x as
the maturation age of a species. These models typically include a selection part due to
the environment that can be modeled by logistic growth and a mutation term in which
offspring are born with a slightly different trait than their parents. For instance, a typical
model reads

ou
E(tv LL')

u(0, )

(1-e)p(@)u(t,z) =m(z, P(1))u(t,x) +& fR By)v(, y)ult,y) dy,

uo(T),

where P(t) = [, u(t,x)dx is the total population, m is the natural mortality rate, (3 is
fertility rate and e gives the probability of mutation of the offspring. Finally, the mutant
population is modeled by an integral operator where v(x,y) is the density of probability
that the trait of the mutant offspring of an individual with trait y is x. Also this model
is a particular case of (2.1), obtained by setting

Mt(A)
c(t, ) ()

Jault,x)de, b(t, p) ()
(1-e)B(x) —m(z, m(Ry)),  (n(t, 1) (y)) (A)

0,

e [, By)y(z,y)dx.

2.3. Main Results

In this section section we present the main result of Chapter 2. Theorem (2.13) states that
there exists a unique solution to (2.1), which is Lipschitz continuous as a mapping from
[0,T] to (M*(R,),pr). Moreover, we show stability of the solution with respect to the
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initial datum and model functions. Since the proof of the theorem is not straightforward,
we deffer it to Section 2.6. We assume the following regularity of model coefficients:

b,Ci[O,T]XM+(R+) — WI’OO(R+) and V(t’u)e[oyT]xMJf(RQ b(t,u)(O)ZO,
p:[0. T x M'(R,) ~ (CynLip) (R M'(R.)).

The space Cy, (R,; M*(R,)) denotes the set of functions which are bounded with respect
to the norm || - | g1,y and continuous with respect to pr. The space Lip (R.; M*(R,))
consists of all Lipschitz functions from R, with values in the metric space (M*(R,), pr).
A norm in the space (Cp nLip) (R, ; M*(R,)) is defined as

IfleL = [/, + Lip(),  where [f[gc, = Sup [£ (@) ey

and Lip(f) is the Lipschitz constant of f.

Remark 2.5. It is worth to note that the space (Cy n Lip) (R,; M*(R,)) is not a
subspace of Whe (R,; (WbL=(R,))"), although the set of Radon measures M*(R,) is
a nonnegative cone in (W1*(R,))". This follows from the fact that the Rademacher’s
theorem, in general, does not apply to functions f : R™ — Y, where Y is an infinite
dimensional Banach space [10]. Rademacher’s theorem does not fail provided that Y has
a Radon-Nikodym property, for instance if Y is a separable dual space or a reflexive space
([9, Corollary 5.12]). Nevertheless, this is not the case. Consider the function f(z) =6,
where 0, is a Dirac delta located at x. It is easy to check, that f is bounded with respect
to the | - || w1,y norm and Lipschitz continuous with respect to pr, since

| flsc, =sup [ f(2)[(wrwey- = sup  sup Y(x) dé(x) =1,
zeR, 2eRy {4+ [lyy1,0051} JR4

pr(f(x1), f(22)) = min{2,]r) - 2o|} < |21 - 2.

However, f'(z) =0’ is not a well defined functional on W1 (R,). Indeed, the distribu-
tional derivative of 9, is given as

0,(p) = =0.(¢") = —¢'(x) Ve eCZ(R,).

If o e Whe(R,), then ¢’ € L*(R,), which is not a sufficient regularity for the expression
above to be well defined.

We assume the following regularity for our model functions
be € Cpt([0,T]x M*(R.); WH=(R,)), (2.6)
n e Cﬁ’l ([0,T] x M*(R,); (Cy, nLip)(R,; M*(R,))) . (2.7)

We recall that the space C* ([0, T]xM*(R,); X) denotes the space of X valued functions
which are bounded with respect to the |- ||, norm, Hélder continuous with exponent o
with respect totime and Lipschitz continuous in pp with respect to the measure variable.
It is equipped with the | - ||C§,1 norm defined by

Iflgea =1flBe, , + sup Lip (f(¢,)))+ sup H(f(.n)), (2.8)
b o te[0,T] peM*(Ry)
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where

| flgc,, = sup 1t 1)) x
’ (t,p)€[0,TTx M+ (Ry4)

Lip(f(t,-)) is the Lipschitz constant of f(¢,-) and
H(f(om) = sup  ([f(s1,m) = f(s2, 1) | /151 = 2[") -

$1,52€[0,T]

A relevant choice of functions b, ¢ and 7 is the following;:
bt <D (e, [ B duy)).
ot =2t [ ) (). (2:9)
(=it [ hdu)).

with
B,v,h € WI’M(R+§R+)7
b,é € CY([0,T]xR,; WEh=(R,)),
7 e Cp' ([0,T]xR,; (CpnLip)(R.; M*(R,))).

As a particular example, consider the following nonlinear functions b, ¢ and 7:

bt ) (a) = o) i) Go ([ i) et @) = @) £l G [ ),

and
[0(t,12)(2)) (4) = hu(8) £,(2) G [ i) (),

where h; € C*([0,T];Ry), fi,i,Gi € WE>(R,;R,), i = b,c,n, and v € M*(R,). Here,
Co([0,T];R,) is the space of functions which are Holder continuous with exponent «
with respect to time. We begin our analytical study with the basic definition of solutions
to (2.1).

Definition 2.10. Given T >0, a function p:[0,T] - M*(R,) is a weak solution to (2.1)
on the time interval [0,T] if u is narrowly continuous with respect to time and for all
p e (Ctn W) ([0, T] xR,), the following equality holds:

T

[ [ @ty + 0t.m) () dusplt.2) = (b)) (2) (2.2)) dpu()ae

T
0L (L etmdm @) duar 2.11)

- [ o) dur(@) - [ o(0.2) dpuo(a).
The notion of narrow continuity has been stated in Definition 1.4, but we also refer to
[5, § 5.1], where this concept was introduced. The integral f, ©(t,y)d[n(t, 1)(z)](y)
denotes the integral of ¢(¢,y) with respect to the measure n(¢,1)(x) in the variable y.

Similarly, [ @(T,z)dur(x) is the integral of (T, ) with respect to the measure 7 in
the variable z.

27



Remark 2.12. It is possible to rewrite (2.1) on the whole R. We extend b, ¢,n for <0
as follows:

b(t, ) () = b(t, p) (=), et p) (@) = c(t, p) (=), n(t, p)(x) = n(t, p)(=x)

for all ¢t € [0,T], p € M*(R) and allow the initial measure p, to be a nonnegative
measure on R. In this more general setting, Definition 2.10 defines a solution on R by
formula (2.11) for all test functions ¢ € (C* n W1=)(R). All results and proofs in this
chapter remain valid for the problem considered on the whole R. However, due to the fact
that we are strongly focused on biological applications, we follow the approach presented
in the earlier literature, where the use of R, is suggested. The restriction to R, is in
fact a special case in the sense that for each initial datum p, € M*(R,) it holds that
wy € M*(R,) for each t € [0,T"] (see Lemma 2.66).

Theorem 2.13. Let (2.6)~(2.7), (2.6), and (2.7) hold. Then, there exists a unique
solution p € (Cp nLip) ([0,T]; M*(R,)) to the full nonlinear problem (2.1). Moreover,

i) for all 0 <ty <ty <T there exist constants Ky and K, such that

pr (e, firy) < K270, (R (8 - t).

i) Let pio, fio € M*(R,) and b, b, ¢, &, n, 7 satisfy assumptions (2.6) and (2.7). Let

w and fi solve (2.1) with initial datum and coefficients (po,b,c,n), and (fio, b, ¢,7)
respectively. Then, there exist constants Cy, Co and C3 such that for all t € [0,T]

pr (e, fir) <€ pr (1o, fio) + Coe™'t [ (b, ¢,) = (b,6,7) | g, , -

2.4. Linear Autonomous Case

The linear autonomous case of (2.1) reads

Oppr+ O (b)) +e(x) = [p n(y) duly), (t,2) [0, T] xR,

Mo € M+(]R+)7

(2.14)

where the unknown g, is in M*(R,) for all times ¢ € [0,7]. In the present case, the
assumptions (2.6)—(2.7) reduce to

b,c ¢ WL>(R,) with b(0)>0, (2.15)
n € (CpnLip)(Ry;M*(R,)). (2.16)

A first justification of Definition 2.10 of weak solution and of the assumptions (2.15)-
(2.16) is provided by the following result.

Proposition 2.17. With the notations introduced above:
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i) If n(y) has density g(y) for all y € R, with respect to the Lebesgue measure, with
g € (CpnLip) (Ry;LY(R,;R,)), that is

L ([ e@ammi@)dut = [ ([ @) duy)

for all p € C(R,), where g(y) € L1(R,;R,) for all y e R, and g(z,y) := g(y)(x) € R,
for all z,y € R,, then n satisfies (2.16).

ii) If u, has a density u, with respect to the Lebesgue measure, u, € (L1nC)(R;R,),
then pu, € M*(R,).

iii) Let (2.15) hold together with i) and i) above. If u has density v with respect to
the Lebesgue measure, with u € Lip ([0,7T]; L} (R,;R,)) and u(t) € C1(R,;R,) for
each ¢ € [0,T], then u is weak a solution to

O+ 0, (b(@)u) + c@yu= [ glw.y)ulty)dy,
R+

U(O,l’) = UO(SC),

u(t,0) =0,

if and only if x4 is a solution to the linear equation (2.14) in the sense of Defini-
tion 2.10.

The proof is immediate and, hence, omitted. As we have mentioned in the beginning of
this chapter, in order to prove the well posedness of (2.14) we use the operator splitting
algorithm, see [24] and [25, § 3.3]. To this aim, we consider separately the problems

o+ elw)= | ) du(y)  and G0, (b)) = 0.

Remark that both problems are particular cases of (2.1), so that Definition 2.10 applies
to both. Consider first the ODE part.

Lemma 2.18. Let ce WH(R,) and n € (Cp nLip) (Ry; M*(R,)). Then, the Cauchy
problem

O+ c(x) p = fR n(y) dp(y) (2.19)

generates a local Lipschitz semigroup S:[0,T] x M*(R.) - M*(R,), in the sense that:
i) So=1Id and for all ty,ty € [0,T] with t, +t5 € [0,T], we have Sy, 0 Sy, = Sy, 41,
ii) For allte[0,T] and for all uy, ps € M*(R,), the following estimate holds:

pr(Sup, Suptz) < exp (3 (el + Inlgw) 1) pr (o, pz)

ii) For all t € [0,T] and for all i, € M*(R,) define py = Syjto. Then, the solution
to the Cauchy problem (2.19) satisfies u € Lip([0,T]; M*(R,)) and the following
estimate holds:

pr(Stttor p10) < (el + [nlse,) exp ((lelpe + 1lpe, ) t) #o(Ro) ¢
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w) Let ¢1,co € WE(R,), 01,1, satisfy (2.16) and denote by S, 52 the corresponding
semigroups. Then, for all t € [0,T] and p, € M*(R,)

pr(S} 110, 52110) < (ler = eallpm + 1 =2l g, ) ellr e uemllmmdlmon)ty (R, ) ¢
v) For all p, € M*(R.), the orbitt - Sy, of the semigroup is a weak solution to (2.19)
in the sense of Definition 2.10.

The proof is deferred to § 2.4.1, where we exploit the dual formulation of (2.19). The
analogous result about the convective part is stated below.

Lemma 2.20. Let be WH>(R,) with b(0) >0. Then, the Cauchy problem
Ot + Oy (b(x) ) =0 (2.21)
generates a local Lipschitz semigroup S:[0,T] x M*(R,) - M*(R,), in the sense that
i) So=1d and for all ty,ty € [0,T] with t, +ty € [0,T], we have Sy, 0 Sy, = S, 4, -
ii) For allt €[0,T] and for all i, ps € M*(R,), the following estimate holds:

pr(Sipin, Sipa) < exp ([0:b] g t) pr(pin, pia) -

ii) For all t € [0,T] and for all p, € M*(R,) define ji; = Sypio. Then, the solution
of the Cauchy problem (2.21) satisfies p € Lip([0,T]; M*(R,)) and the following
estimate holds:

pF(St/v‘m:uo) < Hb||L°° to(Ry) 2.

w) Let by, by € WL (R,) with b;(0),b2(0) > 0 and denote by S, S? the corresponding
semigroups. Then, for all t € [0,T] and p, € M*(R,)

d(SI}uO?SEuO) < ”bl - b2||Loo MO(R+)t.

v) For all iy € M*(R,), the orbitt — Sy, of the semigroup is a weak solution to (2.21)
in the sense of Definition 2.10.

The proof of the latter Lemma is deferred to § 2.4.2. To apply [25, Corollary 3.3] (see
also [24, theorems 3.5 and 3.8]) which states about the convergence of the operator
splitting algorithm, we need to estimate the defect of commutativity of the two semigroups

S, S defined above.

Proposition 2.22. Let (2.15) and (2.16) hold. Let S be the semigroup defined in
Lemma 2.18 and S the one defined in Lemma 2.20. Then, for all 4 € M*(R,) and
for all ¢ € [0,T], the following estimate on the lack of commutativity of S and S holds:

pr(SiSim, SiSip) <3 % [l (lelwrm + 17lr) exb [3 (el + InlpL) ] (2:23)

The above commutativity estimate allows us to apply the usual operator splitting
technique, obtaining the following final result in the linear autonomous case. For trans-
parency of the thesis we place the proof in § 2.4.3.
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Theorem 2.24. Let (2.15) and (2.16) hold. The operator splitting procedure applied to
the semigroups S and S yields a local Lipschitz semigroup S that enjoys the following
properties:

i) So =1d and for all t1,t5 € [0,T] with t1 +ty € [0,T], we have Sy, © Sy, = S, 41,
ii) For allt €[0,T] and for all 1, ps € M*(R,), the following estimate holds:

pr(Sep, Sepz) < exp [3([0:b] g + [l wwre + |nl5r) t] or (1, p2) -

iii) For all t € [0,T] and for all u, € M*(R,), define u; = Siuo. Then, the solution
of the Cauchy problem (2.14) satisfies p € Lip([0,T]; M*(R,)) and the following
estimate holds:

pr(Sittor o) < (Il + (lelpe + Inlse, ) exp [(lels + [1lBe, ) ]) Ho(Re) 2

i) Fori=1,2, let b;, ¢;, m; satisfy assumptions (2.15) and (2.16). Denote by S* the
corresponding semigroup. Then, for all t € [0,T] and p, € M*(R,)

pr(Si o, Stie) < exp[5([(br, 1) |wre + [mlpr) t]
1 po(Ry) (H(b1 —ba,c1 = ¢2) | + Im —772|\ch)'

v) For all p, € M*(Ry,), the orbit t - Sy, of the semigroup is a weak solution to
linear autonomous problem (2.14) in the sense of Definition 2.10.

vi) The following tangency condition holds: lim,_q, % d (S, S’tgt/z) =0

Above, i) corresponds to the Lipschitz dependence from the initial datum, i) to
the time regularity of the solution, iv) shows the stability with respect to the defining
equations and vi) allows for a characterization in terms of evolution equations in metric
spaces, see [25].

Proof of Theorem 2.24. Points i), ii), ii) and vi) are consequences of the results
obtained in [25, Corollary 3.3 and Lemma 3.4], see also [24, Proposition 3.2], combined
with the estimates provided by Lemma 2.18 and Lemma 2.20.

Passing to iv), we use [14, Theorem 2.9], to estimate the distance between S}y and S2pu:
t 1
pe(Sip.Stn) < Lip(s}) [ limind £d(S}Sk. SESkm) dr. (225)
0 —
Let v = Slu. Using Lemma 2.18 and Lemma 2.20 compute
pF(SflLlja S]’QLI/) ;OF(SflLl/a S}LS}LV) + pF(S}LS’flLV7 SELS}%U) + ;OF(S?LS%V’ S%V)
pr(SLSty, SES?v) + pr(SLS2y, S2521) + o(h)
xp(|0:01 .= h) pr(Shv, Siv) + b = balp (Siv)(Ry) b+ o(h)

(||Cl — ol e+ M1 — M2l g ) e(l\é‘zlnIILoo+H(cwz)HLw+H(m,nz)Hch)hy(R+) h

IN NN

IN

+ by = bafl g 2([lc2ll Lo +lm2l By )P v(R,) h+o(h).

31



Therefore, by the liminf formula (2.25),

t
pr (St S70) < Lip(SY) (Jon = boly + e = algm + I = m2llmc,) [ (SHo)(R)dr .

An estimate of Lip(S}) is provided by i), while the latter term above is bounded using
i11) and the definition of the metric pp:

t t
C(St®Dar < (SR, - p®Ofdr + ta(R,)
t
[ [l (el I, ) 4= 1 07| (R, ) 7 + £ u(R)

tp(®) ([l + (Jerle + I, ) ol Imlue)t) £+ 1]

(R, el e 1m0 )t (e + fer [ + It ) £+ 1)

£ (R, Yellerluo+1mlmoy (I les e oo+ Iy )t

IN

IA

IN

IA

Since Lip(S}) = exp [3 (|0:0] 1 + [lc|wr + [7]gr) t], we finally obtain

Lin(s!) [ (52 (®.)dr <[5 (1) yprm + ) .

which proves point iv) in Theorem 2.24.

To complete the proof, we show that ¢ — S;u solves the linear autonomous problem (2.14)
in the sense of Definition 2.10. Fix n € N and define € = T'/n. First, as in [24, Section 5.3],
consider the following continuous operator splitting:

Sor_aie (5:52)ip for te[ie, (i+1/2)e),

Fe(t)p = B
{ Sot—(2is1)e S (S:5:) 1 for te[(i+1/2)e,(i+1)e),

where ¢ = 0,...,n — 1. This formula is, in our case, equivalent to that given by [25,
Corollary 3.3]. Define ué = F&(t)p, for a p, e M*(R,). For any ¢ € C2([0,T] xR,),

[ o) - [ o) du() - 2.26)
= fOT/R+ [@g@(t, x) +b(x)0,p(t,x) — c(x)p(t,x) + Aﬁp(i&, y)d[n(w)](y)] dui(x)dt + R(e),
where

R(e) - ”Z‘:l [(i+1/2)5 [ fR+ (Opp(t+e/2,2) = 2¢c(x)p(t +€/2,2)) Abpse sy (@)

i=0 i€

o [ (L et a2 ) dig, (@)
- [ (et - 2e@)ettn) v [ pln)alnw)) duie]ar
+”2—:1 f(z‘+1)e [ [R+ (Oep(t —e/2,2) +20(x) up(t — £/2,2)) dpy_joy(2)

=0 (’i+1/2)€
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- [ @rpta) + 20(@)uip () dpi ()|t

- 2[;”/2)5 { fR (Brp(t +2/2,2) = Qp(t,2)) iy, ()
[ 26) (ol + 2,0) = ) Ay (0)
o[l = o) A2y (0)
¢ [ @p(t2) = 26@)p(1.2)) d () = i ()

o [ et AR (g - )
Z[(/i{ o Gt =e/2,0) = 0p(t, @) dpi_, ()
" fR 2b(x) (Dot - £/2,) - Duip(t - /2, 2)) dyif__ o (x)

¢ [ @t ) + 20(@)0uip () Ay - 1) (2) .

(2.27)
(2.28)
(2.29)
(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

Notice, that ¢ - p#(t) is uniformly bounded in Cy, ([0,T],(M*(R,),pr)). Due to the

regularity of ¢, we have the following uniform convergences:

Op(t+¢e/2,x) - Op(t,x) 3 0 = (2.27)—> 0,

2c(z) (p(t+e/2,2) —p(t,x)) = 0 = (2.28) - 0,
(p(t+e/2,y)-e(ty)) 3 0 = (2.29)~ 0,
Orp(t—¢/2,2) - Op(t,x) 3 0 = (2.32)—> 0,

2b(x) (Opp(t—€/2,2) = Opp(t,z)) = 0 = (2.33) > 0,

as ¢ > 0. To show the convergence of (2.30), (2.31) and (2.34), it is sufficient to note
that p$ is uniformly Lipschitz continuous, i.e. pp (15, s ) < Ke, where K is a Lipschitz
constant independent on ¢, for instance the same as in Theorem 2.24 (see [24, Proposi-
tion 3.2]). Moreover, according to [25, Corollary 4.4 and Proposition 4.6], u converges
uniformly with respect to time in pr to S;u. Hence, passing to the limit in (2.26) yields

fR+90(T,$)d,UT($) - [Kgo(O,a:)dMo(g;)

- fonRJatsO(t,x) +0(2)0p0(t,z) — c(x)p(t,x) + f& gp(t,y)d[?](:c)](y)] dpe()dt.

We need now to show that the above equality holds for all ¢ € (Ctn'W1>°)([0,T] xR,).

To this aim, fix ¢ € (C1n W1=)([0,7] x R,) and choose a sequence

loc

©n € C2([0,T] xR,) suchthat ¢, > ¢ in W-° and  sup|¢n|wie < C.

An application of a standard limiting procedure completes the proof of v).
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2.4.1. O.D.E. (2.19) - technical details

A convenient way to deal with the problem (2.19) relies on its dual formulation

0 (t,x) € [0,T] xRy,

P(zr) xeRy,

o= c(@)o+ [ otn)dn()](v)
(T )

with ¢ € (C1nWbt>)(R,) and ¢,n as in (2.15), (2.16). A function @7, € C1([0,T] xR,)
is a solution to the dual problem to (2.19), if it satisfies (2.35) in the classical strong
sense. In the following lemma we give some basic results concerning a solution to the
equation (2.35).

(2.35)

Lemma 2.36. For any T >0 and ¢ € (C1 n WL=)(R,) there erists a unique solution
ory € CH[0,T]xR,) to (2.35). If >0, then pru(t,z) 20 for allt € [0,T] and x € R,.
Moreover, for T €[0,T] and z € R, the following estimates hold

lors(m M= < [0 gmelldi=rIlse)=), (2.37)
[05p76 (T Mo < [ lwae®(Ielwree Il ) (7o), (2.38)
[STUET]IaTwT,w(-,w)| < [l (el + mlpe, ) el rTle.), (2.39)

If moreover 1, respectively o, solves (2.35) with terminal data v and parameters cq,1m;,
respectively co, 12, then

ler(7.) = a(m ) < [Wlwae (e = 2l + I = m2flge, ) (T = 7)

. ellere2) e+ (mm2) s ey J(T-7)

(2.40)

The proof of Lemma 2.36 is an immediate consequence of standard ODE estimates. A
relation between (2.19) (the original problem) and (2.35) (the dual probelm) will be
explained in Lemma 2.41 given below. The results stated in Lemma 2.36 are used further
in the proof of Lemma 2.18 and Lemma 2.41.

Lemma 2.41. Fiz pu, € M*(R,). Then:

i) Problem (2.19) admits a unique solution p € Lip ([0, T]; M*(R,)). More precisely,
for all t,7 €[0,T]

pr (u(t), (7)) < (lelm + [nlpe, ) o/l tIrlmes) mexttr) (R, )| — 7).

ii) Fiz ti,ty € [0,T] with t; < ty. If p € Lip ([0,T]; M*(R,)) solves (2.19), then for
any @ € (Ctn Wheo)([ty,t3] x Ry) we have

f: fR (atw(t,x) ~ (@) plta)+ | + Sﬁ(t,y)d[n(x)](y))dut(x)dt (2.42)
= A+ o(te, x) dpg, () - A+ o(ty, ) dug, (z).
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iii) If pe Lip ([0,T]; M*(R,)) solves (2.19), then for any ¢ € (Ct n WL=)(R,) there
exists a function pry € CH([0,T] x R,) solving the dual problem (2.35) and such
that

[HQer(x)dﬂt(m) - [R (T —t,x)dpo (). (2.43)

iv) For any ¢ € (C* n WL=)(R,), let pry € CL[0,T] x R,) solve the dual prob-
lem (2.35). Then, the measure p € Lip ([0,T]; M*(R,)) defined by (2.43) solves
(2.19).

v) If p, is positive, then also p is positive for all t € [0,T].
Proof of Lemma 2.41. The proof consists of several steps. The first five steps concern
claim 7).

1. Regularization. Let p ¢ CZ(R;R,) be such that [; p(z)dz =1. For € > 0 define a
family of mollifiers pf = p(z/e)/e. We consider equation (2.19) with initial datum ¢ and
coefficient n¢, where

us - LV = p, * pf and us € Cp(Ry;R,),
7 (y)- LY = n(y)xp7 and 77 (y) € Cu(RiR,),

with n° € (CpnLip)(R,; Cy(R,;R,)). Here, the usual Lebesgue measure on R is denoted
by L. Above, the convolution on R, is given by

(v p)@) = [ (== )an().
The reason why we shifted p* by ¢ is that
supp (v p) () = supp ( [ == n(Q)) € [ -2, +00),
where * is a standard convolution. Below, we denote 7¢(y)(z) = n°(y,z). Note that

€ ey €0 c e—0
1 lge, < Inlge,» Pr(to,us) — 0 and  suppr (n(y),n°(y)) — 0. (2.44)

yeRy

Indeed, fix 1 € (C1 n Wh=)(R,) with [|[¢|y1. < 1. Then,

fR+¢(az,’)d(p6 * flo = [o) () f& ([R+ pe(&—e—2)(Y(€) —w(x))dg) dpo(z)
f]R+ (‘/]R+ p-(§—e—x)|x —§|d§) dpio () < 2ep10(R,) .

L ([ om0 ~v)an)aba)o)
L (L pete-2 ol - y) dlnw)a)

2e[n(y)I(R.) < 2e[n(W)] (wre)- < 2¢[nlpc, -

IN

| @3 < n() - nw)(@)

IN

IN
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2. Equality (2.43) Holds in the Regular Case. Note that

2u‘E(t,gv) = —c(x)u(t,z) + / n°(y,x)us(t,y)dy,  (t,z)e[0,T] xRy,
ot R,
u(0,z) =us(x), weR,,

(2.45)

is a Cauchy problem for an ODE in L!(R,) with a globally Lipschitz right hand side.
Therefore, the existence and uniqueness of a classical solution u¢ is immediate, see [17].
Integrating (2.45) we obtain that for any for any ¢ € (C! n Wb=)([0,7] x R,) and
0<ty <ty <T,

_/;2 /ﬂ; (8780(7'735) —c(x) o(1,7) + /]1; o(7,y) ne(x,y)dy) uf (7, z)dzdr
= fR+ o(ts, ) Ut (ty, x)dz — ‘/R+ o(ty,z) v (t, z)dz . (2.46)

Let t1 =0, to =t and o(7,2) = pru(7+ (T' - t2), ), where o1, is a solution of the dual
problem (2.35). Then,

fR (@) (o) = fR (T~ t)us(a)de, (2.47)

which is the smooth version of (2.43).

3. Convergence of the Regularizations. Let u®m, respectively u®», solve prob-
lem (2.45) with ¢ replaced by &,,, respectively €,. Moreover, let v be the solution to

S(te) = —el@yoltn) + [ ey, (1) €[0.T] <R,
v(0,2) =ug"(x), xeR,.

By estimate (2.40) for dual problem and push-forward formula (2.47),

pr (w5 (t,-),0(t,-)) < sup pr ((y), 77 (y)) eGlelietltenne)lne) Tyen (R,) T,

yeR4

while by estimates (2.37)—(2.38) for a dual problem and push-forward formula (2.47)

pr (e (L), v(t,-)) <exp B(llelwre + [0 L) T) pr(ug™, ug™) .

7,Mm—>00

Therefore, by (2.44), pp (us(t,-),us"(t,-)) —> 0 uniformly with respect to time. By
the completeness of M*(R,), the sequence us(¢,-) - L1 converge uniformly with respect
to time to a unique limit p,.

4. The Limit is Narrowly Lipschitz in Time. Using (2.39) and (2.44), we obtain
the following uniform Lipschitz estimate for all 0 <7<t

pr (w(t,),u(7,)) < (le|pe + Inlge,) exp (el + Inlpe,) ™) us(R)(E-T).

Hence, p; is also narrowly Lipschitz in time.
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5. The Limit Solves (2.19). We proved, that u®(t,-) converges narrowly and uniformly
with respect to time to the unique limit ;. Notice, that 0.¢(7,-) and c(z)p(7,-) are
bounded continuous functions, while

[m+ p(ry)nCydy = f&@(ﬂy)n(-,y)dy,

where a symbol “ =7 denotes the uniform converges. Thus, passing to the limit in the
integral (2.46) completes the proof of 7).

6. it) Holds. Let p e Lip([0,7]; M*(R,)) be a solution to (2.19) in the sense of
Definition 2.10 and ¢ € (C*nW1>*)([0,T']xR,). We prove that (2.42) holds for ¢ € [¢1, t5].
To this end, define ¢°(t,x) = K.(t) p(t,z), where

Ke € Cgo([tlth) ) [O’ 1]) ) /{S(tl) =1, 16193/{6(7-) = X[tl,tz)(T)

and
11118 KJ; = 5t:t1 - 5,5:,52 in M+([07 T]) .

E—>

Use ¢¢ as a test function in the definition of weak solution. Using the Lipschitz continuity
of t - p; and the Lebesgue Dominated Convergence Theorem we conclude

[ ot ) - [ ot )t @) =ty [ Sn0) [ ot 0)dmoa
“ting [ w0 [ [ocett ) - e@)ptta)+ [ ot w)]an o

e—=0

= ftlm /R+[8t90(t,x) —c(x)p(t,z) + fm <P(757y)d[n(w)](y)]dut(a:)dt.

7. i4t) Holds. Equality (2.43) arises by setting in (2.42) ¢t; = 0, t2 = t and ¢(s,x) =
pry(s+ (T -t2),2).
8. iv) Holds. We proved that there exists a unique solution to (2.19) which also ful-

fills (2.43). This expression characterizes p uniquely, therefore each p given by (2.43) is
a solution to (2.19).

9. v) Holds. It immediately follows from the analogous property of the dual equation
stated in Lemma 2.36 and push-forward formula (2.43). O

Proof of Lemma 2.18. Claims i) and v) follow from 44) in Lemma 2.41, since the dual
problem to (2.19) is autonomous. Claim i) is a consequence of i) in Lemma 2.41.

To prove i), choose ¢ € C1(R,) with ||y <1 and pq, 2 € M*(R,). By the push-
forward formula in 4i) of Lemma 2.41 and by the estimates (2.37)—(2.38) for the dual
problem, we have

[ v @S =Su)(@) = [ ero(T=ta)d(n - o))
<sup {A+¢(I)d(ﬂl —p2)(x) : p(x)e CI(R+), () —— e3(|0|w1,oo+77|BL)t}
< sup {/R+ Y(x)d(pr — p2)(x) : P(x) € CHR,), [¢]wie < 1}eg(|c|w1»°°+77|BL)t
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= exp 3 ([elwre +[0lsL) 1) pr(pa, p2).

Hence, i) holds.

Finally, to prove iv), let c1,co satisfy (2.15), 11,1, satisfy (2.16) and call S1.52 the
corresponding semigroups. Then, using (2.40) and Lemma 2.41

L e@a(S =52 = [ (pho(T=1.) = Gy (T -1.) du()
<(Jer = ol + |~ ol g, ) elltere)lpe +lmm)lse,)t (R, ) ¢,

which completes the proof. O

2.4.2. Transport Equation (2.21) - technical details

Proof of Lemma 2.20. Claims i) and v) are classical results, see for instance [5,
Section 8.1]. Integrating along characteristics, we can explicitly write

0. X(7;t,x) =b(X(7;t,7)),

X(t;t,x) = x. (2.48)

S =X (t;0,-)#p  where {

Hence (S;u)(A) = (X (0;t,A)) for any measurable subset A of R,. By the standard
theory of ODEs, we have X (t,;t, X(t;t,,2)) = x. Using the definition of the distance pp,
we prove i) as follows:

pr(Sepir, Sepi) = SUP{[R @(2)d(Sppr = Sepa) (x) : p e CHR,) and @]y < 1}

—sup{ [ (X(O:t.2)) (s - )(@) + g€ CHR.) and [y~ <1}

[¥]p= <1,
<supd [ (@)d(p - p2)(x) = @ e CH(R,) and
{fR o 1029 oo < 102X (032,-) |- }

<max {1, |0; X (0;t,)|l e } pr(ft1, p12)
<exp (|10:0] g ) pr(par; pi2)-

where we used [70, § 6.1.2]. Concerning i), i.e. the Lipschitz continuity with respect to
time,

pen) = s [ o@dEm-p)() e CHR) and [olyan <1}
< swp{ [ 10X (100 - p@)ldpe) © peCHR,) and folynn <1}
< [blge n(R)E.

Finally, to prove iv), let by, by satisfy (2.15) and call S, S2 the corresponding semigroups.
Then, with obvious notation,

pr (S}, SE) =sup{fR p(x)d(S} = 57p)(x) : e CLR,) and ¢l < 1}
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—sup{ [ p@d(Sn)(@) - [ e@)d(En)@)  peCLR) and [l <1}

SSup{fR o (X1(05,2)) = 0 (X3(0;8,2))| du(x) = e CL(R,) and [¢] g < 1}
<oy = bo e (R4 ) E

completing the proof. O

Further in the proof of Proposition 2.22 we will need results on the dual formulation
of (2.21), namely

8t(10+b(33) 8190 07 (t>$) € [OaT] XR+7
p(T,z) = P(x) zeR,,

with ¢ € (CtnW1>)(R,) and b as in (2.15). We say that a map @7, € C1([0,T] xR,)
solves (2.21), if (2.49) is satisfied in the classical strong sense. For completeness, we state
the following results, whose proofs are found where referred.

(2.49)

Lemma 2.50. [43, Lemma 3.6] Fiz p, € M*(R,). A map p : [0,7] - M*(R,)
solves (2.21) with initial datum p, in the sense of Definition 2.10 if and only if for
any 1 € (C1 0 Wi=)(R,)

fRﬁ(fc)dut(x) = fR o1 (T —t,2)dp(z) (2.51)

where o1, € CH[0,T] x R,) is the solution of the dual problem (2.49) for any T > 0.
Moreover, if u, is nonnegative, then so is p.

Lemma 2.52. [5, Lemma 8.1.2] Fizty,te € [0,T] withty <ty. If pe Lip ([0,T]; M*(R,))
solves (2.21), then for any ¢ € (Ct n Whe)([t1,t2] x R}) we have

[tltz [R+ (Opp(t,x) + Opip(t, x) b(x)) dut(z)dt = fm o(ta, )dpg, (x) - [& o(ty, z)dpuy, ().
(2.53)

Lemma 2.54. [43, Lemma 3.5] For any T >0 and ¢ € (C1nWh>*)(R,), there exists a
unique solution ., € CL([0,T] xR,) of (2.49). Moreover, for T €[0,T] and z € R,,

[z (T, )= < ¥l
10270 (T, Mg < [0 [l (T,
10710 ( ) g < (9" [pee Bl ee -

2.4.3. Operator Splitting Algorithm

Proof of Proposition 2.22. Let ¢ € (C1 n WL*>)(R,) with |¢|w1- < 1 and p €
M*(R;). Then,

[ o@aES =SSy = [ eru(T-t.)d(Si) = [ Gro(T - t2)d(Sun)
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= [1;{ @T,(@T’w(T—t,)) (T -1, x)d,u - A ¢T7(¢T,w(T—t:‘)) (T - t, x)d,u
= fR (@va (T - t, X(T - t, T, ZL‘)) — @T,z{)(X(Tft;T,-))(T - t, JZ)) d,u
< SL]}QP |¢7T,w (T - t, X(T -4, ZL’)) - @T,’l[l(X(T—t;T,'))(T - t, I)| M(R+)

Set ¢1 = Ory and Y3 = Ory(x(r-t;7,)) and consider the term in the modulus. Use the
estimates for the dual problem in Lemma 2.36 and (2.48) to obtain

(T =1, X(T = t:T,z)) - po(T ~ 1, 7)

=y(X(T-T,z)) —'/TZC(X(T—t;T,x))¢1(3’X(T_t;T7m))
+f_Tt /R (s, y)d[n(X(T - T, 2))](y)ds - (X(T - ; T, x))
o [ ewrets. s [ eaaai@ledss [ c@ets s
i[TTtC(X(T‘lf;Tafv))sol(safv)dsifTTt fR w1 (s, y)d[n(2)](y)ds

= [T @) (asm) - r(s. ds e [ oi(m) (o) - (X~ £T.2))) s
+/;ZC(X(T—75;T,$))(§01(S,$)—gol (s, X(T-t:T,z)))ds
+ 1] its,) - eals, ) D@ w3
L e (T - T) - n@)was

T T
el [ suplor(s.o) = oo, lds + 10sclym Pt [ suples(s,olds

T
el =1t [ suploner(s,2)lds

T T
s, [ stple(s.2) - pals.2)lds + Lin(n)bliet [ suple(s.2)lds
Z=Il+12+[3+[4+[5.

Using estimate (2.37) for the dual problem, we conclude that

I < gm0 o Bl e t? elleliosInlme,t,
Iy < [0c]pe D]t ] el Tlocet,
L < [0l ¢ [blpt® el tinlocet,
Is < Lip(n) [bpet® [¢/] e el rltlacot,

Directly from estimate (2.38) follows, that I3 < [¢]pe bl get? 9] greeUclwiellse)t,
Hence,

fR ¢($)d(gtgtﬂ - Stgtu) <
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<3t |9 [Pl exp[3 (el + [751) ] (lelws + InlpL) -

Taking the supremum over all functions ¢ finishes the proof. O

2.5. Linear Non-autonomous Case

We now assume that, for a fixed € (0,1],

be € Cp([0,T; Wh*(R,)) with b(¢)(0) >0 for all ¢ € [0,T7], (2.55)
n € Cy([0,T];(CunLip)(Ry; M (R,))), (2.56)

and consider the following linear non-autonomous version of (2.1):
O+ 0, (bt x) p) + et o) p = o n(ty) du(y),  (tx) € [0,T] xR,

MO € M+(R+)7

(2.57)

The space C¢ ([0,T]; X) consists of Holder continuous, X valued functions with a norm

[ flsr = 1flc, + H(S),

where

1£(s0) = F2)lx

(0%
51,52€[0,T] |51 - 52|

| flge, = sup [f(D]y and H(f)=
te[0,T7]

Remark 2.58. We assume that b, ¢, 7 are Holder continuous with respect to time, because
the method we used in the proof of Theorem 2.59 requires this regularity. In general,
uniform continuity is not sufficient in our case. However, all proofs remain valid for
uniform continuous functions whose modulus of continuity w is such that

[e.e]

Y w(27") < +oo.

n=1

Theorem 2.59. Let (2.55) and (2.56) hold. Then, the linear non-autonomous prob-
lem (2.57) generates a global process P:[0,T1]?> x M*(R,) - M*(R,), in the sense that

i) For all t,,ty,ta, p satisfying 0 <t, <ty <te <T and pe M*(R,)

P(thtO)ﬂ:/%
P(ty,t,)p € M*(R,),
P(tQ,tl)OP(tl,to)MZP(tQ,to)u.

ii) For all t,,t, puy, po satisfying 0 <t, <t <T and uq, po € M*(R})
pr(P(t to) i, Pt o)) < 1P lme 1) (g i),
iit) For all t,,t, u satisfying 0<t, <t <T and p e M*(R,)

pr(P(t, o)t P(to,to) ) < (b, n) [go e P IBec =) (R, (¢ - t,).
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iv) Fori=1,2, let b;, ¢;, n; satisfy assumptions (2.55) and (2.56). Call P* the corre-
sponding process. Then, for all t,,t, p satisfying 0 <t, <t <T and p € M*(R,),
there ezists a constant C* = C* (t,, T, by lse,> leillse,s ||771||Bct) such that

pr (Pt to) s P2t t)) < CF(t —t,)elrbeereamm)lpe, (=to)
|I(brs e, m) = (b2, ca,m2) [ g, (R

v) For all p e M*(R,), the trajectory t — P(t,0)p is a weak solution to linear non-
autonomous problem (2.14) in the sense of Definition 2.10. This solution is unique.

Proof of Theorem 2.59. First, we prove that there exists a process P given by i). Fix
n €N, define ¢}, =T /2" for i =0,1,...,2" and approximate b, ¢ and 7 as follows:

2"-1
7;:20 b(t;L’LJ x) X[tizvt}:—l) (t)7

271
Z C(t;a l‘) X[t%,t’ﬁ*l)(t)7
=0
21

izzo n(t;n x) X[tiwti;l)(t) :

b, (t,x)

cn(t, )

Na(t, )

Call S*n the semigroup constructed in Theorem 2.24 on the time interval [tk ¢k+1).

Assume t, < t, t, € [ti{),tf{’”), t € [t},ti) and define the map F}, :[0,T] x M*(R,) —
M*(R.) by

S, p if i =,
Flop = (Sf’j%oSf;;’j)u ifi=iy+ 1, (2.60)
(8% o (O St ) o Sigth, Ju otherwise,

Here, by O, S? we denote the n-fold composition of S. We now prove that as n - +oo,
Fm converges to a process P, see also [25, Definition 2.4], whose trajectories solve (2.14)
in the sense of Definition 2.10. Assume first that t, = i,7/2" and ¢ = ¢T/2" with i > i,,.

Then, F}, pu= (Qg‘;%s;;gn) p and

i-1 2i-1 qj,n+l

pr(Ff 1, Ftilttlﬂ) =PF (Fg/w,tﬂ’ F;i;l/Z’”l,tou) =PF ( j:ios%;;"’u’ Oj=2ioST/2n+1“)
< i (S O Sty Sy Ot Syt
+ e (St (Sora OF5h Sy St (S O35 Styatan))
< 3UIGmen) ) oot (G D L) T/ ( YT s #)
1 U en) G bwytoe +ln () L) T/2" o fned (( a2 S u) (]R+))
(1O, ) () = Gy cns)) G [ + [0t = 00t (85 |, )
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3| (b,c, T/2™ n n+1
<e II( 77)”BCt / PF (F(i—l)T/Q",tOM7 FQ(:;fl)T/Q"*l,to/’L)

+ 65|‘(b7cm)|‘Bct(t_tO) (H (bna Cn; nn) B (bn+17 Cn+1, 77n+1) ”Bct) T/2n+1 :U’(R+)
= 3Memlpe, T/2"

PF <F8_1)T/2n,toﬂa Fg(;}1)T/2n+l,to“)
+ Plemlse, (o) (0 p Y = (b, Cotts M) [pe, T/27 1(R.),

where the last inequality holds due to the fact, that

(0222 Sgatan) (R,) < lemloo, (=120 (R ).

Gronwall’s inequality (see [44, Lemma 4.2]) allows us to obtain the estimate

n+1

pr (Fy o, Fitp) <

1 [eg| (b,C,’/]) HBCt (t_to) _ 1

2 3||(bvcan)HBCt
[ (b ny 1) = (bnsts Cnsety st B, -

] el 0enlsc, (t_t"),u(R+ )

Since we consider a bounded time interval, there exist a constant C* = C* (T, | (b, ¢, ) lsc, ),
such that for all t € [t,,T]

1 [l enlse, (o) _ 1
2

<C*(t-t,).
3 (b, c,n)|5e, ]

Therefore,

Pr (Ftr,lto% Ft?ttlﬂ) < ¢rellbemlse, (7o) | (b €ns M) = (D1, Coss Mns) ”Bct (R )(E~1,).

Due to the assumptions about Holder regularity of functions b, ¢, 7 we conclude that there
exist constants H(b), H(c), H(n) such that

supy [bn(t) = bps1(t) e < supy [0 (t) = bps1(t) [y < H(D)27m,
sup; [ cn(t) = cpi1 (B[ < supy [cn(t) = cpia(t) [wre < H(c)27m, (2.61)
supy [ 7, (t) = ()llge, < supy [7a(t) =M (D) g, < H(n)2™,

meaning that

an - bn+1 HBCt + ch - Cn+1HBCt + Hnn - 77n+1HBCt < (H(b) + H(C) + H(n))2ina7

which implies Y72 [[(bn; ¢ny 1) = (bnsts Cnst, Mns1) g, < 00- Therefore,

k
7k_)
Z ”(bnvcmnn) - (bn+1> Cn+1>77n+1)||BCt =T 0.
n=m

Thus, we conclude that for each p e M*(R,) the sequence FY, pis a Cauchy sequence,
which converges uniformly with respect to time to a measure v € M*(R,). By definition
we set P(t,%,)u = v. Claim i) follows then from the construction of FY , since we are
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dealing with linear problems.
Now assume that ¢, € (tf{"l,tif) and t € (¢i,t1), meaning that ¢, and ¢t are not grid
points. Then,

i— I\n i— n 1
PF (letoﬂv Ft?tt,lﬂ) <pr ( ;':%05%/271/% ?:2%05%/211#) +0 (Q_n) )

which holds due to the fact, that F}", uu is Lipschitz continuous and the length of time
intervals (™", t), (£, tir!) is equal to T/2".

To pass from the estimates performed for n-th and (n + 1)-th level of approxima-
tion to the estimates for arbitrary n and £ we need to be able to claim that the series
Yomet [ (bny €ny M) = (brsts Cost, st ) | e, converges. In general, uniform continuity does
not guarantee such convergence. However, as mentioned in Remark 2.58, it is sufficient
to assume that b,c and n are uniformly continuous with modulus of continuity w such
that Y77, w(2™) < +o0.

To prove #ii), one can easily check, that for t =T /2"

(O S ) ) < Cemlne )y (R),

J=to

Therefore,
pr (O, Simetts 1) < pr (St (OF2 S5t O, Sett) + pr (OF2 St 1)

c n T c i—io)— n i i
< (b, Can)HBcteH(b’ Mlec,T/2 o (eQH(b, Mlsc, ((i-io0) 1)T/2M(R+)) n /)F< j:?ok%/gn/%ﬂ)-

Hence, iterating the procedure we obtain
pr (O Sji ) < 1(b.em) e, e (R (- 1),

Passing to 7i) and iv), let b, b, ¢, ¢, n and 7 satisfy assumptions (2.55) and (2.56). Call
St and S corresponding semigroups constructed in Theorem 2.24 on the time interval
[ti,tir1). Define maps FY, p and I} v as in (2.60). Assume first that t, = i,7/2" and

n» n

t =T /2" with ¢ > i,. Then,

pF(Fthou, Ft’ftoy) = PF(FinT/Qn,to“v E?F/W,toy) =PF ( ;';%05%72““7 ;';%OS%72HV>

- o (SO Si g Sin 2 Sin )

T/2n j=io2T T/2n Y j=io T2

i-1,n ~i-2 Qj,n i-1n ~i-2 OjJn i—-1,n ,~i-2 QJ,n
< PF (S ! ST/Qn/'L’S S V) + PF (S }:ios

Ji-1,m ~i-2 QJ,n
T/2n Jj=io T/2n Jij=io T 20 T/2n T/2”V’S oS V)

T/2n T/2n

Cn i-1 o " i—1 n n n
Se3(”(bn’ )(tn )le, +”77 (tn )HBL)T/2 pF(F(i_l)T/Qn,to:u7 F(i_l)T/Qn’tOV)

e T (5 880, ) ()
) (H(bnv Cn)(ti;l) - (l;nv En)(ti;l)HLw + Hnn(ti:,_l) - ﬁn(t;_l)HBCx)

3]|(b,c,t T/2™ n [n
< ?lteDlse, T/ PrCEG 1yrjn o1 FGiayrjon 1,V)
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BN |1, ) - (,.7) I, T2 V(E.)
Application of the Gronwall’s inequality (see [44, Lemma 4.2]) yields

pr(Fl 1, Ft?to’/) < e?ltenlse, (=) pr(p,v)

3”(brcvt)HBC (t_to) 7
e ¢ L1 slebeinilse, (t-to) b, &, 7
. e’loecnmise, (7o), (R ) [(b, ¢,n) - (b,& 1) | ge. -
3”(b7 C7t)||BCt ) o

Using analogous arguments as in the proof of i), we conclude that there exists a constant
C*, such that

pr (i, 1, Ft?toy) <el®emlse (o) b (41 1)
+ O (t = o) PreenDlne, ey (R )| (b, ¢, n) = (b,¢1) | e, -

For t, and ¢, which are not grid points, we prove this inequality using the same argument
as in the proof of 7). Therefore, passing to the limit with n ends the proof.

Passing to v), let p € (C1 n W1>)([0,7] x R,) and n € N. From Theorem 2.24 we
know that for each ¢ = 0,1,---,27"1, orbits of the semigroup S*" are weak solutions of the
linear non-autonomous problem (2.57) on [¢i71, ). Therefore,

[ @ ode @) - [ o023
:fonR [atw(t’x) +0n(t, 2)0pp(t, ) = en(@)p(t, ) + [R+w(t,y)d[nn(t,I)](y)]du?(a:)dt
=fOTfR [&sw(t,w) +b(t, ©)0s0(t, x) - c(x)p(t, x) +fR+<,0(t,y)d[n(t,x)](y)]du?(:p)dt +R",
where
r= fOT/R ((ba(t,2) = b(t,2)) Dop(t,2) + (c(t, ) = ca(t,2)) (t, 2) )dpsg () dt +
fo ' f ) fR e(t, y)d[na.(t, ) = n(t, )] (y)dug (z)de.

From the previous analysis in this proof we know, that u} converges narrowly and uni-
formly with respect to time to the unique limit y;. Due to the assumptions (2.61) about

Holder regularity of functions b, ¢, ), we use the analogous arguments as in proof of claim )
in Lemma 2.41 and pass to the limit in the integral, which ends the proof.

A convenient method to prove the uniqueness of solutions to (2.57) relies on the dual for-
mulation. Indeed, the existence of a solution to the dual problem implies the uniqueness
of solutions to (2.57). More precisely, if ¢, solves (2.63), then the equality

fR+¢($)dut(a:) = fR+ or(T —t,2)dpo(x)

defines the solution to (2.57). Thus, uniqueness follows from Lemma 2.62 below. O
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We remark here that the cost of applying the operator splitting method is that the tan-
gency condition vi) in Theorem 2.24 suffices to guarantee the uniqueness of the semigroup
based on the operator splitting method, but not in general weak solutions to (2.11). It
follows from the fact that with the W1*° regularity of coefficients, there is a strong con-
vergence of the operator splitting method for the original problem, but not for the dual
one (in sense of the norm topology in (C! n'W1)). Therefore, a limit of the dual semi-
groups under operator splitting converges only weakly* in W1 and as a consequence it
is not necessarily an admissible test function for (2.11). Hence, the idea of the proof of
uniqueness of weak solutions from [44] could not be applied. Therefore, we directly prove
below the uniqueness of solutions to (2.63) exploiting its dual formulation.

Lemma 2.62. Define a dual problem to (2.57), that is

Orp(t, ) +0(t, 2)0pp(t, ) = c(t, x)p(t, ) + [R p(ty)dln(t,z)](y) = 0,
p(T,z) = P(z).

For any ¢ € (Ct n Wh>)(R,) there is a unique @1, € C1([0,T] xR,) solving (2.63).

(2.63)

Proof of Lemma 2.62. The proof consists of two steps.

1. We assume additional regularity of b. Assume that b € (C1nW1>)([0,T]xR,).
To prove the assertion we change variables in (2.63) in order to investigate the behavior
of o7, along the characteristics X, that is along the solutions to

0. X(r;t,x) = b(X(r;t,2)),
X(t;t,x) = =z.
The following change of variables in (2.63)
(t,2) = (t.Our)(x)), where Oum(z)=X(T-tt ), (2.64)

yields
9ip(1.3) = (D)o (1.2) - [ (6 )A(LE)))

with Z = O r)(z) and § = Oy 1y(y). The assumption of differentiability of b with
respect to = implies that {O. r)}e[o,r) is a family of Cl-diffeomorphisms on R,. To
prove the existence of a unique solution we use the Banach Fixed Point Theorem. Let
C([0,T], Ci(R.)) be the space of continuous functions attaining values in C} (R, ), which
denotes the space of bounded continuously differentiable functions on R,. We equip the
former space with the norm

lelse, = Sup [ Wi, where  [[o(t)[wie = max {e(t,)[ge, 1020t ) L} -

Let us introduce the complete metric space Cy(I, Bry,), where I = [T —¢,T] with ¢ to
be chosen later on, ¢ € C}(R,) being a fixed function and

Bry=1{f: [eCL(R.) and |f - ¢]wi~ < R}.
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Define the operator
I':Cy(I,Bry) —» Cu(I, Bry)

as follows:

TAO@ = 0@+ [ (et Dt~ [ oo, pdlnts D)) ds.

We prove that I' is well defined, i.e., that its image is continuously differentiable with
respect to x and contained in Bpg,, for ¢ small enough. Indeed, let ¢ € Cy(I, Bry).
Then,

IN

e(l¥lwr~ + B) (lelpe, +Inlse,)  and
T T
f 0zc(s,2) ¢(s,7)ds + f c(s,7) Ozp(s,T)ds
¢ t

0 ([ el pdlnts. )@)ds)

Due to the regularity of the coefficients ¢ and 7, we conclude that the derivative of the
image of the operator I' is continuous. In order to estimate |0,(I'¢(t) — )|y Wwe need
to bound the latter term of the equality above. To this end we will estimate the Lipschitz
constant of the function & - f," Je. (s, 9)d[n(s,2)](7)ds.

[(Te)(#) = ¢
9z (Tp(t) =)

[tT fR ¢(8>§)d[n(s,aé1)](§)ds—ftT /R+90(8,g)d[17(s,5:2)](g)ds
= fT Hsﬁ(s,-)HLM[ d (n(s,z1) - n(s,72)) (7)ds

< €(|\1/1Hw1oo+R)t[STup [n(t, 21) = n(t, Z2) | (wr.e )
< e ([¢lwre+R) sup ]Llp(n(t ) |21 = Zof < ([l + R)|nle, 171 - 22| -
te[T—-e, T
Therefore,

[0:(Tp(t) =)L < € e, (Ylwre + R) +€ c|ge, (14w + 1)
+e [nlge, (IWlwie + R) <26 ([l wa~ + B) (lelpe, + Inlpe,)-

We need that ¢ < vy, where

-1

(Ui + B) (lelse, + Inlse,)]

V1

N’|DU

For such ¢ operator I' is well defined. Now, we prove that for ¢ small enough, I' is a
contraction. To this aim we estimate

T
w00 =T Wl < swp [ lels ) 19 (5, =9 (5,) s

te[T—e, T

s [ (196 - P60l [l D1 ds

te[T—-e,T]
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<e(lelse, + Inlse,) €' - ¢*lne,

and

T
sup |0, (D" () =Tp?(t)) [ € sup f [02c(5,) e - 01 (5,) = ©2(5,) [ s
te[T-¢,T] te[T—-e,T] Y1t

T
v osup [ (s, ) e 102 (1(5.) = £7(5.)) s
te[T-¢,T] Yt
+ sup

am T IS,N— 2S,~ 7i’ s
te[T—e,T] ft ./I; (<,0( )= ( y))d[n(t )1(9)d

<e(lelpe, e’ - *lae, * lelse, I¢ = #*lse, + Inlse,I¢" - #*l8c,)

<2¢ (lelge, * I1lse,) l¢' - ¢*lse,-
Hence, we conclude that € < 15, where

1 -1
Vo = 5 : (HCHBCt + Hn”BCt)

From the Banach Fixed Point Theorem it follows that, for each 1, there exists unique
solution ¢r, to (2.63). This solution can be extended to the whole interval [0,7T], as ¢
does not depend on time. Since O is a C'-diffeomorphism, the regularity of solutions
does not diminish after changing variables back to the original ones (¢, z).

2. Avoiding the additional regularity. In Step 1 we assumed that the additional
regularity of b, that is b € (C* n WL=)([0,7] x R,). Actually, we will show now that it
is sufficient to require W1*° regularity. Notice that for the linear non-autonomous case
(2.57) a well posedness of the expression (2.11) in the Definition 2.10 of a weak solution
requires less regularity of a test function ¢, that is

e C([0,T]xR;) and DpppeC([0,T]xR,),

where Dpy 0(t,2) = Oup(t, ) + b(t,2)0,¢(t, ) is a directional derivative of ¢ along a
characteristic. Such a regularity is guaranteed, if we assume that be W= ([0,T] x R,),
what we shall show in the following. In view of Step 1, it is sufficient to show that D 5
is a continuous function on [0,7] x R,. To this end, fix (¢,,z,) € [0,7] x R, and chose
an arbitrary sequence {(t,, ) }nen such that (t,,x,) = (t,,%,). Lipschitz continuity of
b implies that O r)(x) defined in (2.64) is a homeomorphism on R, for each 7" > 0 and
t €[0,T]. Moreover, O r)(x) is a continuous map in variables ¢, T and z. Notice that
the change of variables (2.64) yields

Dpyye(t,x) = 0 (t, Our)(2))

meaning that the directional derivative along a characteristic is transformed into the
derivative with respect to the ¢ variable. Taking into account the argumentation given
above we conclude that Dy p1¢(tn, 2n) = Dpipe(te, o) is directly implied by

Op (tn7 @(tn,to)(ib’n)) = 0o (to, 7o)

which holds due to the regularity of © and the fact that the solution ¢ to (2.62) after a
change of variables (2.64) is a C1([0,T], CL(R,)) function. O
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2.6. Nonlinear Case

This section is devoted to the general problem (2.1) and presents the proof of Theo-
rem 2.13 stated in Section 2.3.

Proof of Theorem 2.13. Let b, ¢, n be functions given by (2.6)—(2.7) and p, € M*(R,)
be an initial measure in (2.1). Let us introduce a complete metric space Cy(I; Br(io))
where I = [0, ] with ¢ to be chosen later on and Br(j,) = {v € M*(R,): pr(jto, ) < R}.
The space Cy(I; Br(1,)) is equipped with the norm given by

HMHBCZ sup ”#t“(wl,w)*.
te[0,T7]

This space is complete since Bg(u,) is a closed subset of the complete metric space
M*(R,). We define the operator T on Cy(I; Br(u,)) as follows

T:Co(I; Br(1t0)) = Co(I; Br(1)), where T (1) = Vip,ey(u) -

Here, vy ¢ () 18 the solution to (2.57) with coeflicients b(-, it), (-, i), n(-, ;) and initial
datum f,. From the assumptions on coefficients and the definition of norm | - | gga.1 (2.8)
we observe

M, = SUD¢e[0,1],veM* (R, lo(t, V)me < 0o,
M. = SUD¢e[0,T],veM* (R.) HC(t, V) HW17°° < 0o,
M, = SUDP¢e[0,1],veM* (R, In(t, V)HBL < 0.

For further simplicity we introduce a constant M = M, + M. + M,. First, we need to
prove, that the operator 7 is well defined, meaning that its image must be a bounded
continuous function taking values in Br(i,). Continuity of v, () follows from i) in
Theorem 2.59. Moreover, for each t € [0, ] we have

pr(T() (1), 1) < (b, e n)Ige, & " B0 (R £ < Me2Mep,(R, ) e < R,

We need to assume that € < 1. Then, the latter inequality holds if Me2™ u,(R,)e < R,
which is equivalent to

e < R[Me™Mp,(R)] " = ¢ (2.65)

Now, we prove that T is a contraction for £ small enough. To this end, we show, that
T is a Lipschitz operator with the Lipschitz constant smaller than 1. Here, we use iv)
from Theorem 2.59.

1T (1) - T(v) |lc = sup 1T () () = T () ()] ooy = ts[%p]d(T(u)(t),T(ﬁ)(t))
= Sup pr (Vvemy ) (), Ve (1))

< sup C*t e5(H(b,cm)(u)\IBct+H(b7c,n)(ﬁ)lcht)t.||(b7 0777)(#) _ (b, ¢, n)(ﬂ)HBCtH’O(RJr)
te[0,e]

< s[up] Cre !0WrMerd)e )y (R,) (Lip(b) + Lip(c) + Lip(n)) - pr(pue, fie)
te[0,e
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< C*e '™ o(R,) - (Lip(b) + Lip(c) + Lip(n)) |1 - fil gc-

where (b, ¢,n)(u) = (b(-, 1), (-, 1), n(-, 1)) and Lip(b) = supyero ) Lip(b(Z,-)) < 0o, which
holds due to assumptions on b (similarly for ¢ and 7). Lipschitz constant of 7 is smaller
than 1, if the following inequality holds

Lip(7T) = C*ee!®™= 4 (R,) (Lip(b) + Lip(c) + Lip(n)) < 1.
We need to assume that € < 1. Then, the latter inequality holds if

C*e '™ 11, (R,) (Lip(b) + Lip(c) + Lip(n)) < 1.
e < (C" M 1y(R.) (Lip(b) + Lip(c) + Lip(7))) " = Ca.

We have just proved, that T is a contraction on a complete metric space Cy (I, Br(11)),
where 0 <& <min{1,¢;,(2}. From the Banach Fixed Point Theorem it follows that there
exists unique p*, such that 7(u*) = pu*. Hence, existence of the unique solution to (2.1)
on the time interval [0,e] is proved. This solution can be extended on the whole [0, 7]
interval, because (; and ¢, depend only on the model coefficients. Moreover, from 4ii) in
Theorem 2.59, we conclude that solution to (2.1) is Lipschitz continuous with respect to
time. The estimates in claims ) and i) are consequences of the estimates for the linear
non-autonomous case (see Theorem 2.59). |

At the end of this chapter we formalizes the content of Remark 2.12.

Lemma 2.66. Consider equation (2.1) on the whole R. If the initial datum p, is sup-
ported in R, then for allt € [0,T'], the corresponding solution u; to (2.1) is also a measure
supported on R,.

Proof of Lemma 2.66. As the first step we consider the linear autonomous case given
by (2.14). In view of the construction of the solution via the operator splitting algorithm,
it is sufficient to show that any value attained by the map F*¢(t)u, defined in the proof
of Theorem 2.24, that is

Fe (), = Sor_aie (5:52)1, for te[ie, (i+1/2)¢),
" Soraginye Se (S282)ip, for e [(i+1/2)e, (i +1)e)

is a measure on R, for each ¢ € [0,T] and p, € M*(R,). Fix € >0 and 7,1 € M*(R,).
Formula (2.48) and the assumption 5(0) > 0 imply that S.7 € M*(R,). To prove that
Seftr € M*(R,) we use the regularized version of (2.19), that is the equation (2.45) on the
whole R

S0 = e () + [ oy, (0 € [0,T]<E,
u(0,2) =us(x), =xelR,

(2.67)

where u = 0 * p. Without loss of generality, p° can be chosen so that
supp(ug) © (=€,+00) and supp(n°(y,-)) c (=&, +00).
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Fix 7 € (-o0,—¢]. It is straightforward that u(z) = 0 and (i n°(y, Z)us(t,y)dy) = 0.
Then, (2.67) can be considered as an ODE of the form

d ey e £00) = uf (3) =
T (1) = —c@ui(t), v (0) = u5(w) = 0.

From the standard ODE theory it follows that uf(¢,z) =0 for all ¢ € [0,T], meaning that
if supp(ug) c (-¢,+00), then supp(us(t,-)) c (—&,+00) as well. The previous analysis
shows that d(u$, ;) — 0 for € — 0 uniformly with respect to time, where p; is a solution
to (2.19). Therefore, we conclude that a limit u; is a measure on R,.

Since the choice of v, i is arbitrary, we proved that Ffu, € M*(R,)u, for all u, €
M*(R,). In view of Theorem 2.24, letting € - 0 in Ff completes the proof in the linear
autonomous case. The linear non-autonomous case and the nonlinear case follow from
the construction of solutions as in the proof of Theorem 2.59 and of Theorem 2.13. O
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Chapter 3

Age-structured Two-sex Population
Model: Well-posedness

3.1. Formulation of the Model

In this chapter we consider the age-structured two-sex population model formulated by
Fredrickson in [37] and further analyzed by Hoppensteadt in [50]. This model, in full
generality, consists of the following PDEs.

Qo™ + Duptf? + & (1, 7, p )i = 0, (t,2) € [0,T] xRy,
(3.1.1) Dap(0%) = fyz b (8, 7, 1] ) (2)dpig (),
py € MH(R,),
Ouad + Oypid + &5 (t, i, ph)pd = 0, (t,y) € [0,T]xR,,
(3.12) Dap{ (0%) = foa by (b, 1", ) (2)dpis (2),
ph e MH(R,),

(CATNT NS
(t,2) €[0,T] xR2,

Ot + Oy 1§ + Oy + Ec(t, 1137 ], 115 ) 15

(3.1.3)

({0} x B)
Mo

pi(B = {0}) =0,
M*(R2).

m

(3.1)

Equations (3.1.1) and (3.1.2) describe the dynamic of males and females. Both equations
are of McKendrick-type, that is they consist of a transport equation with a growth term
and a boundary term, which determine the influx of new individuals. The evolution of
couples is described by a similar equation, however a source term for couples is much more
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complicated than the analogous process for males and females. It cannot be expressed as
a boundary condition, because new couples can be formed between the individuals being
at different ages. Moreover, this term is nonlinear, since it takes into account interactions
between both sexes. We set the Fredrickson—-Hoppensteadt model in the space of finite,
nonnegative Radon measures. Additionally, we introduce a nonlinear birth rate and death
rate for males and females. We consider a nonlinear disappearance rate for couples as
well. Let u7" be the age distribution of males at time ¢ and z/ be the age distribution
of females at time t. pf denotes the distribution of couples with respect to the age of
each of the spouses. In particular, for any Borel sets By, By € R,, B3 € R2) n"(By) is
the number of males being at the age x € By at time ¢, z/ (By) is the number of females
being at the age y € By at time ¢t and pf(Bs) is the number of couples formed between
males of the age x and females of the age y such that (z,y) € B3. One should be aware
that p}", u{ contain married and unmarried individuals. p}", uf are finite, nonnegative
Radon measures on R, and pf is such a measure on R2. Distribution of the single males
and single females is given by measures s;” and 5{ respectively. Formally, s}* and s{ are
the measures on R, such that for each Borel set B € B(R,)

si(B) = (u;—01)(B), fori=m,f,

holds. Measures o™ and of are one dimensional projections of u¢ and describe the
distribution of males and females respectively, who are in the marriage at time ¢. More
precisely, for each Borel set B € B(R,)

07" (B) = pi(BxR.) and of(B)= (R, x B). (32)

Functions &, & are death rates for males and females respectively. &, is a rate of
disappearance for couples, which incorporates the phenomenon of a divorce and death of
one of the spouses as well. In particular,

(&e(t,u))(z,y) = (Em(t, v)) (@) + (§4(E,v)) (y) + (6(, w)) (2, ),

where u = (", pf | 1u€),v = (", i} ) and 6 is a divorce rate. Functions by, and by are
birth rates for males and females respectively. A source term for couples is given by
the operator 7. For any Borel set B € B(R?), T(B) is a measure of the set containing
couples formed between males being at the age x and females being at the age y, such that
(z,y) € B. Influx of the new individuals is described by nonlocal boundary conditions.
More precisely, Dyu™(0*) and Dyu! (0*) are Radon-Nikodym derivatives of u and !
respectively, with respect to the one dimensional Lebesgue measure A at the point 0. From
the assumption (3.5) on the birth rates b™, b/ and the Definition 3.9 of solution it follows
that in the region D = {(t,z) : t < 2} measures u™ and p/ are absolutely continuous
with respect to the Lebesgue measure. However, if we used the notation p7(0+), u! (0%)
instead of Dypuy*(0"), D,\,u{ (0*) respectively, it would suggest that we keep in mind the
measure of the point 0, which is zero. The aim of using the D, u; symbol is to underline
that the boundary condition gives a value of a density of the measure y; with respect to
the Lebesgue measure in a point 0.

Since the moment of its creation, this model has been analysed under various as-
sumptions in many papers. In [47] symmetry of all parameter functions with respect to

o4



males and females is required. In [52] it is assumed that new individuals are produced
only in the first marriage. A specific form of the marriage function (harmonic type) is
postulated in [72]. Additionally, in [47, 52, 72| one extra structural variable, namely the
age of the couple, is considered. A duration of the marriage can influence a probability
of a divorce or birth of an offspring, but we do not consider this case in the present thesis
in order to avoid greater complexity. Well-posedness of the Fredrickson—-Hoppensteadt
model in the class of C! functions was established under biologically relevant conditions
on the parameters in [61] (see also [51]). However, in [60] it has been shown that in a
long time period exponential growth of the population is observed, which is not a realistic
phenomenon. Due to this fact, environmental influences were taken into account, e.g., by
introducing dependency of birth and death rates on the state of the whole population in
[65].

This chapter is organized as follows. In Section 3.2 we state the main theorem of
this chapter. Section 3.3 is devoted to a brief discussion on the marriage function. We
give an example of the marriage function, which is reasonable from the biological point
of view and satisfies the model assumptions. Section 3.4 contains results concerning a
linear non-autonomous case. At first, we analyse the equation describing the evolution of
couples, since it is independent on the other equations in this case. By a regularization
technique and estimates for a dual equation we obtain existence, uniqueness and contin-
uous dependence of solutions with respect to time, initial datum and model coefficients.
Similarly we handle the equations describing males and females dynamics. The estimates
for the linear non-autonomous case are crucial in passing to a nonlinear case. This sub-
ject is held in Section 3.5, where we prove the theorem for the nonlinear case via Banach
fixed-point theorem.

3.2. Main Results

In this section section we present the main result of Chapter 3. Theorem (3.10) states that
there exists a unique solution to (3.1), which is Lipschitz continuous as a mapping from
[0,T] to (M*(R,), pr) x (M*(R,), pr) x (M*(R2), pr). Moreover, we show stability of
the solution with respect to the initial datum and model functions. Since the proof of
the theorem is not straightforward, we deffer it to Section 2.6. Let define product spaces

U= M (R,)x MH(R,) x M*(RY),  V=M"(R.) x M*(R,)
and equip U in the following metric

d(u,v) = pr(p, v2) + pr(pe, v2) + pr(ps, vs)  Yu= (p, o, t3), v = (v1,v2,v3) €U. (3.3)

We assume that
&m: €7 2 [0, TV > Whe=(R,), bm, by [0, T] xV > Whe(R3),
£,0:[0, T xU - WE>(R2) and T :[0,T]xU - M*(R2).
and require the following regularity of the model functions

Em: & € Cp ([0, T] x V; WH(R,)) (3.4)
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by, by € CO1([0,T] x V; W (R2)) (3.5)
£,6 € Cp ([0, T] xU; WH=(R?)) (3.6)
T e CYY([0,T] xU; M*(R2)). (3.7)

Here, Co' ([0, T]xV; X) and Co' ([0, T]xU; X ) are spaces of X valued functions, bounded
with respect to the |- |y norm, continuous with respect to time (the first superscript)
and Lipschitz continuous with respect to the measure variable (the second superscript).
The norm | - ||Cg,1 in the Cp' space is defined as

[flcor = Iflge,, + Lip (f(£,), where |[flgg,, = sup |f(t )]y, (3.8)

(t,1)€[0,T]xY

Y =V (for (3.4), (3.5)) or Y =U (for (3.6)) and Lip (f(t,-)) is the Lipschitz constant
of f(t,-). Boundedness of the operator 7 with respect to the | - ||, norm is understood
as the following. For any ¢ € [0,T], p1, o € M*(R,) and pz € M*(R?2) there exists a
constant C', such that

HT(t7M17/~L27/13)”(W1,°°)* < O(HUI”(wl,m)* + H/’LQH(Wl,oo)* + ”/ub?,H(Wl,oo)*).
The solution to (3.1) is defined as follows.

Definition 3.9. A triple u = (u™, uf, u¢), such that w:[0,T] > U is a weak solution to
the system (3.1) on the time interval [0,T], if u™, ut, u¢ are narrowly continuous with
respect to time and for all (Y, ¢y, ¢c) such that o, or € (Ctn W) ([0,T] xR,) and
0. € (Ctn W) ([0,T] x R2), the following equalities hold

T .
[ [ (@itto) + duputt ) - &t i) eutt, ) dpi(a)at
T
v [Tt 0) [ b)) ()at
:'[& oi(T, x)dpi(x) —[R+ ©0i(0,2)dul () fori=fm

and

T
fo fR2 (Orpe(t,2) + Bopelt, 2) + Dype(t, 2) =&t i ol 1)t 2)) A ()t
T
- /Rz (T, 2)dp5(z) - /Rz ©.(0,2)dus(2).

Theorem 3.10. Let u, = (u™, pid, ) € U and (3.4) — (3.7) hold. Then, there exists a
unique solution w:[0,T] - U to the full nonlinear problem (3.1). Moreover,
i) for all 0 <ty <ty <T there exist constants Ky and Ko, such that
d(uy,,uy,) < Kief22(ty - 1)),
where Ky, Ky depend on all model coefficients and additionally K, depends on the

initial datum.
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i) Let t, € U and by, Bf, Em, éf, &, T satisfy assumptions (3.4) — (3.7). Let u
solve (3.1) with initial datum 0, and coefficients by, bg, &, Er, &, T. Then, there
exist constants K1, Ko and K3 such that for all t € [0,T]

d (u;, 1) <e"i'd (u,, 1) + Ky t - | (b= 5,6 =6, T = T) g,

where (b=0) = (b = by, b = by), (€ =€) = (G = &5 ~ 5.6 — &) and Ky, Ky, Ky
are constant dependent on the model coefficients.

3.3. Marriage Function

Note that (3.1.1) and (3.1.2) have the analogous structure as the equation (2.2), which
is the special case of (2.1). Therefore, in this section we focus on the ingredients of the
equation (3.1.3), namely on the form of the operator 7 which describes the pair forma-
tion process. This operator is usually called the “marriage function” and in this thesis we
follow this convention. The marriage function is a function, which provides the number of
new marriages between males and females in the particular ages in a certain moment. The
major difficulty in modeling marriages is defining an exact form of the marriage func-
tion. Several functions have been proposed, e.g., male dominance, female dominance,
minimum function, geometric mean, harmonic mean (see [47, 48, 53, 61, 62, 72] and ref-
erences therein for more details and examples), but none of the functions mentioned above
can be rigorously derived from sociological data or a microscopic description of the mar-
riage process. Even though we cannot point out the one marriage function which should
be preferred over another, there are still some general properties accepted by most of
researchers, i.e., non-negativity, heterosexuality, homogeneity, consistency, monotonicity,
competition (see [51, Section 2.5], [52] for details). The property, which raises the most
serious concerns is homogeneity. The homogeneity property states that if populations
of males and females increase A times, then the number of new marriages also increases
A times. It is intuitively clear that each individual has a limited number of contacts
with other individuals. However, in populations which are dense enough this fact does
not influence the marriage process, which the homogeneity property is also supposed to
reflect. On the other hand, it is believed that the homogeneity assumption does not hold
at low densities, when the time needed for finding an appropriate mate increases signifi-
cantly. Also some rigorous derivations of the marriage function lead to non-homogeneous
functions ([38]).

Remark 3.11. It is more convenient to formulate and analyse the model (3.1) for the
whole populations of males and females. Therefore, instead of the commonly used mar-

riage function F dependent on the single males and single females distributions we use
the operator T, such that

Tt 1) = F (b = o i = o), (3.12)
where 7" and o/ are given by (3.2).
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One of the possible choices of the marriage function, which fits into our framework is the
one used in [52], that is

0(x,y)h(r)g(y)
v+ fo, B(2)dsy(2) + [, g(w)ds] (w)

where (s ®s!) is a product measure on R2. Therefore, we can include the homogeneous
and non-homogeneous case assuming that v € [0,1]. In particular, for v =0 and s}, s{ €

M*(R;) the marriage function is homogeneous of degree 1, i.e., it satisfies
F(t, vt vst) = F(t, s s).

h,g € (L' n WbL>)(R,;R,) are Lipschitz functions describing preferences distributions.
More precisely, h is a function describing a distribution of preferred males on the marriage
market. Function h is independent on y, which reflects that the preferences do not depend
on the age of a female. Although it is not a highly realistic assumption, we use it to
simplify the analysis. Function g has the analogous meaning. Function 0(x,y) describes
a marriage rate between a male of the age x and a female of the age y. In our case the
marriage function F is defined as a product measure on R2. According to the formula

(3.13)

7(t>$§n>${)=( )(sgnoz)s{), (3.13)

f(ta CH 3{)(3771 X Bf) =0,

whenever s7(B,,) = 0 or s{(B;) = 0, which ensures that the single males and single
females distribution is a nonnegative measure for each time .
Lemma 3.14. Operator T defined by (3.12) satisfies assumption (3.7).

For the proof of Lemma 3.14 we need the following
Lemma 3.15. Let pu, i € M*(R2) and 0,6 € M*(R,) be projections of measures y, ji on
R, respectively, defined as in (3.2). Then,

pr(0,6) < pr(p, i)

Proof of Lemma 3.15. According to the Slicing Lemma [36, Section 1.5.2], there exists
a Borel set N, such that u(N) =0 and for each z ¢ N there exists a Radon probability
measure v,, such that

_[R% f(z,y)du = /R+ (/R+ f(:v,y)dl/x(y))da(x),

for each measurable and p—integrable function f. Define a set Z c W1 (R2) as

Z={feW"(R) : f(z,9) = g(x), g€ WH(R,), |g]opsp < 1}-

It is straightforward, that | f],, p;, <1, for each f € Z. Moreover,

fsz(iL'aZ/)d/ﬁ(may)Zfm(fmg(x)dvz(y))da(y):/]1;+g(:c)da(x)_

Analogous equality holds for i and &, which implies that
wp | [ t@pde-penf= s [ g@de-)@).
FeZ|floo Lipst YRS 9eEWL= g o pip<t IR

According to (1.26), the left hand side is not greater than pg(u, 1) and the right hand
side is equal to pr(o,d), which ends the proof. o
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m, g fopg

Proof of Lemma 3.14. Let ¢ € [0,T], (", pl, ), (v, vl v¢) e U and o', o),

ot i f " be measures defined as in (3.2), that is

o7 (B) = u(BxR,) and of*(B) = u(R, x B),
for any p e M*(R2) and Borel set B € B(R,).

|7Ct s 1l s 5) | g

_ 0(x, y)h(z)g(y) e @ oY
'/R%7+IR+ h(z)ds{”(z)Jrfmg(w)dS{(w) (5" ®s;)(w.y)
Aol [ [, 7 A oD

<0l [ /fR+j((y;d f y)) 457 (2) < 0l Il (R.)

<JOlpe Pl (i (Ry) + 1(R2)) -
Similarly, we obtain
ITC i1 s 1) (wroeye < 100 gl (i (Ry) + 15 (R)) -
Summarizing,
A CYTNTNTS] <0l g (s ) e (2" | + [l :
s H s Hi s e )l owtieoys S IV Les [[U0 G ) llee {1 [T (wtiooye T TG (T (wtiooys T+ (I Hg Il (W00 )+
To prove that T is Lipschitz continuous it is sufficient to show that
Indeed, if this holds, then
pr (T (s i 1), T (v v 1)
=pF(7:(t>Mt —agn“t,ut f’”),}"(t v —alnyt,yf—agyt))
<Lip(FW) (pr (" =0 v = 07%) + pr (] = ol 0] =)
<Lip(F(1)) (pr (i, ") + p(o7™ o) + pr (il ) + pi (ol ol ™))
<2Lip(F (1)) (pr (i vi™) + pr(ud  vl) + e, vf))
where the last inequality holds due to Lemma 3.15. Let (s, s7), (57, 5) € V and define
7 - f h(2)ds?(z), 7= [ W) (z), W = f g(w)ds! (w).

Let ¢ € (C1 n WL>)(R2;R,) be such that [¢]
following term

. 0(z, y)(x)g(y) A" @ sV (a
[R% o ’y)7+fR+ h(Z)dS?l(Z)+_/’R+ g(w)ds{(w) (5"® t)( )

29

wLip < 1. Adding and subtracting the




to the expression fRz ed (F(t, s, m Iy~ F(t,5m, s )) yieds

fR2 o, y)d (F(t,s7,s]) - F(t,50,8])) (2,9)
[ o) 0(z,y)h(z)g(y)

d(sy” ®3t G ®3t)($ Y)

v+ Z+W
O e e wad LEL A
x,y)0(x, ds
[ b )fRy( y7)+(2?1)5v(y) (y) A5 - 5)(a)
g, Mz z,9)0(z ds! dsi* (=
f M ) (2) (Ja. ©(2,1)0(2,9)g(y)ds] (y)) A5 (2) A5 - 57 ()
(7+Z+W)(”y+Z+W)

=A+h(x)®(x)d(sﬁ—§ﬁ)(x)a
where

Jo, (. 9)0(,9)g(m)ds! () Jo, h(2) (Ja, 02 9)0(z,9)g(y)ds] (1)) d§%“(2).

() = y+Z+W (7+Z+W)(7+Z+W)

One can easily check that
[ @] e <2ope [0l and  [@ e <2[0] g Lip 0] oo, vip-
Therefore, it holds that h® € W1 (R,) and

17 @[ <200l Lo [P Lo 10] o

[(h- @) [pe <4|e] o rip 17]oo tip 19] o Lip-

By (1.26) we conclude that

PF (f(t,s?,s{),f(t,é{”,s{)) S4HhHoo,Lip H9Hoo,Lip pF(St 7St )

Analogous arguments lead to the inequality

PF (F(tagjﬁnasg)v}-(t?g??g{)) < 4”g“oo,Lip ”8Hoo,Lip pF(S{"g{)‘

Therefore,

PF (f(t,s?,s{),f(t St 751{)) <4”(h g)”oo LlpHenooLlp (pF(St HU’t )+:0F(51{7§{))‘
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3.4. Linear Non-autonomous Case

In this section we consider a non-autonomous version of (3.1), that is

atN?Jraa:N?”‘gm(tax)N?l = 07 (t7$)E[O,T]XR+,
(3.16.1) 1 Dy (07) = fge bin(t, 2)dpg (2),
pg € MH(R,),
Opu] + Oyl + &4 (L)l = 0, (t,y) €[0,T] xR,
(3.16.2) Dap{ (0%) = fo by(t,2)dpsg(2), (3.16)
ph e MH(R,),
s + Oy i + O g + Ee(t, 2)pg = T(t), (t,2)€[0,T]xR3,
(3.16.3) pi({0} x B) = pug(Bx{0})=0,
pe € M*H(R2).

We assume that

Y

Em: &7 € Cu([0,T] x V; WH=(R,)) (3.17)
b, b € Cp([0,T] x V; WH>(RR?)) (3.18)
£,0 € Cy([0,T] xU; WH=(RY)) (3.19)
T € Co([0,T] x U; M*(R?)). (3.20)

9

The space Cy, ([0,7']; X) consists of continuous, X valued functions bounded with respect
to the norm

I/, = sup IF(D)]x-
te[0,T]

To simplify the notation let define the auxiliary function
i) = [ bt 2)dv(2),
R?

where the second superscript v will be omitted if no ambiguity occurs. To deal with the
non-autonomous system (3.16) we begin with the analysis of (3.16.3), which is indepen-
dent on the equations (3.16.1) and (3.16.2). A convenient way to deal with (3.16.3) relies
on its dual formulation, that is

{ Orp(t, z) + Dap(t, 2) =&t 2)p(t,2) = 0, (t,2) € [0,T] xRS,
p(T,2) = ¥(2),

where D,y = (0,,¢ + 0,¢) and ¢ € (CLnWL>)(R2;R). Function ¢z, € C1([0,7] xRR?)
is a solution to the dual problem to (3.16.3), if it satisfies (3.21) in the classical strong
sense. In the following Lemma we present some results concerning (3.21).

(3.21)
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Lemma 3.22. For all ¢ € (C1 n WL>)(R2) there exists a unique solution to (3.21).
Moreover, the following estimates hold:

[ o7, (t e € [ melImec 0, (3.23)
Lip (r,0(f,7)) <[] o gipel oo 70, (3.24)
sup_|0s010(8,)lpee < 9l (1+ [€clpe, ) €15 mo 70, (3.25)

se[t,T]

If moreover ¢ solves (3.21) with terminal data v and parameter &, then

loru(t, ) = Bt M < [0 & - &g, (T - 1) HIE R )TD (3 96)

Proof of Lemma 3.22. Let z = (z,y) € R?, ¢(t,z,y) = Y(z+T —t,y+T - t) and
(s, t,x,y) =&(s,x+s—t,y+s—t). We check that the function

T
w(x+T—t,y+T—t)eXp(—[ §C(s,x+s—t,y+s—t)ds) (3.27)

U(t,z,y) exp (/; E(s,t,x, y)ds)

o(t,z,y)

is a solution to (3.21). To this end let us calculate the derivatives of .

8tg0(t,flf,y) = 8t77;(t7x7y) exp(/:gc(s,t,x,y)ds)

st pesp( [ &lstanis) ([ ads trpds &t tay)
(3.28)

and
Opo(t,x,y) = 8$1Z(t,x,y)exp('/Ttgc(s,t,x,y)ds) (3.29)

+1E(t,x,y)exp(thé_c(s,t,x,y)ds) f;@xgc(s,t,x,y)ds.

Derivative d,¢(t,z,y) is analogous to (3.29). From the definition of 1) and &, it follows
that

ob(t,z,y) = -0, 0(x+T -t,y+T 1) = Ob(x+T —t,y+T -t) (3.30)
== xzﬁ(t,x,y) - ayzlj(t,x,y),
Oile(s,t,x,y) = —0.8c(s,x+5—t,y+s5—1) - Oyéc(s,x+s—t,y+s—t) (3.31)

= _aﬂrgc(87 tv CE? y) - 8y§_6(87 t7 I’, y)
Using (3.27) — (3.31) it is straightforward that
Op(t,2,y) + Opp(t, 2, y) + 9yp(t,x,y) = &e(t, 2, y)o(t, 2, y) = 0.
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The estimate (3.23) follows directly from the definition (3.27) of the function. To prove
(3.24), let (x1,41), (2,y2) € R? and estimate the following difference.

|90(t7$17y1) - gp(th%y?)'
<ot z1,y1) = o (t 22, 90)| + |(t, 22, 91) = 2(F, 22, 92)]

< (sup Orplts 2,0 + sup Oy (1. xQ,y>|) (1 = 2] + s = al)

zeR4 yeR,

= Llp(@(t’ E )) (|I1 - $2| + |y1 - y2|) )

where Lip(g@(t, ) )) = SUDgeRr, |a€090(t7$’ y1)| + SUPyeR, |8y90(t>$27?/)| By (329) and the
analogous formula on 9,

Lip(p(t,--)) < [0 |y me!sImec 00 4 g elloed (T — 1) sup [0,€.(v,--)]
ve[t,T]

[0y el IBec T ) Leléelmed D (T 1) sup [9,6.(v, )]

ve[t,T]

< i 2o gl T 1) sup () e
Ve
<[] o pipe! 1B T (14 € o, (T - 1)) < 9] o pipe™lBee 0.

The estimate on 0 follows from (3.28), (3.30) and (3.31).

0up(t,2,9)] < (10t + 10,11 ) 1m0 T
o gecléelme 0 (7 ) (USS% i)+ sup D600 >|)
+ H¢|’Lwe”€cHBC* = I&clBe,
]2 8T 1 00 T (T~ )+ [Eelsc,)

<Vl pipe’ TP T (14 (T - ) lpe, + 1EelBe,)

<o zape’ BT (14 €l p, ") < [0] o pipe BT (14 €5, ) -

Let ¢ be a solution to (3.21) with terminal data 1) and coefficient &. It follows from
(3.27) that

lo(t, 2, y) = o(t 2, y)| < ¥ - | efr&elswrstyrst)ds _ ofp &e(smrstiyrs—t)ds

t .
< ||¢|\Lme”5CHBCt(T_t) . ‘ 1-exp (/ (&c-&)(s,z+s—t,y+s— t)ds) )
T
(3.32)

Let us define a function
t .
91071 >R () =exp( [[(E-e)sts—tiyrs-n)ds
T
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The latter term of the inequality (3.32) is equal to |g(7") — g(¢)|. Since g is regular enough,
it holds that |g(T") = g(t)| < sup,ep 77 |9'(v)[(T'=t). Thus, we estimate the derivative of g.

g'(v) :exp(/;v(éc—gc)(s,x+s—v,y+S—v))
(- [ @ 0)E - ass—vyrs—v)ds+ G- w o)

and
sup Iy (v)] <! 10T (16, = Elp, (T -0+ 16~ &)
ve|t,
<1 = Ellpc, BT (T =1) +1) < |6 - &g el 1575 me )0,
Therefore,

[@(t ) = Bt ) e < [ pmelélmec @D e, — & [, e1H1EEelne, )0 _ 4y
<Y gl — Eelpe, (T - t)ez(uuganot+uchBct)(m).

The relation between (3.16.3) and (3.21) is explained in the following Lemma.
Lemma 3.33. Fiz p¢ e M*(R2) and let &, T satisfy assumptions (3.19), (3.20). Then:

i) Problem (3.16.3) admits a unique solution u¢ € Lip([0,T], M*(R2)), that is for all
0<t, <tr<T,

pr (6, 15, ) <max {1, pS(R,)} - Ke* (1, — 1),
where K = (1+ (&, T)lgc,)-
ii) Let p¢ and v° be solutions to (3.16.3) with initial datum pé and VS respectively.

Then,

2/¢e

pr (g, vf) < eXléelsed pr (e, ve).

iii) Let &,T satisfy assumptions (3.19), (3.20) and ji{ be a solution to (3.16.3) with
initial datum pé and coefficients €., T. Then,

pr (1, i15) <t max{1, po(RA)} (& =&, T = T)|ge, ™"
where K =2 (1 + ”(5075077-)HBC1;)'

w) Fiz ty,ty € [0,T] with t; <ty. If u¢ e Lip ([0,T]; M*(R,)) solves (3.16.3), then for
any @ € (Ct N W) ([ty,t2] x R2) we have

L7 @ott2) Dot 2) - 020t ) i)+ [, o UTO)))

= [R @(ta, 2)dus, (2) —fRQ o(t1, 2)dpg, (2).
+ : (3.34)
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v) If pe € Lip([0,T]; M*(R2)) solves (53.16.3), then for any ¢ € (C* n W1i=)(R2)
there exists a function @1, € C1([0,T] xR2;R) solving the dual problem (3.21) and
such that

[ o) = [ ora@ -2 + [ [ orals+ (0=, 2)dAT()]()ds.
(3.35)

vi) For any ¢ € (CtnW1L>)(R2;R) let o1, € CH([0,T] x R2) solves the dual problem
(3.21). Then the measure defined by (3.35) solves (3.16.3).

Proof of Lemma 3.33. i) We shall prove that problem (3.16.3) admits the unique
solution. The proof is based on a regularization technique. More precisely, we regularize
the initial datum p¢ and the coeffcient 7 . This leads to a standard problem that can
be solved by the method of characteristics. Then we show a convergence of the sequence
of regularized solutions and prove that the limit is a solution to (3.16.3) in the sense of
Definition 3.9. Let p € C(R?;R,) be such that [g. p(z)dz = 1 and the support of p is
contained in the unit ball centered at the origin. For € > 0 define the family of mollifiers
p°(2) = p(z/e)/e. We define the covolution * as

(v*p)()= [ p((z-€) = dv(Q), where €= (e.e).

The reason why we shifted p by € is that supp ((v * p)(2) = fp2 p(z = ()dv(¢)) € [-€, +00)2,
where  is a standard convolution. We consider (3.16.3) with initial datum ug® and co-
efficient 7¢, where

use =(u5 « p°) € (BC*N LY (R R, )
T=(1) =(T(t) * p°) € (BC*n L) (R R.).

Due to assumption on 7, it holds that 7¢ € BC ([0,7']; (BC>*nL')(R?;R,)). It can be
shown that

¢  cey €20 c e—=0
T e, <1 Tlge,:  pr(pg,ug®) — 0 and  sup pp(T(¢),T°()) — 0.  (3.36)

te[0,t]

The proof of the analogous statement is contained in [21, Proof of Lemma 4.1], hence we
do not present it here. Consider the equation (3.16.3) in the regular case, that is

Te(t), (t,z)e[0,T]xR2

Uy (2).

(3.37)
u®£(0, 2)

{ Owuse(t, z) + Duse(t, 2) + Ec(t, 2)uss(t, 2)

The change of variables (t, z) 2, (t,X(t;2)) in (3.37), where X (¢;z) is a solution to
Xty =1, X(0:2)=>
dt ’ -5 ) )
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transforms the original equation into the ODE

Ove<(t,y) = =&(ty)vs(ty) +T(ty), (t,2)€[0,T] xRz,
ves(0,y) = ue™(y),

where y = X (¢; z). This equation is an ODE in L!(R?) with globally Lipschitz right hand
side. Therefore, existence and uniqueness of a classical solution v>¢ € BC1([0,T']; L*(R?))
of (3.38) follows from the Banach Fixed Point Theorem. Moreover, v*¢(t) is a nonnega-
tive function on R2. The solution of (3.37) is obtained by taking the inverse transform
®-1 that is uss(t,®~1(y)) = v (t,y). @ is a C! diffeomorphism which implies that the
regularity of solutions under the inverse transform does not change. Integrating (3.37)
we obtain that for every 0 <t; <ty <T and for any ¢ € (C1 n W) ([0,T] x R?)

Am /R2 (Opo(t, 2) + Dp(t, 2) = E(t, 2)o(t, 2)) u®s(t, 2)dzdt

- [ elta e (ta, )z [t 2)uc(n, 2)dz - ft . |, et ATz
(3.39)

(3.38)

Choosing ¢ as a solution to the dual problem (3.21) with 7" = t5, we obtain

Ltz = [ etttz [ [ ot AT 01
(3.40)

Let u®*m, respectively u®n, solve problem (3.37) with ¢ replaced by &,,, respectively .
Moreover, let v be the solution to

O (t,z) + Dyu(t, z) + E(t, 2)v(t, 2) Tem(t), (t,z)e[0,T]xR2,

ug™" (2).

v(0, 2)

Let 1 € (C1 n WH=)(RR3) be such that [¢],, 5, < 1. Using (3.40) with ¢, =0 and ¢ = ¢
yields

[R 0(2) (un (1,2) - (1, 2)) d

/Ot /Rz Vrp(s,2)d[T(s) =T (s)](2)dt

[ o) T ()
T sup pr(T=(s5), T (5))-

s€[0,T]

IA

IN

Taking supremum over all functions v gives

PF (UC’En (t’ ')a 'U(ta )) <T sSup pF(Ten(S)v Tsm(s))‘

s€[0,T]

Due to (3.36) pr(u®(t,-),v(t,-)) converges to 0 uniformly wih respect to time. Analo-
gously,

[0 e (t2) = ot 2) dz = [ enn0,2) (g (2) - g () d
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Taking supremum over all functions v yields
pr (e (1), 0(t)) < e lmed pp(ugr ) < Ml prugen ugen)

which holds due to estimates (3.23) and (3.24) for a dual problem. Therefore, by (3.36),
d (usn (¢,-), usm (¢,-)) "= 0 uniformly with respect to time. Note that

BC! ([0,T];L*(R*%R,)) ¢ BC ([0, T7; (M*(R?), | | 1.=)-))

and metric pp is equal to (W1>)* distance on the set M*(R?). Completeness of
(M*(RR?), pr) implies that the sequence usn(t,-) converges uniformly with respect to
t to the unique limit p¢. Notice that dyp(t,-), D.p(t,-), £.(t,-)¢(t,-) are continuous func-
tions bounded uniformly with respect to t. The integral fRi o(t, z)d[ T (t)](2z) converges

to fRi o(t,z)d[T (t)](2) uniformly with respect to t. Therefore, passing to the limit with
usn and Te in (3.39) yields

f: fRz (Orp(t, 2) + Dap(t, 2) = £2(8, 2)p(t, 2)) dpz (2)dt (3.41)
- fRQ @ (t2, z)dpug, (2)dz - A@ @(t1,z)dpg, (z)dz - /tltz /RQ o(t,2)d[T (t)](=)ds,

which proves that ¢ is a solution to (3.16.3) in the sense of Definition 3.9 (for the proof
of uniqueness we refer to the proof of claim iv). Similarly we prove that passing to the
limit in (3.40) yields

to
L ez = [ gt (e [ [ onutHATOIE (342
+ + 1 +
Using estimates (3.23), (3.25) and formula (3.42) for ¢; = 0 and ¢, = t, we obtain

[, e - ) 2)
= [ 0.2 =N i)+ [ [ oo ATE)]E)ds

< sup [Osprp(s, ) |pe t Ho(RY) +t sup [0r(5,) |pe - sup | T(5) ] wya.coys
s€[0,t] s€[0,t] s€[0,t]

S”'@Z}”Lm (1 + HgCHBCt) e(1+“€CHBCt)t t Mg(Rz) + t H¢||L°°e”£CHBCtt ||7—||Bct

<[l - max {1, uE(R) Y- (1+ [€ullpo, + [ Tse, ) eI tmec)t ¢

Taking supremum over all functions ¢ such that ¢ € (C* nWt=)(R?) and [¢|, 1z, <1
gives

pr (. 1) € ma {1, g (R} - (1+ (6 T [, ) o 1€ )
for all t € [0,7]. This allows to estimate a total mass of u¢ in time t.

15 (R?) < pp (g, 1s) + ps(R?)
< [(1 €T e, ) elIEetse)t ¢4 1] s (1 4 (R.)

[0+ 16 Tl ) £ 1] e ma 1, ()
<max {1, u5(Ry)} Q2(1+1EDlse, )t

(3.43)
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Using the analogous arguments as above, estimates (3.23), (3.25) and formulas (3.42),
(3.43) we obtain the following Lipschitz estimate

o (11,1, ) < maax {1 a5, (R - (L4 (60, Tl ) el mee) 2 (g, )
< max {1’ Mg(R+)} . (1 + ||(€C’ 7—)||Bct) e?(1+”(fc»7—)HBCt)t2(t2 _ tl)

ii) Let ¢ € (C'n Wh=)(R3) such that |4, ;, < 1. By the formula (3.42), taking
supremum over all functions ¢ finishes the proof due to estimates (3.23) and (3.24) for a
dual problem.

iii) Let ¢ e (C'n Wh>)(R2) be such that ], 1,
dual problem given by the equation (3.21) with terminal data 1 and coefficient &. Tt
follows from (3.42) that

L, @ - i) )
JRCHODREMCENEO
v fo t [R , #(5, 2T (s)ds - fo t [R , Pu(5:2)4T (s)
- [ 0. =) A )+ [ [ (usls.) ol 2) AT s
; fotfm Pru(s,2)d[T(s) = T(5)](2)ds.

Due to estimates (3.23), (3.24), (3.26) and the defnition of the flat metric (1.23) it holds
that

[, e - ) ()

< 1. Let ¢y be a solution to the

< ch _ gC“BCt te2(1+||(§1:7§~c)”BCt)t (/,LE(RE) +1 sup ”T(S)|(W1,m)*)
s€[0,t]
et sup s { [ F@AT(E) =TI ¢ 1]y <0500}
s€(0,t +
< & -Elpe, (11168 lnc, ) max {1, pS(R2)} (1+¢ | T |ge,)
+t e?leelsey! s pr(T (), T(s))
s€l0,t
< 1 (1€ ne, )t 1oy (1SR (141 [ Tlge,) 1~ €0 T = lge,
< tmax {1 g ()} HIEED e (6. T - T) e,

iv)  Assume that p¢ € Lip ([0,7]; M*(R?)) is a solution to (3.16.3) in the sense of
Definition 3.9. Fix a ¢ € (Ct n W1>)([0,7] x R?;R) and define ¢°(t,2) = k() ¢(t, 2),
where

Ke € C?([tl»h) ) [07 1]) ) EE(S) = X[thtz)(s)
and

lai_r)%/-@; =d(t=t1) = o(t =t3) in M*([0,T1]).

68



Use ¢° as a test function in the definition of weak solution.

[ L@ 2 Dt ) - e 0 (4 2) ()
i (AT

[k [ et

e ) [ @t )+ Dap(t) - 0,202 i (2)
O AL AT O))r

Passing to the limit with € and using Dominated Convergence Theorem finishes the proof.
v) Equality follows from iv) by setting ¢; = 0, to = ¢ and ¢(s,x) = pry(s+ (T —ts),x).
vi) We proved that there exists a solution to (3.16.3) which also fulfils (3.35). This
equation characterizes ¢ uniquely, hence each p¢ given by (3.35) is a solution to (3.16.3).
m

0

The analysis of the problems (3.16.1) and (3.16.2) is based on their dual formulations as
well. These problems are analogous, therefore we restrict ourselves to performing analysis
just for one of them, that is (3.16.1). We define a dual problem to (3.16.1) as

Op(t, ) + Opp(t, ) = & (t, 2)(t, ) 0, (t,z)e[0,T]xR,,

p(T,x) = P(x).

Lemma 3.45. For all ¢ € (C* n WL>)(R,) there exists a unique solution to (3.44).
Moreover, the following estimates hold:

(3.44)

[ @7, (t ) e < [0 meleImee 070, (3.46)
Lip (1,0 (f,7) < 1] s gpel oo 0, (3.47)
sup [0s010(8, Mg < [lpe (14 [€mlpe, ) e o me 70, (3.48)

se[t,T]

If moreover ¢ solves (3.44) with terminal data v and parameter ém, then

lorw(t,) = ot Mpe < [0 ]pe lem = Emlle, (T - )21 EmE e )T (3 49)

Since a proof is analogous to the proof of the Lemma 3.22, we do not present it here.
The relation between (3.16.1) and (3.44) is explained by the following Lemma.

Lemma 3.50. Fiz ™ € M*(R2) and let &,,, by, satisfy assumptions (3.17), (3.18). Let
1 be a unique solution to (3.16.3) with initial datum ué and coefficients & and T. Then:

1) Problem (8.16.1) admits a unique solution u™ € Lip([0,T], M+ (R, that s for
) q 1t p([0,T7, :
CLHOStlStQST,

pr (iy. 1))
< maX{l,M?(R+)7Mg(R+)} (1 4 H(ﬁm, bm)”BCt) 63(1+“(§m’£c’bm7T|‘Bct)t2(t2 _ tl)
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ii) Let p™ and v™ be solutions to (3.16.1) with initial datum p and v respectively.
Then,

pr(p, ) < e?lemlmedt (i vy,

iii) Let &, bm satisfy assumptions (3.17), (3.18) and fif* be a solution to (3.16.1)
with initial datum pg coefficients &y, b  Moreover, let [if be a unique solution
to (3.16.3) with initial datum ps and coefficients & and T. Then,

pr (', ) < t masc{1, (R, ), (R (116 e e Dl )
: H (gm - gma bm - Bma fc - gca T_ 7,)||Bct'

w) Fizty,ty€[0,T] with t; < ty. If u™ € Lip ([0,T]; M*(R,)) solves (3.16.1), then for
any @ € (Ctn W) ([ty,t2] x Ry;R) we have

L7 [ @uott.) + a0 - £t )t ) it ()t
i /R etz 2)duiy () - fR it w)dpi () - fttQ (1, 0)F"™ ¥ (1)dt.

1

v) If p™ e Lip([0,T]; M*(R,)) solves (3.16.1), then for an € (C n W) (R,
) If p([0,T7T; : y
there exists a function @r, € CL1([0,T] xR,) solving the dual problem (3.44) and
such that

[ @i @) = [ @) @)+ [ prals + (T -0,0F" (5)ds,
(3.51)

vi) For any ¢ € (Ct n W) (R,) let o1y € CH[0,T] x R,) solves the dual problem
(3.44). Then the measure defined by (3.51) solves (3.16.1).

All results from this lemma are valid for the problem (3.16.2) when one changes the index
m to index f.

Proof of Lemma 3.50.

i) We will show that problem (3.16.1) admits the unique solution. The proof is anal-
ogous to the proof of Lemma 3.33. Let p ¢ CZ(R;R,) be such that [, p(z)dz = 1.
For € > 0 define a family of mollifiers pf(x) = p(x/e)/e. The convolution is defined as
(v*p)(x) = fp, px—e-¢)dv(¢). We consider (3.16.1) with initial datum us"", where

ug® = (pg' * p°) € (BC* n L) (R R,)

and
m

pr(up s, ult) >0 as e—0.
Consider the equation (3.16.1) in the regular case, that is
Opum™e (t,x) + Opu™e(t, x) + & (t, x)u™e (t,x) = 0, (t,z)e[0,T]xR,,
um™(t,0) = Fme(t), (3.52)

uo (),

u™=(0,x)
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where F™H(t) = fR% by (t,2)dug(2). Due to assumption (3.18) on b, and properties of
ws from Lemma 3.33 it holds that F™+° e (BCn L)([0,7];R,). Moreover,

oup [ ()] e, s p(R2) < ma (1, i ()} bl s, (1 me )
s€(0,t s€[0,t

where the estimate on p¢(R2) follows from (3.43). Let Fm#°(t) = fRE by (1, 2)dji6(2).
Then,

PR ()= P (e = [ (0t 2) = b 2)) dps(2) + [ B0t 2)a G i) (2)

< b = i)mHBCt pi(R?) + ”i)mHBCt pr (pg, i) -

Existence and uniqueness of solutions to (3.52) follow from the method of characteristics.
This method leads to the explicit formula on the solution u™*(¢,x), that is

() = { up""(x —t) exp (fot Em (s, s+ (x—-1)) ds) for ze€[t,+o0),
; Fmors(t — x) exp (ftim Em (s, s+ (x-1)) ds) for x€[0,t),

(3.53)

(3.54)

for t € [0,T] and = € R,. We shall prove that u™=(¢,-) is a Cauchy sequence in in
(M*(R,); pr). Let {e,}nen be such that e, - 0 as n - +oo. Formula (3.54) implies
that umn(t,-) e LY (Ry; R,), if ug"™" e LY(R,;R,). Moreover, |u™(t,-)|y1 is uniformly
bounded. It can be checked that

wmer e BO([0, TH LM (R5R.)) € BC ([0, 7] (MR, | fwr =-))-
Now, let ¢ € (C*n Wh=)(R;R) such that [¢[, p;, < 1. Then,
fR D) (W™ (1) - u™ (¢, 7)) da
_ ft (@)l e @D (men (o _ 1) —ymek (o~ 1)) da
= [ s )l el (s () - (@) da

< clélaeypp (uen, up)
Taking supremum over all functions v yields
pF(umﬁn (tv ')7 u"k (t7 )) < erm HBCtTpF(uzmsn ) ug%gk) - 07

Since metric pp is equal to (Wh*°)* distance and (M*(R,),pr) is a complete met-
ric space, there exists a limit p* for each t € [0,7]. Moreover, the convergence of
pr(u™=(t,-), 1e) is uniform with respect to time. We shall show that pj* is a solution in
the sense of Definition 3.9. Integrating (3.52) we obtain that for every 0 <¢; <ty <7 and
pe(CtnWie)([0,T]xR,),

ftltz ‘/]R+ (Orp(t, 2)(t, ) + Opo(t,x) — & (t, 1) p(t, 7)) u™ (¢, ) dwdt
t ftb ©(t,0)F™H (t)dt (3.55)
- '/l;r o(ta, )™ (ty, z)dx - /R+ o(t1, 2)u™ (4, 2)dx.
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In particular, choosing ¢ as a solution to the dual problem (3.44) with T" =t we obtain

t .
f ()™ (b, 7)da = f O (11, )™ (1, ) + f * o (1,0) ™ (£)dt. (3.56)
R4 Ry t

1

Notice that 0yp(t,-), .p(t,-), ©(t,-) and &, (t,-)¢(t,-) are continuous functions uniformly
bounded with respect to t. Therefore, passing to the limit in (3.55) for t; =0 and t5 =T
yields

[7 [ @uott.)t0) + duit.0) = (it o)) i o)+ [ ol 0)Fm (e

- [ ety @) - [ ot o) @)
(3.57)

which proves that p™ is a solution to (3.16.1). In particular, passing to the limit in (3.56)
yields

[R (@) () = fR Pt ) (@) de + [ Y o (H,0)E™(1)dE. (3.58)

1

Using (3.46), (3.48), (3.53) and (3.58) for ¢; = 0 and ¢, = t we obtain
| v@ate - ) @)
[ ernt0.0) =@ @)+ [ (s, OF ™ (5)ds

sup 0501, (5, ) [ ym ptg' (R2) £+ 8UD [ 21,(5,) [ sUD [F™H(5)[ £
s€[0,t] s€[0,t] s€[0,t]

IN

1 m m
< [lge (1 Enllpe, ) el Iomtmetyn (R, ¢
+ HwHLooe”ém”Bctt . max{l,uﬁ(RQ} ”bmHBCt62(1+H(§c,7—)HBCt )t ¢

<1 g max {1, 1 (R, ), SR Y (1+ [ (Ems b [, ) 211 Dl )

Taking supremum over all functions ¢ such that ¢ € (Ct nWt=)(R,) and ¢, 1, <1
gives

pr (" ) S {12 (R ) i (R} (14 (G b [, ) €001 eeDlmen) ¢
for all ¢ € [0,7']. This allows to estimate a total mass of y™ in time t.
(R < mas {1 (R ), (R (14 (b s, ) €201 €& Dlse)t 4w,
< max {1, 1 (R #5 (R} [(1+ (G, ) £+ 1] 216 & Tl )
< max {1, (R, ), (R, )} (1€ cebnDlse, )t

Using the analogous arguments as above, formulas (3.48), (3.58) and the latter inequality
we obtain the following Lipschitz estimate

pr iy, gy
<max {17 ,UJZL(R+), Mfl (R+)} (1 + H (fm, bm) HBCt) 62(1+|I(£m7€C7T)|IBCt)(tQ—tl) (tg _ tl)
<mac {12 (R, g, (Ro)} (14 16 bn) i, ) € (1€t Dloe )iz, ),
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ii) Let ¢ e (CnWL>)(R,) such that [¢| < 1. By the formula (3.58)

oo,Lip

[ v@ads =)@ = [ 0. - ) ().

Taking supremum over all functions v finishes the proof due to estimates (3.46) and
(3.47) for a dual problem.

iii) Let ¢ € (C*nWhe)(R,) be such that [¢[, 1;, <1 and By be a solution to the

dual problem (3.44) with terminal data 1) and coefficient &,,. Let fi" be a solution to

(3.16.1) with a boundary condition given by Dyji™(0*) = ™ (t) = f2 b(t, 2)dfis(2).
R+

Then, by formula (3.58) and estimates (3.46), (3.49), (3.53)

[ @ - @)
t _ ~ .

~ [ uu(0,2) = 200 dpoa) + [ pusls,) (B () = F70 (5)) ds
a0, = G0, )t (R + 515 [l sup [F7(5) = F7(5)
<6~ Enllpe, e lecc) i ()

+telémlme,t (Hbm - BmHBCt sup pg(RY) + ”BmHBCt sup PF(M§>ﬁ§))

s€[0,t] s€[0,t]

< 160~ nlpcy eI ooy ()

+teH€m”Bctt||bm - BmHBCt max {1, ug(Ry)} GQ(HH(&C’T)”BCt)t

el |5, L, ¢ max{L a5 (R} | (6= & T = T, 1S Dloel)

<t max{1, g (R, ), 5 (B2) o116 oo Dlc, )
[(€mn = &ms b = b & = €. T = T e,
Taking supremum over all functions v finishes the proof.

iv) The proof is analogous to the proof of Lemma 3.50, claim iv).
v) The equality follows from iv) by setting

t1=0,t2=t and @(s,2) = pry(s+ (T —t2),x).
vi) We proved that there exists a solution to (3.16.1) which also fulfils (3.58). This

equation characterizes ™ uniquely, hence each p™ given by (3.58) is a solution to (3.16.1).
i

3.5. Nonlinear Case

Before we prove the main theorem of this chapter, we show that if a solution to the
nonlinear problem (3.1) exists, then it grows at most exponentially.
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Lemma 3.59. Assume that a solution to the nonlinear system (3.1) exists on the time
interval on which the mon-autonomous model functions &, b and T are defined. Then,
there is no blow-up in finite time, that is for a fixed T >0 and for all 0 <t <T it holds
that

(i (RY) + pf (R) + i (R2)) < (g (R ) + (R + pi(RE))

Proof of Lemma 3.59. Remark 3.59 follows from a boundedness of the operator T.
Due to this assumption it holds that

HT(@M%M{,H?)H(WIW)* < C(HM:&%H(WL“’)* + | woeys + HM?”(WL&)*) :

Let us analyse the equation describing the evolution of couples, that is
Oupt§ + Oz 1§ + Doyt + &t i pf 1 )pi§ = T (s ] 15).
The following change of variables (¢, z) 2, (t,X(t;2)), where X(t;z) is a solution to
d
EX(t;Z) =1, X(0;2) =z,
transforms the original equation into the ODE

Oppig + &t pof )i = T (b, i ] ).
Let ¢ € C([0,T] xR,;R). Then, for any ¢ € [0,7'] it holds that

t
[0 ([R (Do) = &l i el i )ep(s, ) dpr(2)ds +fﬂ§290(5, 2)dT (s, ", i, ui)) ds
- [ el n)dui@) - [ o0, 2)dus(a).

RY R%
In particular, for a constant function ¢(¢,x) = 1 we have
t t
- fo fR2 Eels iy il i) dpi () ds + fo fRQ AT (s, pu7", pul, ps)ds = pf (R?) — g (R3).

Therefore,

iR < @) + [ (I€lpe #(B) + T(R2)) ds

<)+ [ elpe n (B + C [ (i () + sl (Re) + ps(RD)) ds.
Analogously we show that for i = m, f the following estimate holds
iR < i) + [ (16 ncnt (B) + [blnons(R2)) ds
Summarizing,
(i (Ry) + pf (R, + a (R2)) < (g (Ry) + pf (R + i (RY))
0 [ (R ¢ (R + s (R2)) ds,

where C* = C*([|(&m: &f, & bm, bf) | g [0 e s | (75 9) |1, )- Application of the Gronwall’s
Lemma yields

(r(Ry) + pf (R) + i (R2)) < (g (Ry) + pud (R + i (RE))
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Proof of Theorem 3.10. Let u, = (4, pf, i¢) € U be an initial measure in (3.1)
and by, by, §my &, e, T satisfy assumptions (3.4)-(3.7). Let us introduce a space
BC(I; Br(u,)), where I =[0,¢] with € to be chosen later on and

Br(u,) = {veld : d(u,,v) < R},
where d is defined by (3.3). We equip BC(/; Bg(u,)) in the following norm

[ulge = jSup (I @ eweys + D2y + T30 ey ) -

Note that |u - v|g¢ = suporyd(u(t), v(t)). Moreover, the space (BC([; Br(u,)),| - ”BC)
is complete. We define an operator Z on BC(I; Bg(u,)) as follows

Z:BC(I; Br(u,)) » BC(I; Br(u,)), Z(0) =V, e7)(u)-

The evaluation of the operator Z on any element u = (™, u/, u¢) is obtained within two
steps. In the first step we solve the linear non-autonomous equation (3.16.3) with initial
datum p¢(0) and coefficients &.(-, u™, uf, 1), T (-, ™, uf, u¢). Let denote this solution
as v°. In the second step we solve equations (3.16.1) and (3.16.2) with initial datum
:U/m(o)a :U’f(o) and coefficients bm(? L :U’f)7 £m(7 U /“Lf) and bf(': U Mf)7 gf('v U Mf)
respectively. We plug v¢ into the boundary terms. As a result we obtain measures ™
and vf. This procedure produces a vector (v™,vf,v¢) being the value of Z(u), which is
further denoted as v, ¢ 7)(u). Now, we need to prove that the operator Z is well defined,
meaning that its image is a bounded continuous function taking values in Bg(u,). Let
u = (umpf,pu¢) € BC(I, Br(u,)) and v, ey = (v, v/,v¢). In order to estimate
|V, 6,7 (u) — ol g let us recall Lemma 3.33, claim 4), that is

sup pr(vf, p¢) < max{1, uS(R?)} K e** e, where

te[0,e]

K. < 1+H€CHBC+£[1£] [T ) oo
< 1+ |&lse + o (1Pl + lglp) ( (RY) + " (RL) + i (RE))
< 1+ [&lge + 100l (hs g) e
s (P, i) + g (Ry) + pp(pad, pd) + pd (R + pr (g, 1) + p(R2))
< 1+ [lge + 101pe I (hy @)l (R+ pg (R + pd (Ry) + p5(R2)) .

Analogously, according to Lemma 3.50,

s pr(vf, ) < max{l, g (R, po (R} (1+ [ (b &m) |pe) € %¢, where
te[0,e

Ky,

IN

L+ ” (gma €, bm) ”BC + ts[%p] ”T(t) ” (W)

L [ (6 es bl + 10| e ) e (B (L) + af (R + i (B2)).

IN
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The analogous estimate holds for sup;(q pF(l/tf il ). Let define
M = masc{1, 12 (R,) + pud (R) + S (R2)}.

Additionally, assume that ¢ < 1. Summarizing, we need the following inequality to be
fulfilled in order to obtain that Z is well-defined.

MK+ &M (1+ | (b ) [pc) €7 + €M (1+ (b7, 7)) €77 < B,

which is equivalent to

_ * -1
e < Re™ (14 (& €mr &1 bms b lpe + 101 | (s @) e (R 4+ M) [3M 2= vy,

where K* = max{K,, K,,, K;}. Now, we prove that Z is a contraction for ¢ small enough.
We will show that Z is a Lipschitz operator with Lipschitz constant smaller than 1.

|Z(n) - Z(0)| ¢
= sup d(Z(u)(t), Z(u)(t)) = Sup]d(V<b,s,ﬂ(u)(t%V(b,s,ﬁ(ﬁ)(t))

te[0,e] te[0,e
= sup Cs e (|6 (1) = & (t,0) g pip + 1€5(E 1) = €4 (8, W) | g +
€[0,e

+H€e(t, 1) = Ee(t, @) | o pip + [0m (t,0) = b (£, 0) [ o i +
+||bf(tv u) - bf(tv ﬁ) ||oo,Lip + ”T(ta u) - T(tv ﬁ) ||oo,Lip)
sup Cs te“!(Lip (&, (t,-)) + Lip(&;(t,-)) + Lip(&(t,-)) + Lip(bn(t,-)) +

te[0,e]

+ Lip(by(t.-)) + Lip(T (t.-))) p d (u(t),u(t))

IN

< Cyee”“Llu(t) - u(t)|ge,

where C3 = 3M,

Cy

2 (1 EED e, + s HT<t>|(W1,m)*)

2(1+[(£,6,0) I, + 101l (h, 9) L~ (R + M)),
L = Lip(&n) +Lip(&f) + Lip(&.) + Lip(bn) + Lip(by) + Lip(T).

Assumption ¢ < 1 implies that the following inequality has to be fulfilled

IN

[2(u) - Z(8) e < C5 ee“*Llu(t) - u(t)| g
Lipschitz constant of Z is smaller then 1, if Lip(Z) = C3ee“+L < 1. Hence,
< (Cgec“L)_l = Vy.

Constants vy and v; are finite and independent on time. We proved that Z is a contraction
on a complete metric space BC(I, Br(u,)), where 0 < ¢ < min{l,vy,v5}. From the
Banach Fixed Point Theorem it follows that there exists unique u*, such that Z(u*) =
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u*. This solution can be extended on the [g,2¢] interval, since v; and vy were chosen
independently on time. Therefore, iterating this procedure for all intervals [(n - 1)e, ne]
we obtain a solution, which is defned on the whole [0,7']. Moreover, the sequence of
solutions to a non-autonomus system defined inductively by

u; = Z2(u,), Upsr =2(uy,)

converges in | - |g to u*. Thus, passing to the limit in the integrals (3.41), (3.57) (and in
the corresponding integral for uf) proves that u* is the solution to the system (3.1) in the
sense of Definition 3.9. From ) in Lemma 3.50 and i) in Lemma 3.33 it follows that u* is
Lipschitz continuous with respect to time. Estimates in claims i) and i) are consequences
of estimates for a linear non-autonomous case (see Lemma 3.50 and Lemma 3.33). m|
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Chapter 4

Numerical Scheme Based on the
Splitting Technique for the One-sex
Structured Population Model

4.1. Introduction

In the present chapter we develop a numerical scheme for a particular class of one-sex
structured population models. This scheme is constructed through the splitting technique
applied in Chapter 2 and corresponds with a current trend basing on a kinetic approach
to the population dynamics problems [1, 2, 42, 43, 44, 68, 71]. Certainly, the kinetic
approach is coherent with empirical data, as the result of a measurement is usually a
number of individuals, which state is within a specified range. A challenge associated
with the application of kinetic theory in the population models is the non-conservative
character of these problems. Depending on the model, new individuals appear either on
the boundary or at the arbitrary point of the domain. Therefore, natural distances for
probability measures like Wasserstain distances cannot be exploited.

One of the commonly used methods for solving (2.2), which originates from the ki-
netic theory, is the Escalator Boxcar Train algorithm described in [26]. A concept of this
method bases on approximating the solution by a sum of Dirac measures, each one of
which represents the average state and number of individuals within a specified group
called a cohort. The EBT method will be further analyzed in Chapter 5 of this thesis.
Another group of mesh-free methods originated from the kinetic theory are the particle
methods. They are frequently used in models describing large groups of interacting par-
ticles or individuals. On the contrary to the EBT, the particle methods were originally
designed for problems where conservation laws hold and have been successfully applied
for solving numerically kinetic models from physics, see [49, 54, 73, 74] and references
therein. In particular, they were adopted to the Euler equation in fluid mechanics [83],
isentropic Euler equations [39, 13], Vlasov equation in plasma physics, Boltzmann equa-
tion, Fokker-Planck equation. Recently, they are also used in problems related to crowd
dynamics, pedestrians flow [71, 68] or collective motion of large groups of agents [19].

The scheme presented further in this chapter is similar to the EBT algorithm and
particle methods in the sense that the output of all methods can be understood as a de-
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scription of a collective behaviour of individuals divided into cohorts. The main difference
between these schemes bases on defining how new individuals appear in the system. In
the particle methods the new individuals usually do not appear due to the conservative
character of problems they are applied to. In the EBT method an ODE describing the
dynamics of the boundary cohort is imposed. The main idea of the splitting technique is
to separate the dynamics induced by a transport operator from the dynamics induced by
a nonlocal term. Formally, the algorithm bases on representing a semigroup generated
by the solution as a product of two semigroups related to simpler equations. Due to this
separation the solution is a sum of Dirac deltas if the initial datum are, despite of the
regularizing character of the nonlocal term.

Setting population dynamics problems in the measure framework is a relatively new
approach and thus, formal convergence of the particle-based schemes was difficult to
establish for a long period of time. One of the first steps in this direction was made in
[43, 44], where existence, uniqueness and stability of solutions to (4.1)(B) in the space of
Radon measures equipped with the flat metric were proved. The adequate choice of the
metric allowed to overcame the non-conservative character of the problem. This result
was a basis for the proof of convergence of the EBT method in [12].

In this chapter we will show how the method used for proving well posendess of
(4.1) in Chapter 2 can be translated into an applicable numerical scheme and provide
estimates on the convergence rate. In particular, we generalize the results obtained in
[12], where the problem of the convergence rate was not raised. We discuss the problem
of increasing number of Dirac measures which appear due to the process of birth and
propose a procedure of the measure approximation together with the error estimate. This
chapter is organized as follows. In Section 4.2 we describe the numerical method and the
measure reconstruction procedure. In Section 4.3 we present the proof of convergence of
the scheme together with the estimate on the convergence rate. In Section 4.4 we present
results of numerical simulations for several test cases.

4.2. Particle Method

4.2.1. The Model Equation

Our aim is to present a numerical scheme for the following equation

Oyt + O (b(t, ) ) + c(t, pu)
1(0)

I ot @ntw) (4.

Ko,

of which mathematical properties have been already analyzed in Chapter 2. Here, t €
[0,T] and z > 0 denote time and a structural variable respectively, b, ¢, ) are vital functions
and p is a Radon measure describing a distribution of individuals with respect to z. We
recall that a function b(t, 1) describes a dynamics of a transformation of an individual’s
state. By c¢(t, ) we denote a rate of evolution (growth or death rate). The integral on
the right hand side accounts for an influx of the new individuals into the system. In this
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chapter we assume the following form of the function n
n(t 1) () = 3, Byt 1) (Y)0u=,(4) (4.2)
p=1

which means that an individual at the state y gives rise to offsprings being at the states
{Z,(y)}, p=1,...,7. We assume that

By : [0,T]x M*(R,) - WH*(R,;R), (4.3)
z, Ry - R,, forp=1...r (4.4)

and require the following regularity of 5, and z,.

B, € Cp'([0,T]x M*(R.); WH=(R,;R)), (4.5)
Z, € Lip(R,;R,). (4.6)

Additionally, we need to assume that

> [Bpllges < +oo  and > Lip(z,) < +o0. (4.7)

p=1 p=1

Regularity of 8, and z, imposed in (4.3) - (4.7) guarantees that n defined by (4.2) fulfills
the assumption (2.7). In case all new born individuals have the same physiological state
Ty, then

r=1 and z'(y)=2z, VyeR,

and the integral transforms into a boundary condition (see also Chapter 2, (2.2), Chap-
ter 5). Further in this chapter we will refer to this particular case as (4.1)(B). The
assumptions on b and ¢ are the same as in Chapter 2 (2.6).

4.2.2. Description of the Scheme

The main idea of the particle methods is to approximate a solution at each time by a sum
of Dirac measures. Note that even if the initial datum in (4.1) is a sum of Dirac Deltas,
the integral term possibly produces a continuous distribution at ¢ > 0. This phenomenon
can be avoided due to the splitting algorithm, which allows to separate the transport
operator from the integral one and simulate the corresponding problems successively.
This is essentially the reason why we have exploited this technique in our scheme. To
proceed with a description of the method assume that the approximation of the solution
at time ¢, = kAt is provided as a sum of Dirac measures, that is

My
[, = Y, M, Ozi, MieN. (4.8)
i=1

The procedure of calculating the approximation of the solution at time t;,; is divided into
three main steps. In the first step one calculates the characteristic lines for the cohorts
(mi, z?) given by (4.8), which is equivalent to solving the following ODE’s system on a
time interval [t, tx41]
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d . A : S
EZEZ(S) =bi(2'(s)), a'(tx)=x}, i=1,..., My, (4.9)
where
() = btk 1, ) (). (4.10)
In other words, each Dirac Delta is transported along its characteristic to the new location
xt , without changing its mass. The second step consists in creating new Dirac Deltas
due to the influx of new individuals and recalculating the mass of each Dirac Delta. We

have already mentioned in the introduction above that for each (¢,v) € [0,T] x M*(R,),
7 is given by

n(ta V) (y) = Z Bp(t V)(y) 596::7:;7(1/)' (4‘11)
p=1
From this form of 7 it follows that the set of possible new states x! | at time ¢ is
{ah, ), 1= M+ 1, .. My} = {Zp(2k,,), i=1,...,M, p=1,...,7}.

Let us define

Mg
'u’lg - Z mz 5$§c+1’
=1
@) = c(tup) (). (4.12)
m(y) = Zﬁp(tknullg)(y) 5x=zp(y) (4.13)
p=1

and for 4,5 €{1,..., M1}

a(z,, 2 ) = B (s 13) (Thy1) if p is such that z,(z,,) = =i,
o 0, otherwise.

We cannot solve an ODE system for the masses directly, since new states will be created
at any time t, <t < ty,;. Therefore, we approximate it by the following explicit Euler
scheme

Migq = M, SRR NP R IN
= —cp(Tp)my + Y (@ Th )M, (4.14)
tie1 = g i3

; O, fOl"Z'=Mk+1,...,Mk+1.

E
I

) My
Hi= ), m7i6+15m2+1 (4.15)
i=1

consists of M,1 > M, Dirac Deltas. In some cases it is necessary to approximate the
measure (4.15) by a smaller number of Dirac Deltas (see Subsection 4.2.3). If so, we
define yu,,, = R(1), where R(p3) is the result of this approximation. Otherwise we let

— 4,2
Htpyy = M-
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Remark 4.16. In the particular case where only one new state z° is allowed we can use
the continuum ODE system:

d

d—mi(s) = —q (2t ,)m'(s), for i#b, (4.17)
s
d _ by, b Mg b j
dsm (s) = —cp(z”)m°(s) + Z ag(x®, xy, )m’ (s),
i

instead of the Euler approximation (4.14).

In the method presented above one has to deal with an increasing number of Dirac
measures, which is an important issue to solve from the point of view of numerics. In the
simplest case all new individuals have the same size x; at birth and just one additional
Dirac Delta is created at the boundary at each time step. Unfortunately, in many models
the number of new particles increases so fast that after several steps the computational
cost become unacceptable. For example, in the case of equation describing the process of
cell equal mitosis, the number of Dirac Deltas is doubled at each time step. This growth
forces us to approximate the numerical solution by a smaller number of Dirac measures
after several iterations. We propose some different methods of this reconstruction, which
are discussed in the next subsection.

4.2.3. Measure Reconstruction

Due to Definition 4.40 and Lemma 4.44 we restrict our analysis to the probability mea-
sures. Let y = Zf\fl m;0; be a probability measure with a compact support K = [k1, ko]
The aim of the reconstruction is to find a smaller number of Dirac Deltas M < M such
that

M M M
R(p) := Y. m;dz, = argmin W, (u, andyj) , where > nj=1 and n;>0,z; €R,.
j=1

j=1 j=1

This minimisation procedure is essentially a linear programming problem which, under
some particular assumptions on cycles, can be solved by the simplex algorithm providing
the global minimum. However, its complexity is at least cubic. From that reason we
exploit less costly (linear cost in the size of the problem) methods of reconstruction,
which provide the error of the order O(1/M). Note that the cubic cost is unacceptable in
our case, since the total cost of the method is quadratic if the number of particles grows
linearly with the time step.

A) Fixed-location reconstruction

The idea of the fixed-location reconstruction is to divide the support of the measure
p into M equal intervals and put a Dirac Delta with a proper mass in the middle of
each interval. The mass of this Dirac Delta is equal to the mass of y contained in this
particular interval. Let Ax =|K|/M and define

3 1 . p([z; - Ax/2,2;+ Axf2)), forj=1,...,M -1,
xj:k1+(j——)Ax, m; = _
2 1 ([Ey - Axf2, 3y + Az/2]), forj=M.
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To estimate the error between p and R(p) consider a transportation plan v between both
measures. Then, according to [79, Introduction]
Az |K]|

Wi R < [ o=yl < [ 5 <50 =10

The second inequality follows from the fact that each particle was shifted by a distance
not greater than a half of the interval of a length Ax, while the third one is a consequence
of the fact that v is a probability measure on R2.

(4.18)

B) Fixed-Equal mass reconstruction

The aim of the fixed-equal mass reconstruction is to distribute Dirac Deltas of equal
masses over the support of a given measure in a proper way. In our particular case, we
want to reduce the number of Dirac Deltas from M to M, and thus we need to explain
an algorithm allowing for splitting of the Dirac Deltas into two. Then, we set

1 _
h,=m:=—, for j=1,...., M.
Tnj m A{’ or g s s

The scheme for determining Z; is the following. We first look for an index n;, such that
PR Y, <m< >t m;. We set
ni—1 ni—1
I = Z m;x; + My, Tn,, where m; = 7 Z m;x;.
i=1

Namely, the mass located in x,,, is split into two parts — the amount of mass equal to mj,
is shifted to Z; and the rest, that is m,, —m,, stays in z,,. For simplicity, we redefine
My, = My, —m; and repeat the procedure described above until the last point Z; is
found. Note that in each step of the procedure one changes the locations of the Dirac
Deltas, of which joint mass is not greater than m. Using an analogous argument as in
the previous case, we conclude that in the j-th step we commit an error not greater than
Tp; — T, ,|m, where z,, = ky. Since ky =z, < Ty, -+ < 2y < ko, the total error can be
bounded by

WA R() < [Kfm = 21 (119)

M

Summarizing, the error of the fixed-location and fixed-equal mass reconstruction is a
function of M, i.e., the number of Dirac Deltas approximating the original measure. This
reconstruction can be used at ¢t = 0, if the initial datum in (4.1) is not a sum of Dirac
Deltas or in t > 0 in order to deal with the problem of increasing number of Dirac Deltas,
which are produced due to birth processes. Note that both reconstructions discussed
above are of the order O(1/M).
We introduce the following notation:

- E;(M,) is the upper bound for the error of the initial datum reconstruction de-
fined in terms of W, distance. More specifically, for a measure ;o such that M, :=
Jr, du(z), My, #0 it holds that

o 773(#)
M, M,

)s Er(M,).

— Egr(M) is the upper bound for the error of the measure reconstruction at time ¢ > 0
defined in terms of W distance.
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4.3. Convergence Results

The aim of this section is to obtain an estimate on the error between the numerical
solution p; and the exact solution p(t). Let [0,7] be a time interval, N be a number
of time steps, At = T'/N be a length of the time step. We define a time mesh {¢;}Y .
where t, = kAt. Let My, k=0,1,... N, be parameters of the measure reconstruction. In
particular, M, is the number of Dirac Deltas approximating the initial condition and Mj
stands for the number of Dirac measures approximating the numerical solution at ¢ > 0
after a reconstruction, if performed. We assume that the latter reconstruction is done
once per n steps, which means that there are I = N/n reconstructions, each at the time
tjn, where j =1,...,K. Let M be the number of Dirac Deltas after the reconstruction
that will not depend on time.

Theorem 4.20. Let p be a solution to (4.1) with the initial time t, and initial datum fi,.
Assume that uy, is defined as in Subsection 4.2.2 and m = jn for some j € {1,...,K}.
Then, there exist nonnegative constants C, Cy, Cs, Cy such that

PF (th,ﬂ(tm)) < Olﬁt + CQ(At)a + OgE](MO) + C4ER(M)j (421)

Remark 4.22. The error estimate (4.21) accounts for different error sources. More
specifically, the error of the order O(At) is a consequence of using the split up algo-
rithm. Term of the order O((At)®) follows from the fact that we solve (4.9), (4.14) with
parameter functions independent on time, while b,c¢ and 7 are in fact of Ca regular-
ity with respect to time. Finally, E; and Eg are the errors coming from the measure
reconstruction procedure.

Proof of Theorem 4.20. The proof is divided into several steps. For simplicity, in all
estimates below we will use a generic constant C' without specifying its exact form.

Step 1: The auxiliary scheme. Let us define the auxiliary semi-continuous scheme,
which consists in solving subsequently the following problems:

Oup+ 0, (be(x)p) = 0, on [ty te] xRy,

4.23
p(ty) = fi 429

and

—cp(z)p+ f]R+ Me(y)dp(y), on [t tra] xRy,
=1
luka

Ot
p(tr)

where i, € M*(R.), fi;. is a solution to the first equation at time ¢, and by, Cr, 1, are
defined as

(4.24)

Ek(x)

b (tk, i) (), (4.25)

e(tit). ) = 3Byt ) drcs

A solution to the second equation at time ¢j.1 is denoted by fif. The output of the one
step of this scheme is defined as fiz+1 = R(f2).
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Step 2: Error of the reconstruction.  Since fi., arises from fif through the re-
construction, masses of both measures are equal. Therefore, application of Lemma 4.44
yields

= =2
- = = - Hrs1 M -
pr (ke [i7) < p(finar, fi7) = M Wi (E M; ) < M2 Ep(M), (4.26)
k k

where My = fir1(R.) = g (R, ) and Er(M) is the error of the reconstruction introduced
in Subsection 4.2.3. Er(M) depends on the reconstruction type and is equal to |K|/(2M)
in the case of the fixed-location reconstruction and |K|/M in the case of the fixed-equal
mass reconstruction. Note that M 2 can be bounded independently on k. Indeed, on
each time interval [¢;,t,.1] mass grows at most exponentially, which follows from [21,
Theorem 2.10, (i)], and reconstructions, if performed, do not change the mass. Thus,
there exists a constant C' = C(T,b,¢,n, ui,) such that

Mﬂi <C.

Step 3: Error of splitting.  Let v(¢) be a solution to (4.1) on a time interval [ty, 51 ]
with initial datum fix and parameter functions by, ¢, 7, where by is defined by (4.25),

Ek(l') = C(tk,ﬂk), (427)
mw(y) = Z;Bp,k(y) Opz,(y),  where B,5(y) = By(tr fin) (). (4.28)

According to [25, Proposition 2.7] and Proposition 2.22 the distance between 77 and
v(trs1), that is the error coming from the application of the splitting algorithm can be
estimated as following

pr(fii, v(tre)) < C(AL)?. (4.29)

To estimate a distance between v(tx41) and p(tx,1) consider ((t), which is a solution to
(4.1) on a time interval [ty,tg,1] with initial datum pu(t;) and coefficients by, ¢k, 7x. By
triangle inequality

pr(V(tesn), p(tren)) < pr(v(teen), C(tein)) + pr(C(tren ), p(tren))-

The first term of the inequality above is a distance between solutions to (4.1) with different
initial datum, that is fi, and u(ty) respectively. The second term is equal to a distance
between solutions to (4.1) with coefficients (by, ¢, ) defined by (4.25), (4.27), (4.28)
and (b(t, u(t)),c(t, u(t)),n(t,u(t))). By the continuity of solutions to (4.1) with respect
to the initial datum and coefficients (see Chapter 2, Theorem 2.13) we obtain

pr(v(trer), C(trer)) < €7 pp (i, (), (4.30)

and

pr(C(tein), p(tein)) < CAte“A! (HBk = blge, + ¢k - clpe, + Z | By — 5p||Bct) , (4.31)

p=1
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where

|k =blge, = sup  [ox = b(t, (1)) | e
te[tr tri1]
lek —clge, = sup & —c(t, u(t)) L, (4.32)
te[tr trs1
1Bpx = ﬂpHBct = sup | Bpx = Bp(t, ,U(t))HLw. (4.33)

e[ty tri1]

Due to the assumptions (4.3) - (4.7) and the definition of by, ¢, 7 we obtain

[0k = b(t, () oo < 0CtRs i) = D(ti, 11(E)) oo + [0Ctiy 12(2)) = b, (1)) | Lo
< Lip(b(tr,-)) pr(fin, p(t)) + Hb||C§,1|t —t|”
< Lip(b) pr(fir, p(t)) + [[b] gor (AL)7, (4.34)

where Lip(b) = supy.(o 1 Lip(b(Z, ")) < Hb”cﬁ,l. Using Lipschitz continuity of the solution
wu(t) (see Chapter 2, Theorem 2.13) we obtain

pr (i, 1(8)) < pp(f, p(tr)) + pr(p(te), p(t)) < pr(i, p(te)) + CAte“>,

Substituting the latter expression into (4.34) yields
o= 00 n Dl < bl (o u(t1)) + AR 4 g (Ad)"

Bounds for (4.32) and (4.33) can be proved analogously. From the assumptions it holds
that

T
16,6 Dlcgs = lgs + lelega + X 1Bplcga <+
p=1

and as a consequence

— r —
1ox = bllsc, + I8k~ clae, + 2 18pk =~ Bollse,
p=1

<[[(bee.B) g (pr(ie. (1)) + CALCS) + | (b, ) on (At)°
< (b8l (pr(in. u(t)) + CALET) + [ (b, ) | ot (A1)
< (b . 5) | e (i 1(86)) + Ce [ (b, e, B) | pa it + [ (B e, B) | s (A1)°

Therefore, a form of the estimate is the following

[0k = bl g, + 1k = clme, + 22 1Bos = Bolse, < C (e, u(t)) + At + (At)®).

p=1

Use of this inequality in (4.31) yields

CAte™ (pp(fin, u(te)) + At + (At)*)
CAte“ pr(fig, u(tr)) + CeCT(AL)? + Ce“T(At)+e,

Pr(C(tre1), (thin))

IAN N
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which can be rewritten as

ot} (b)) < CALD (i, p(t)) + C(AL)? + (A,

for some constant C'. Combining the inequality above with (4.30) leads to

e pp (jik, p(tr)) (4.35)
+ CAt“ pp(fin, p(tr)) + C(AL)? + C(AL)+

21+ CA) pr(fin, p1(t)) + C(AL)? + C(At)
o pp(fig, u(ty)) + C(A)? + C(At) .

IA

pr(V(tee), p(trer))

IA

IA

Step 4: Adding the errors. Now, let w=jn, v=(j-1)n, je{l,...,K}, that is t,
and t, are the time points in which the measure reconstruction occurs. Since for ¢; such
that ¢, < t; < t, it holds that f; = R(z? ,) = i2 |, i.e., the measure reconstruction is not
performed, the application of Gronwall’s inequality to (4.35) yields

~ . ~ eC(nAt) _ 1 o
pr (i, 1(tw)) < €U pp(fiy, u(te)) + —gz7—— (C(AL)* + C(AL)**).
e -1

There exists C* = C*(T) such that e“(A) -1 < C*(nAt) for each nAt € [0,T]. Therefore,

eCnal) 1 < C*(nAt) C*n
eCAL_1 T OAt  C

and thus,

pr(fiuw: () < €“ 3 pp (g, u(t,)) +n (C(A)? + C(AL) ),

for some constant C'. Combining this inequality with (4.26) in Step 1 and (4.29) in Step
2 of the proof yields

pr(fiw, p(tw)) < 902 pp(fiy, u(ty)) + n(C(AL)? + C(AH)**) + CER(M).

Step 5: Final estimate for the auxiliary scheme. Analogous argumentation as in
the previous step of the proof results in the following estimate

pr (T, 11(tw)) < €CUMD b (R (1), 110) + % [n(C(At)? + C(AH)*) + CER(M)]
< e“CE(M,) +Cj[n(C(At)? + C(At)**) + CER(M)]
< Ce“wEr(M,) + C?(jnAt) (At + (At)*) + C*jERr(M) (4.36)

and since jnAt =t,, <T the assertion is proved.

Step 6: Full error estimate. The full error estimate (4.21) takes into account the
error following from the numerical approximation of the auxiliary scheme (see Subsection
4.2.2). According to [16, (515.62)] one commits error of the order At when solves (4.23)
- (4.24) using its Euler approximation (4.9), (4.14). Therefore, the estimate (4.36) still
holds. o
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Remark 4.37. In this thesis we assumed that 7 is given as a sum of Dirac Deltas. If
n(t,)(y) is not in such a form, one has to use a proper approximation by the sum of
Dirac measures in order to apply the scheme we propose. One of the possible method of
this approximation is through the measure reconstruction described in Subsection 4.2.3.
Assume that there exists a bounded interval K such that

Y (tp)ef0,1]xM* (R, Vyere  supp(n(t, 1) (y)) € K. (4.38)
Fix 7 € N and let {K},}7_; be a family of intervals such that
r K
UK,=K, KnK;j=0, fori+;j and |Kp|:u, wherep=1,...,r.
p=1 r

Namely, we divide K into r disjoint intervals of equal length. Denote the center of each
interval by z, and define

G = [ A W) (@),

The approximation of n(¢, )(y) is thus given by
> Byt 1) (Y)ds-, - (4.39)
p=1

If n is regular enough, then the assumptions on 3, and z, (4.3) - (4.7) are fulfilled
and the numerical scheme we propose applies. We would like to emphasize, that this
approximation implies that the sums in (4.7) are bounded uniformly with respect to
r. Moreover, since (4.38) holds, the distance between 1 and its approximation (4.39)
expressed in terms of the proper norm can be bounded by C'/r, where C' does not depend
on ¢, and y. Thus, the stability result from Theorem 2.13 guarantees that if r tends to
+00, then the numerical solution obtained for the approxiamted 7 converges towards a
solution to (4.1) with the function n. For all technical details we refer to Chapter 2.

4.4. Simulation Results

4.4.1. Measurement of the Error

The flat metric is defined as a supremum over a subset of bounded, Lipschitz functions and
that is why its calculation is not a straightforward task. From that reason, we introduce
a function p which is defined through the 1-Wasserstein distance. It is a convenient
formulation, since [79, Section 2.2.2] provides an explicit formula on Wj in terms of the
cumulative distribution functions of measures.

Definition 4.40. Let puy, pa € M*(R,) be such that My, = [, dp; # 0 and ji; = pu;/ M,
fori=1,2. Define p: M*(R,) x M*(R,) - R, as the following

p(,ulnLLQ) = min{MulvMuz} Wl(/lh[m) + |M,u1 - Mu2|> (4'41)

where Wy is the 1-Wasserstein distance.
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The error of the numerical solution with parameters (At, M,, M) at time t;, is defined as
Err(T; At, My, M) = p(pu(ts), pir.). (4.42)
The order of the method ¢ is given by

log (Err(T'; 2At, 2M,, 2M) [Exx(T'; At, M,, M))
q:=
log 2

. (4.43)
We also define Ax := (|K|/M,), where K is a domain. Below we provide the lemma,
which relates p to pp.

Lemma 4.44. Let piy, piz € M*(R,) be such that My, = [, dp; # 0 and fi; = pi/ My, fori =

1,2. Let p be as in the Definition 4.40. Then, there exists a constant Cx = %min{l, ‘%},
such that
Crp(p, p2) < pr(p, p2) < p(pis p2),

where K is the smallest interval such that supp(u),supp(ue) € K and |K| is the length
of the interval K. If K 1is unbounded we set Ck = 0.

Remark 4.45. For iy, jio defined as in the lemma above, it holds that

Wiin i) = [ 1F0 - FLOle= [ 1B (@) - Fru@)lde,

which follows from [79, Section 2.2.2]. Since a cumulative distribution function F), does
not have to be continuous or strictly increasing we set
F;'(s)=sup{z eR, : F,(z)<s},se[0,1].

m

In the proof of Lemma 4.44 we will also use the following

Remark 4.46. Let p e M*(RR,) be a probability measure and M;, My > 0. Then,
pr (Mg, Mop) < |My = Ms|. (4.47)

Indeed, let ¢ € C1(RR,) be such that ||y < 1. Then,

[ @) dhp = M) (@) < My =Ml [ plyadpe) <0y - M,
Taking supremum over all admissible functions ¢ proves the assertion.
Proof of Lemma 4.44. It follows from Proposition 1.31 that

CxWi(p,v) < pp(p,v) < Wilp,v),

where Cx = min{1,2/|K|}, if K is bounded, and 0 otherwise. Let 1, o be as in the
statement of the Lemma. Then,

H1 o 2 H1 o 2 Mo b2
pr(p,p2) = M 1PF(—7—) <M 1PF(—7—)+M 1PF(—7 )
g My, M, g M, M, g My, My,

H1 H2




- 1 1
MmpF(Nla ,UZ) + MulMMQ M - M
p1 B2

= Mulwl(ﬂbﬂQ) + |MM1 - M,u2|7

IN

where we used triangle inequality and 4.47. Analogously we obtain
pr(pn, pr2) < My, Wi(jin, fig) + My, — My,
and thus,
pr(pi, p2) < min {M,,,, My, } Wi(fin, fiz) + My, = My, | = p(pa, p2).-

Note that this estimate does not depend on |K|. Using ¢ = £1 as a test function in the
definition of the flat metric (1.23) we obtain that [M,, — M,,| < pr(pu1, p2). Then,

IN

MM1W1([1'17/12) + |MM1 - MM2|

= My, max{1,|K|/2}pp(fi1, fi2) + |Mu1 - Mu2|
M 1

max{1,[K|/2}pr (Mla MM M2) + pr(f, p2)

H2

P(Ml,ﬂz)

IN

IN

M
max{1,|K]|/2} (PF (p1, p2) + pr (/i2, Mul Mz)) + pp (i, p2)

H2

1= M

M,

w2

IN

2max{1, [K|/2}pr(p1, p2) + max{1, |K|/2} M,

3max{1,|K|/2}pr (11, p2),

IN

which implies that

1 2
“min{l, — < .
Smm{ ,|K|}p(u1,uz) < pr(ps p2)

In case |K| = +o0 we obtain a trivial inequality 0 < pg(p1, p2)- |
Next subsections are devoted to presenting results of numerical simulations for several test
cases. In all examples presented here, we used the 4-th order Runge-Kutta method for

solving (4.9) and the explicit Euler scheme for solving (4.14), as described in Subsection
4.2.2.

4.4.2. Example 1: McKendrick-type Equation

In this subsection we present numerical results for an equation describing the evolution
of an age-structured population. We set

b(x) =02(1-x), c(x) =02, [n()](x) =24(y" - y")ds-0 and po = X(o1)(x)

and solve (4.1) for x € [0, 1] (see also [7]). Our first test case is a linear problem, where the
solution is given by the formula u(t,z) = x[0,17(¢). In Table 4.1 we present the relative
error and the order of the scheme, where we used just one measure reconstruction in
order to approximate the initial datum. In Table 4.2 we present results for the scheme
with the measure reconstruction performed at t =0,1,...,10 and M, = M.
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At = Ax Err(10, At, M,, M) q

1.000000 - 10-* 1.2532- 1072 -

5.000000 - 102 5.0543-1073 1.31006
2.500000 - 102 2.2225-1073 1.18533
1.250000 - 102 1.0349-104 1.10272
6.250000 - 103 4.9832-10 1.05431
3.125000- 103 2.4438 1074 1.02796
1.562500- 1073 1.2099- 104 1.01419
7.812500- 1075 6.0198-10-° 1.00715
3.906250 - 104 3.0024 -10-° 1.00359
1.953125-104 1.4993-10°° 1.00180
9.765625 - 10~° 7.4920-1076 1.00090

Table 4.1: (Example 1) The relative error and order of the scheme at 7" = 10. One
reconstruction performed at ¢t =0, M = M,.

K= M=10240
0.04 | | | 0.04 , | | |
003 - 0.03 - =
-
* *
* e
002 3, *, *“x * HERS s [ O
* 4 #
* *
0.0t | . 0.01 |- -
o I ! ! ! o ! ! ! !
o 0.2 0.4 0.6 o0& 1 o 0.2 0.4 0.6 0.8 1

Figure 4.1: (Example 1) The numerical solution aggregated over intervals of length 0.02
at time 7" = 10 with parameters At = Az = 0.025 (on the left hand side) and At = Az =
9.7656251075 (on the right hand side).

On the Figure 4.1 we present numerical solutions for parameters At = Ax = 0.025 and
At = Az = 9.765625107° respectively at T = 10. The solutions are aggregated over
intervals of a length h = 0.02, that is each Dirac Delta located in = = (j — 0.5)h, for
j=1,...,50, has a mass equal to Y,.; m?, where ¢ is such that z? € [(j - 1)h, jh).

92



At = Ax Err(10, At, M,, M) q Err(10, At, M,, M) q

(Fixed-location) (Fixed-equal mass)

1.000000 - 10-1 3.4657 - 107! - 8.8838-1072 -

5.000000 - 102 1.1670- 107! 1.5703 2.9437-1072 1.5935
2.500000 - 102 3.4080- 102 1.7759 1.0879- 1072 1.4361
1.250000 - 102 1.1863 - 1072 1.5224 4.4725-1073 1.2824
6.250000 - 10-3 3.6874-1073 1.6858 1.9907-1073 1.1678
3.125000- 1073 1.6866 - 1073 1.1285 9.3351-10* 1.0926
1.562500 - 103 6.8067 - 104 1.3091 4.5131-10~4 1.0486
7.812500- 1074 3.3212-10~ 1.0352 2.2178-104 1.0250
3.906250 - 104 1.5814-104 1.0705 1.0992 - 104 1.0127
1.953125- 104 7.4507-1075 1.0858 5.4719-10-5 1.0063
9.765625-10-° 3.6414-107 1.0329 2.7299-105 1.0032

Table 4.2: (Example 1) The relative error and order of the scheme at 7' = 10. Recon-
struction performed at t =0,1,...,7, M = M,,.

4.4.3. Example 2: Equation with a Nonlinear Growth Term

In this subsection we present results for a model, where b and n are equal to zero. We
consider a nonlinear growth function ¢ as in [27]

c(t.1)(@) = a(@) = [ ala.y)du(y).

where
1

a(r)=A-2* A>0 and &(x,y):m.
r—Y

According to [21, Remark 2.3, Lemma 4.8] one can consider (4.1) on the whole R, so that
the result concerning well posedness still holds. If |z| > v/A, then the solution decreases
exponentially to zero, since a(z,y) > 0, for all x,y € R. This equation can describe
a population structured with respect to the trait x and then its asymptotic behaviour
reflects the speciation process. Typically, after a long time period only a few traits are
observable, since the rest of the population got extinct. Under some assumptions, there
exists a linearly stable steady solution i being a sum of Dirac Deltas, which is shown in
[27]. The number of Dirac measures depends on the parameter A and some stationary
solutions are explicit. Figures 4.2 and 4.3 present the evolution and long time behaviour
of solutions for different choices of the parameter A. These results are consistent with
the findings in [27]. In all cases we assumed that initial datum are given as a sum of
uniformly distributed Dirac Deltas with the same mass.
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Figure 4.2: (Example 2) Long time behaviour of numerical solutions. Subsequent pictures
present the evolution of a numerical solution on the time interval [0, 10 000] for A =0.5,1.5
and 2.5, respectively. For calculations we set At = 0.1, Ax = 0.004, M, = 1000 and
o = Z%{(l/ﬂo)@é, where 2 := -2+ (i- $)Az, i =1,..., M,. No measure reconstruction
has been performed.

(T r‘f H H' ;
m.”rHHH i

variable x

Figure 4.3: (Example 2) Long time behaviour of numerical solutions. Picture presents
a numerical solution at the time ¢ = 10 000 depending on the parameter A € [0,3]. For
calculations we set At = 0.05, Az = 0.0125, M, = 320 and p, = Yir;(1/M,)8,:, where
2l =-2+(i-3)Ax, i=1,..., M, No measure reconstruction has been performed.
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4.4.4. Example 3: Size Structure Model with Reproduction by
Equal Fission

In this subsection we shall concentrate on a size-structured cell population model, in
which a cell reproducts itself by a fission into two equal parts. We assume that the cell
divides after it has reached a minimal size z, > 0. Therefore, there exists a minimum
size whose value is z,/2. Moreover, cells have to divide before they reach a maximal size,
which is normalized to be equal to z 4, = 1. Similarly as in [3] we set

}1’ b(z) =0.1(1-2), c(x) =0, nt,1)(y) = B(Y)damy2 and u,(z) = (1-2)(2-7,/2)?,

Ty =
where

6( ) ) fOI' yE (R‘F\ ['To’l])a

Y= _bwew
%, for y € [x,,1],

and

3
o] B for €+ 2],

= 2 3
82 (20 + 0y + 2 (y- 3 4) + B2 (- 2) (3y-4), forye (o D)/21]

Figure 4.4 presents the long time behaviour of a numerical solution for the particular

choice of parameters.
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0.01 -
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1

0
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Figure 4.4: (Example 3) Numerical solution at ¢ = 0, 1,5, 10, 50,500, calculated for At =
0.0125, M, = M =2800. Fixed-equal mass reconstruction was performed once per 4 time
steps. On subsequent pictures we present the numerical solution after the fixed-location
reconstruction with parameter M = 70 and normalization (the mass grows exponentially).
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4.4.5. Example 4: Selection - Mutation Model

The following test case concerns a simple selection-mutation model. We assume that
x €[0,1] and set

b(x) =0, e(p)(z) = (1-2)B(x) —m(p) and n(y)=¢ Z; Bo(Y)0u=5, (1)

where f(z) =x(1-z), m(un) =1-exp {—fol du} and r is fixed. We consider two different
choices of the function 7. To obtain 7; we set

_ _ 1\ 1 1
r =10, xp(y)zxpz(p—ﬁ);, ﬁp(y)z;, for p=1,...,r.

In the second case we consider 7, where

- (y-a)+2(2p-1), if0<(y-a)+2(2p-1)<1,
r=10, Z,(y)= " "

0, otherwise,

and

Bp(y) = M, where Bp(y) _] P (_02—(9?5(231)—2/)2) ’ if piss.t. 0<7,(y) <1,
Yop=15p(y)

, otherwise.

Parameter a is related to the distribution of new individuals in the sense that a distance

between a parent and its offspring is not greater than a. In this particular test case we
set a =0.4.

y=0.15, r=40 y=0.5, r=40 y=0.99, r=40
LI B — T T T LI B —
0.08 - 0.08 - 7 0.08 [~ f{
£
*
*
*
0.06 - - 0.06 - 0.06 [~ 2
Pl :
P *
* *
004 % q0.041 70.04 1 b
y T i
* * *
* : *; *
* * *
0.02 N 70021 « 10.021 * b
* *
* * * *
* * * "
[ T N B L. o L1 g
0 02040608 1 0 02040608 1 0 02040608 1

Figure 4.5: (Example 4) Subsequent figures present function n, for y = 0.15, y = 0.5 and
y =0.99, respectively, and parameters r = 40, a = 0.4.
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epsilon = 0.1 epsilon = 0.05

0.08 T T T T 0.08 T T T T
0.06 [ 7 0.06 -
0.04 . 0.04 |- 4
0.02 - — 0.02 # i
0 M Onoo“!l&!!u‘b—
0 02 04 06 08 1 0 02 04 06 08 1
epsilon = 0.025 epsilon = 0.0125
0.08 T T T T 0.08 T T T T
0.07 »* N
0.06 =4 0.06 4
0.05 n
0.04 - 4 1 0.04f 8
0.03 *k n
0.02 - * % 7 0.02 g N
g *% 0.01[ f % .
0 3 3 0 3
0 02 04 06 08 1 0 02 04 06 08 1

Figure 4.6: (Example 4) Steady state calculated by Newton method for different values
of ¢ and n=mn;.

epsilon = 0.1 epsilon = 0.05
0.08 T T T T 0.08 T T T T
0.06 [ - 0.06 4
0.04 - — 0.04 - -
0.02 - “4  0.02f A _
0 ..“—nﬁ&h‘b““ 0""‘.“.“&“‘“‘."'
0 02 04 06 08 1 0 02 04 06 08 1
epsilon = 0.025 epsilon = 0.0125
0.08 \ \ T T 0.08 \ T T \
*
0.06 - n 0.06 [ i
H
0.04 - 7 0.04 N
Pk %
0.02 - * % N 0.02 7
* %k * %
0 et S 0 ST S——
0 02 04 06 08 1 0 02 04 06 08 A1

Figure 4.7: (Example 4) Numerical solution at 7" = 20000 for different values of ¢ and
n =my. The initial datum is p, = ¥, m;0y,, where m; = 1/M and M =1000. On the figure
we present the solution after the fixed-location reconstruction with parameter M = 100.
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2000
1500

1000

2000
1500

1000

Figure 4.8: (Example 4) Long time behaviour of numerical solutions for 1 = 7,. Subse-
quent pictures present the evolution of a numerical solution on the time interval [0,2000]
for € = 0.1,0.05,0.025 and 0.0125, respectively. For calculations we set At = 0.025,

M, = M =100 and p, = ¥ (1/M,)8,:, where zi := (i — 1)/M,. Fixed location recon-
struction has been performed once per 2 time steps.

epsilon = 0.1 epsilon = 0.05
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F i
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0 | | 0 ‘ j | 4
0 02 04 06 08 1 0 02 04 06 08 1
epsilon = 0.025 epsilon = 0.0125
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0.03 4 0.03fF i .
#
o * %
0.02 ** B 0.02 N
* * * *
0.01F il 4 001F * % -
* *
Oemb&k«wu‘r 0 o
0 02 04 06 038 1 0 02 04 06 08 1

Figure 4.9: (Example 4) Subsequent pictures present the numerical solution at time
t = 2000 for € =0.1,0.05,0.025 and 0.0125, respectively, and the same set of parameters
as described below Figure 4.8.
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Chapter 5

Alternative definitions of the
boundary cohort

5.1. Introduction

In Chapter 4 we have derived a numerical scheme for the particular case of equation (2.1),
which arises by assumption that the set of possible new states is finite. In the present
chapter we consider a bit more specific problem, namely we set r = 1 in (4.2), which
means that all new born individuals are in the same state regardless of the parent’s state.
Thus, we obtain biologically relevant and widely know model, that is the McKendrick
model (see Section 2.2). We have already described difficulties which appear when one
attempts to apply the particle methods to structured population models. For instance,
a continuous distribution which arises due to the boundary condition has to be properly
approximated. In Chapter 4 we solved this problem using the splitting technique. In this
chapter we will show an alternative approach based on solving a system of ODEs, which
describes the evolution of locations and masses of cohorts, that is groups of individuals
which are similar to each other. In particular, the boundary cohort approximates the
number of newborns and their average state. We will consider two different definitions
of the boundary cohort leading to different ODEs systems. The first one, described in
[26], is called the Escalator Boxcar Train scheme and the second one was introduced in
the recent paper [12] as its simplification. The EBT method has been widely used in
natural sciences since the moment of its formulation (see [15], [41], [69], [84]). A concept
of this method bases on the observation of behaviour of the cohorts. More precisely,
equations constituting the original EBT scheme arise from tracking particular moments
of a population density on specific domains (see Section 5.4 for more details). An output
of this method gives the information of the population distribution over the specified
domains, which is usually more meaningful than the density’s values in nodal points. In
our framework the output is interpreted as a sum of Dirac measures Y ,.; mid,,, where
mi(t) denotes the number of individuals within the cohort and x%(¢) is the average value
of the structural variable within this cohort at time ¢.

The aim of this chapter is to prove that algorithms described in [26] and [12] are
equivalent to the scheme presented in Chapter 4 in the sense of the convergence rate.
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5.2. Escalator Boxcar Train Method

5.2.1. General Description of the Method

Let us start with a brief description of the EBT method. In the first step individuals are
divided into groups, which are characterized by pairs (z?(0), m?(0)). Formally, the initial
distribution is approximated by a sum of Dirac measures. In our framework, one of the
possible method of the approximation is through the measure reconstruction procedure
described in Subsection 4.2.3. Once an individual is allocated in the particular cohort, it
stays there till the moment of death. Evolution of the cohort’s characteristics is described
by an ODE so that mi(t) changes its value due to the process of growth or death, while
x(t) evolves according to the characteristic lines defined by a transport operator. The
boundary cohort, which accounts for the influx of new individuals, additionally changes
its state due to the process of birth. A single step of the EBT algorithm bases on solving
this ODEs system on a sufficiently short time interval. Depending on the version of the
EBT method, we solve (5.1) with a boundary condition defined by either (5.2) or (5.21).
Once the system is solved the boundary cohort is internalized, that is treated henceforth
as the other (internal) cohorts. The index of each cohort is increased by 1 and a new
cohort with index B is created. The new boundary cohort is initially empty and located
in x,. The procedure described above is repeated on subsequent time intervals until the
final time T is reached.

Henceforth, without loss of generality we assume that x; = 0. Until it is said differently,
the boundary cohort is always indicated by an index B and the internal cohorts are
denoted by i € {B+1,...,J}. For shortening a notation we denote the number of the
internal cohorts by L :=.J - B.

5.2.2. EBT Method with the Original Boundary Equations: Well-

posedness
The equations constituting the original EBT scheme are the following.
d . :
—a'(t) = b(t,uy)(zi(t)), for i=B+1,...,J,
de (5.1)
aml(t) = —c(t,u)(zi(t))mi(t), for i=B+1,...,J,

%WB(t) b(t, pi) (xp)mP (t) + Oxb(t, pi') (o) w8 (1)

—c(t, ) ()78 (1),
—c(t, i) (@p)mP (t) = Ouc(t, i) ()78 (1)

+ kg Bt ) (2 (8))mi (1),
where pf = ¥ 5 mi(t) 8,y and

d g
— 13
@)

5 (t) e B
(1) = B T Lo it mB(t) >0, (5.3)
Tp, otherwise.

100



Here, superscript n denotes the initial number of cohorts. If no ambiguity occurs, we
omit this superscript in the present section. Note that the dynamics of zZ is not given
explicitly, since the boundary cohort is initially empty and thus, the center of mass is not
well-defined (see Section 5.4). Instead of 22, a quantity which represents the cumulative
amount by which the individuals exceed their birth size is observed. This quantity is
denoted as 8. In particular, the equations in (5.2) were derived through series expansion
around x;, which implies that additional terms comparing to (5.1) appear.

We assume that dependence of the model functions b, ¢, 5 on the measure p is implicit
(see (2.9)), that is

b(t7 M) = B(ta Eb,,u) ) C(tv :u) =c (t, Ec,u) and B(tv :u) = B (t’ Eﬁvu) ) (5'4)

where
Eb,ffkjb(y)du(y), Ec,u=fR+%(y)du(y), Eﬁ,usz+7,B(?J)dN(y)
and
be,f e CL([0,T]xRy; WE2(R,)), %775 € WE2(R,;R,).  (5.5)

We recall that C1* ([0,T] x R,; WL=(R,)) denotes the space of W1-=(R,) valued func-
tions, bounded with respect to the |- |w1.~ norm, Holder continuous with respect to time
and Lipschitz continuous with respect to the second variable. We define

[flcre = 1flge+ sup Lip(f(t,-)) +sup H(f(:,)),
t€[0,T] zeR,

where

I flge= sup /() |wie,
(t,2)€[0,T]xR,

Lip(f(¢,-)) denotes the Lipschitz constant and H(f(-,x)) is equal to

H(f(z))= sup M) =flsn)]

(03
S1,826[0,T] |S1 - 82'

The space W1 is equipped with its usual norm, that is | v|yw1.. = max{|v| e, [ 0z7] ;= }-
We would like to mention that the assumption about the implicit dependence of the model
functions on the measure variable is rather technical, but the rigorous proof of existence
of solutions to (5.1) - (5.2) in a full generality would require advanced tools from the
measure theory and thus, we do not consider this problem here. Even dough we stick to
the assumption about the implicit dependence, the proof is not straightforward because
of the specific definition of the dynamics of the boundary cohort (5.3), which implies
that the right hand side is not Lipschitz continuous in general. Namely, the term which
causes the difficulties is 5(t, ) (25(t)) appearing in the last equation, since z? is given
as a quotient 78/m®B and m? is not separated from zero. Therefore, instead of looking
at (5.1) - (5.2) directly we consider a modified 2(L + 1)-dimensional ODEs system

Syt = F(ETW)). 5(0) =, (5.6)
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where I' is an operator which projects two first coordinates of a vector on some closed,
convex set in R2. In the first step we prove well-posedness of (5.6). As the second step
we show that I'(y(t)) = y(t), which implies existence and uniqueness of solutions to the
original system.

Theorem 5.7. Assume that (5.4) - (5.5) hold and the initial datum in (5.1) - (5.2) are
such that {zi,mi}! 5., are positive and 7B = mPZ = 0. Then, there exists a unique solution
to (5.1) - (5.2) on the time interval [0,q*], where q* depends on the model functions and
the dimension of the system. Moreover, for all 0 < s <t <q* it holds that

(i) |2i(t)-ai(s)| < Li(t—s), i=B,B+1,....J,

5.8
(i) 0< M(t) < M(s)exp(C(t—s)), where M(t) = ¥,z mi(t). (58)

Constants L; and C' depend only on the model functions.

Proof of Theorem 5.7.
Step 1: Well-posedness of (5.6). Define a closed, convex set

K={(x%mP) : 0<7® 0<m? and 7% < CxmP} cR2,
where C'x is a positive constant. Let II and I' be operators defined as the following.

IM:R?2 > K, I(z)= argmin(ws,mB)eKH(zl, z9) — (B, mP)|,, 59)
5.9
I: RZ(L+1) - K x RZ, F(’LU) = (H(wl, wg), IdgL(wg, e ,"LUQ(L+1))),

where Idyy, : R2EF - R2L is the identity operator. For any z € R? there exists a unique vector
I1(2) such that (5.9) holds, which is called the projection of z on K. A proof of this claim
together with properties of II can be found in Lemma 5.17. Since II: (R2,l5) - (R2, 1)
is non-expansive and all norms are equivalent in the n-dimensional Euclidean space, we
obtain that there exists a constant Lip(II) such that

1(z) - TI(3)], < Tip(I) |- 2, V2,7 e R (5.10
In particular, it can be shown that [IT;(z)| < |2(1)] and [II2(z)| < C| #];.
Let F':[0,T] x (K x R?L) - R2(L+1) be a function defined as

Fi(t,y) = bt me)(xo)m® +9,0(t, ) ()77 = et ) () 77,
Fy(ty) = —c(t, p)(@p)m® = dpet, ) (p)w® + 3 Bt p)(@)m’,
€{B,1,...,L}
F2i—l(t7y) = b(talut)($l)7 FZz(tvy) = _C(ta,ut)('xi)mi for 7 = 17 s 7L'
Here, y = (78, mPB ot m!, ... al mb), u = Yiep1,. 1y M, and 2P is defined as in

(5.3). Function F' is continuous, locally bounded and locally Lipschitz. Continuity is
straightforward because of the assumptions (5.4) - (5.5) and the definition of set K,
which assures that 22 is bounded. F is locally bounded, since the following estimates

hold.

sup |Fai1(t,y) = blge and  sup |Fu(t,y)| < el ge|m’],
(t,y)eK (t,y)eK
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where i =2,..., L. (7B,m?) e K implies that 0 < 78 < Cxm?P and thus,

sup [Fi(ty)l < [blsclm®|+ Crll(b,0)lscm”|,
(ty)eK
sup [Fo(t,y)| < [elgc|m®|+ Crlelgc|m®| +18lse > |m]
(ty)eK ie{B,1,...,.L}
Summarizing,
2(L+1)
[Fle = > sup |Ei(ty)
i=1 (t,y)GK
< Liplge + [P (Il ge + Cx (b, 0)lge + Cxlelpe)

tlelpe 3 lml<Cn S |

i€{B,1,...,L} i€{1,B,...,L}

, (5.11)

where Co = Cw (|(b, ¢, 8)|gc, Ck,L). It remains to show that F' is locally Lipschitz
continuous with respect to y. This is the only part of this proof which requires the
implicit dependency of the model functions on the measure variable. For i € {2,... L}
we obtain the following estimates

|Foi1(t,y) = Foica (8, 9)
< ‘B(t’ E’b,u)(xi) - i)(t7 Eb,u)(ii)| + |B(tv Eb#)(‘%i) - [;(t’ Eb,ﬁ)(j}i)|

< Iblcla’ = &+ bl 1ol By = En .
L A L R
Z; |Foio1(t,y) — Foia (8,9)] < |6l ge Z; ‘xz - xl| +L Hb||cﬁa|Eb,u - By 5l
|Foi(t,y) = Fat, 9)] < |e(t, Bey) (2" )ym' = é(t, Bo ) (2" )m'|

|6ty Bog) (@)ym? = é(t, Eop) (3)mi] + |6t Eop) (3) (mi - )|

<Nelgp il ey = Begl + elmolmlef - ] + |ellpclm’ - ],

L
Z |Foi(t,y) — Fai(t,7)| < |’é||ciﬂ|Ec,u -E.;

i=1

L . L . . .
2|+ lelge Yo fml+* - 7
izl i=1

L
+ elge Y [mt -,
=1

() = Fu(t )] < [b(t, By) () = b(E, By ) (20) [mP] + [b(t, By ) () (mP = i)
+10,0(t, By ) (20) = 0,0(t, By i) () ||7 8| + |0:0(t, By ) () (78 = 75))]
+ |e(t, Bep) (w3) = é(t, Ee ) ()l[7%| + [e(t, Eep) (20) (n” = 77))]

< HbHC;v"‘|mB“Eb,u - Eb7ﬁ| + ”bHBc‘mB - B‘ + HbHC;vahB“Eb,u - Eb,ﬁ|

+ [blsclm® = 78[ + el gralm® | B = Eegl + |elpe|r® - 77
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< ”bHC;vﬂ(l + CK)‘mB“Eb,M - Eb,/l| +Ck ”C”civa|mB“Ec7u - Ecyﬁ|

+ “B”Bc‘mB - mB‘ + ||(13, é)HBc|7TB - ﬁBL

|Fo(t,y) = Fa(t, )| 1ét, Bep) () = 6(t, Ee ) (20)l|m®] + et Bep) () (m” —m®)]
+1056(t, Euy)(xp) — 006(t, Eeg) () ||75] + |026(t, Ee ) (23) (nF = 7))

1B, Es ) (x7) = Bt Eg ) (@)|[mP] + |3(t, By p) (a%)ym® = 5(t, Bp ) (27)i”|

+ Z B(t, Bp ) (@) = B¢, Eg ) ()|’ + 2; 1B(t, Eg ) (') = B(t, Eg ) (&) |

“Mh

Bt By )2 (i — )
<[ e ctl)’almB“Ec,u - Ec,ﬂ| + ”éHBc|mB - mB| + HéHc;*“CKlmB“E@u - Ec,ﬂ|

+[elaclr® =77 + Bl cae|m®|| o — Evil
~ L .
+C([Blge: C) (|77 = 77) + [m” = m"[) + “ﬁ”cta|Eﬁ,#_Eﬁ,ﬂ|2|mz‘

L
+Blse 2 (mlla’ = & + [m’ = f]).
i1

In the reasoning above we have estimated |5(t, Eg ;)(2B)m®B - 5(t, Eg ;)(28)mB| using
Lemma 5.18, which assures that (72, m?) - (B(t, Eg;)(2P))mP is Lipschitz continuous
with the Lipschitz constant C’(HBHBC, Ck)=(2+ C’K)HBHBC on the set K. Summing up
all the estimates yields

2(L+1)

(|b”BC +[¢lge Z ‘m | + HBHBC Z ‘m ‘) Z |x - ‘

+(I(b é||Bc+||c||Bc+c<||m|Bc,OK>)\7r -7
+(lelse + 18lac + CUBlpe: Cr)) X 1|m m'|+ (Iblge + Iélpc) Im” - m”
(LB gro + [Dgro (1 + CrdmP|+ [Bl a.almP]) | By = Enil
+(|c||C1aZ‘m|+20K||c||cla|m3‘+||c|01a)|Ew E.;l
(m”cl“ |m|)|E5M Eg il
_C’*(WB 7?3‘+Z‘$ {E|+ )
=1 1e{B,1,...,
where
0" = C* (1070 vl 1 (0.2 )|y O, L) max {1, 37 [} (5.13)

ie{B,1,...,.L}
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Let y, = (7B, mB,x',m! ... ol mt) e R%+D be the initial datum in (5.6). Let R; > 0
be such that (y,(i) - R;) >0 forie{3,...,2(L+1)} and Ry, Ry >0 are arbitrary. Define

Br(y,) = {y e R*"D + [y(i) - yo(9)] < Ri}

and the operator
F:[0,T]x Br(yo) » R* ™D F(t,y) = (FoI)(t,y).

F is bounded and Lipschitz on [0,7] x Br(¥,), which follows from the corresponding
properties of IT and F'. Thus, there exists a unique solution to (5.6) on the time interval
[0,&,], where
Co + (|78] + [mB)) + Xizy [mi]

The from of €, is a consequence of estimates (5.10), (5.11) and (5.13). Note that the length
of the existence interval depends essentially on the joint mass of the initial datum. Thus,
in order to be able to extend a solution on [0,7"] we need to show that the expression in
the denominator is bounded for all t € [0,7']. We will prove that this quantity grows at
most exponentially in time and thus, it is bounded for all finite times. It is clear that for
i1=1,...,L it holds that

€o

L L
()] < [mple® = Y |m' ()] < Y |mi.
) i-1
For 78 and m® we obtain that

=2 @) < |72+ [ (10.0) el (77 (5), mP ()] + Bl Ha (77 (5), m? (s))]) s

and
t
P < s [ (lelpem(r (). mP ()] + e £)IpolTa( (5), mP (5))]) ds
! Ctxn, i
o ) 18kmo(e 2] as
Summing up the expressions above yields

L
@]+ [mP @) < |7+ [m]+t [8lpce™ Y [ml

+ e BlscC [ (7] 7)) ds,

which, by the Gronwall’s inequality implies

7B ()| + [mP (1)

IN

L
(I72]+[mB]+ £ 1Blmee Y- [mi] e
=1

IN

L
2 [7B]+ [m¥] + t |Blpe Y- mi)
i=1
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IN

L .
eQCt(|7Tf| ¥ |mOB‘ + ; |mf)|)(1 +1[B]se)

IN

L
eQCteH’B”BCt(‘Wf‘ + ‘mf| + Z |m’o‘)
i=1

Step 2: Non-negativity of solutions and well-posedness of (5.1) - (5.2). We will
prove that there exists ¢* such that y(t) =I(y(¢)) for all ¢ € [0,¢*]. It is clear that for a
positive initial datum solutions to (5.1) remain positive.

(1) non-negativity of m?:

Note that t > $<mB(t) is continuous and £m?P(0) > 0. Therefore, there exists ¢; such
that Sm?(¢;) >0 on (0,¢) and thus, mB(t) >0 on (0,¢*] for some t*.

(2) non negativity of 75:

If there exists ty € (0,¢*] such that 78(#3) > 0, then 78 remains nonnegative on the whole
interval [¢2,¢*], which holds due to the fact that 72(-) is continuous and

d
Bt =0 = I(#%{#)=0 = a7rB(z?) > 0.
Positivity of 78(t) will be shown by a contradiction argument. Assume that there exists
ts < t* such that 78(t3) < 0. Then, it follows from the reasoning above that 72(t) < 0 for
all ¢t € (0,3] and as a consequnce Iy (78(t),mB(t)) = 0. We recall that

LBty = bt ) (1) TIa (P (2), P (1))
+ (&cb(t, ) () — Opc(t, ut)(xb))Hl(WB(t), mB(t)).

However, b(t, us ) (xp) o (7B (t), mB(t)) = b(t, p) (xp)mPB(t) > 0 and the latter term of the
equality is equal to zero. Therefore, we conclude that %WB(t) >0 on (0,%3], which leads
to the contradiction, since we assumed that 78(t) < 0 for all ¢ € (0,¢3] and 72(0) = 0.
(3) (wP(t),mP(t)) e K

To prove this claim we recall [12, Lemma 17] stating that there exist positive constants
Ck and ¢*, depending only on the model functions, such that

B *
< <Ck q |- :
0<a”(t)<Cgt  forall te[0,q"] (5.14)

The inequality is fulfilled for ¢ = 0, as m?(0) = 0 and as a consequence z2(0) = z;, = 0.
Since mP(t) > 0 on t € (0,¢*], 2B(¢) is defined as a quotient m?Z(¢)/7n?(t) and thus, is
differentiable. Then, the first inequality holds due to the fact that #(t) and m?(¢t) are

positive on some non-degenerate interval. To obtain the second inequality we calculate
d B(
2B (t).

G ) B R (519

mP(t))  mP(t) (m?(1))?

- bt ) ) # D ) 1)
B(t) J

(B2 5 > Bt ) (2 (1) )m' ()

+ Ope(t, pg) (xp) ( ((tt)))
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< bt pe) () + Dub(t ) (1) (8) + Dol ) (1) (2 (1))

From [12] it follows that there exists ¢* > 0 such that S25(¢) < Ck for ¢ € (0,¢*]. Hence,
xB(t) < Ckt on [0,¢*]. In particular, this estimate 1mphes continuity of zZ in t = 0. We
know that S25(¢) is continuous and bounded from above for ¢ € (0,¢*]. Therefore, in

order to show that x? is Lipschitz continuous it is sufficient to prove that lim,_g+ %a:B(t)
is bounded. Note that

(1)
m¥(t)

2 t%O

0pb(t, pg) (xp) —% < |blgcCrt + lc|gcCht® — 0

+ Oyc(t, /Lt)(xb)( Z((t)))

and
. B (t)
0 < tim 20 S G0 ) @O0
L (70
- e S ) B A )
< i gy ) 2 P00 @) () = i

where we calculated the limit of t/m?”(t) using d’Hospital rule:
1 1

tlir(% mB(t) ) limy, g+ %mB(t) i S L Bt pe) (2 (t))mi(t)

Therefore,
d
B0, 10) (12) - Ci < Jim a”(1) <b(0, 1) (1)
Step 3: Proof of claims (i) and (i7). Integratlon of (5.1) leads to

d(0)=a(s)+ [ brp) @) = [0 - ()] < Dlclt -] = Li= bl

for i = B,...,J. It follows from the reasoning presented in the previous step that z? is
Lipschitz continuous on [0, ¢*] with the Lipschtitz constant Lg, which depends only on
the model functions. Integrating and summing up the equations describing the dynamics
of m* yields

J J t . J ,
;Bml(t) = ;Bm’(s)—/s C(Tvur)(l"b)mB(T)+C(T,Mr)($’(7)),:;lm’(f)dT

+

5 o) @ i @ar s [ @ubtr ) ) - ) ) ()

IN

> m'(5) + 1. A)lpo [ 3 mi)dr+10.0)lpoCrc [ m (e
Z_J ) t J ) "
;Bm’(s)+0[5 ;Bml(T)dT,

where C' = C(]|(b, ¢, 8)|lgc,Cr). Application of the Gronwall’s inequality proves the
assertion (ii).

IN

O
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Remark 5.16. Note that to obtain non-negativity of %mB(t) in the proof above we had
to assume that [(t, u;) (%) is strictly positive for at least one index i € {1,...,L}. Thisis
a reasonable assumption, since otherwise the boundary cohort would not be created due
to the lack of any new individuals. To obtain (5.14) using [12, Lemma 17] we additionally
have to assume that 0,b(t, p:)(zp) and 0,c(t, i) () are nonnegative.

5.2.3. EBT Method with the Original Boundary Equations: Tech-
nical Details

In this subsection we present technical lemmas necessary for the for the proof of well-
posedness of (5.1) - (5.2).

Lemma 5.17. Let K c R® be a non-empty, closed, convex set and y € R*. Then, there
exists a unique P(y) € K such that for all x € K it holds that P(y) = argmin|y - z|,.
Moreover, P is non-expansive meaning that

1P(y) = P(2)ly < [y - =1,

Proof of Lemma 5.17. Let m = inf,x |y - z|,, R=2m and Kr = Kn B(y,R). Kg
is closed and bounded, which implies that it is also compact. It is also a non-empty set.
Function f(z) := |y — |, is continuous which, by Weierstrass theorem, implies that there
exists P(y) € Kr ¢ K such that m = |y — P(y)|,. Concerning the uniqueness, let y € R"
and assume that x1, 25 € K are such that m = |y — x4, = |y — 22|,. By the parallelogram
law we have that

=23 = Jon =yl + oo -yl - 2(21 -y, 22 - y).

But also
2
X1+ To 2 2 2
4 = (21 = 9) + (2= ) = I = yl3 + w2 =yl + 2{w1 - y,22 - ).
2
Therefore,
2
Tr1+x
|21 = 225 = 2]21 — 225 + 222 - y[5 - 4 % -
2

Let 6 := |z1 —y|,. Since K is convex, (z1+22)/2 € K and |(z1 + 22)/2 - y|, > §. Therefore,
|21 — 25 <202 +20% - 46 =0 = =15
To prove that P is non-expansive let x € K and A € [0,1]. We have that

1Pw) -yl < ly-Oa+ Q=PI = ly-Py) -z - PW))];
= ly-P@)I5+ Nz - P)I3 -2My - P(v),2 - P(v)),

IN

which implies that
A
(v-PW.o-PW) <Fle-PWI; = (y-Pu)a-P))<0 Veek.
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Using this inequality we obtain that for any z,y € R™ it holds that

<z—P(z),P(y)—P(z))§0 and <y—P(y),P(z)—P(y)>SO

and therefore
(z-v+ P(y) - P(2). P(y) - P(2)) <0

As a consequence we obtain
(P(2) - P)) < (P(2) - Pw). 2~ ) < [P(=) - P) )= - wl.

which ends the proof. O

Lemma 5.18. Let f:[0,+00) = R be a bounded Lipschitz function and V' be a convex
set defined as the following

V={(:1c,y)e]R2 :0<x, 0<y and méC’vy},

where Cy 1s some positive constant. Define

), for y+0,
G:V R, G(x,y){yf(yl f”’ .
, for y=0.

Then, G is Lipschitz and Lip(G) = (2+ Cv) | f | y1.e0 -

T

Proof of Lemma 5.18. Function u(xz,y) = { is differentiable for y # 0. Due to the
Rademacher theorem f is differentiable almost everywhere, so is GG. Let us estimate the
gradient of G

10.G(z,y)| =y

G

(o)
and

T .
10,G (2, y)| < +y = <1l + Lip(f)Cv < (1+ Cv) vy

()

Partial derivatives of G exist a.e and are bounded. The mean value theorem implies that G
is Lipschitz on (V\{(z,y :y = 0)}) with the Lipschitz constant Lip(G) = (2+Cv) | f|jy1.-
Now, let (z,v),(Z,7) € V be such that y >0 and § = 0. Then,

G -GG =|s ()| |w-0f (2)

x
Y Y

<[l (=2l +ly - gl) -

Thus, we obtained that G is Lipschitz on V' with the Lipschitz constant equal to (2 +
CIf e O
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Lemma 5.19. Lel = Yicp 1
be a closed, compact set

K:{(WB,mB) : 0<78, 0<m? and WBSCKmB}.

.......... L} midz, ve Whe(R;Ry) and K

Assume that xP is defined as in (5.3) and (78, mP) e K. Define E, , = [ ~v(y) du(y).
Then, there exists a constant C = C'(~y,m?,Ck) such that

L
[ B = Eril < C(‘WB s EDV AL I (e m1|)
izl ie{B1,.,L}
Proof of Lemma 5.19. Define a function G : K - R2, G(7B,m?B) = m37<;—i), if
m?B £ 0, and G(78, mB) =0 otherwise. Then,

E

v~ By = /R+ V(y)d( Z il - Z i i)
L

{B,1,...,L} ie{B,1,...,L}

(mzv(ac’) - m’d(f)) + (G(WB,mB) - G(frB,ﬁLB)) . (5.20)

i=1

The first term can be estimated in a standard way, that is,

3 s (o) (3

>0 (a) =2 (@ D]+ 3 ha) - )

IN

L . . . L . i
Lip(7) Y mfla’ =] + Iyl 3o lm* =

L .
Y. max {1, 3" ]}
i=1
The second therm can be estimated using Lemma 5.18.

|G(7B,mP) - G(7Z,mP)| < 2+ Cr) |V (|77 = 75| + |mP - ).

IN

L
(‘xZ —jz‘ + ‘m’ —ﬁ”ﬂ‘).
i=1

(2

Summarizing, we have that the assertion of the lemma holds with the constant C' equal
to

L .
C = ¥l (3 +Cr+ Y. |m") .
=1

5.2.4. EBT Method with the Simplified Boundary Equations:
Well-posedness
The main difference between the original and simplified version of the EBT method is a

definition of the boundary cohort. In the simplified scheme the dynamics of the boundary
cohort is defined through the following ODEs.

S0 = b )P D),
g | | (5.21)
SmP () = =t ) P OB (1) + S B 1) (0 (1)) (1),
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On the contrary to (5.2) we evaluate functions b, c and 5 at B(t). Moreover, the dynamics
of B is directly described by equation (5.21). In this case we consider explicit dependence
of the model functions on the measure variable, which leads to the following assumptions.

byc, e Cy®([0,T]x M*(R,); WH=(R,)). (5.22)

We recall that Cp* ([0, T] x M*(R,); W1=(R,)) denotes the space of W= (R, ) valued
functions, bounded with respect to the | - ||w1.« norm, Holder continuous with respect to
time and Lipschitz continuous with respect to the measure variable. We equip this space
in the norm

[flcre =1flgc+ sup H(f(,p))+ sup Lip(f(t,-)),
peMF (R

(R+) te[0,T]

where | f|pc = SUDP (¢, 1)e[0,T]x M* (R, Lf (1) e -

Theorem 5.23. Assume that (5.22) hold and the initial datum in (5.1), (5.21) are such
that {xi,mi} 5., are positive and xB =z, = 0, mB = 0. Then, there exists a unique
solution to (5.1), (5.21) on the time interval [0,T]. Moreover, for all 0 < s <t < T it
holds that

(1) |2i(t) —xi(s)| < Li(t—s), i=B,B+1,...,J,

| (5.24)
(i) 0< M(t) < M(s)exp(C(t—-s)), where M(t) = YLz mi(t).

Constants L; and C' depend only on the model functions.

Proof of Theorem 5.23. To prove existence and uniqueness of solutions we essentially
need to show that the right hand side of (5.1), (5.21) is locally Lipschitz with respect to
(zt,m?). A proof of this claim can be conducted analogously as the corresponding part
of the proof of Theorem 5.7, therefore we do not repeat it here. The only difference is
that in the estimate (5.12) a distance pp(u, i) appears instead of the terms of the type
|Efu— Ef |l According to Lemma 1.35

J . . . . .
pr(p, i) < ;B(‘mle’—fl|+|mz—Th") (5.25)
7 L J . . . .
< max{1,2|mi|}%(‘xl—j"ﬂm’—mﬂ),

which proves that the right hand side is locally Lipschitz. Non-negativity of solutions is
straightforward assuming that b(¢, 1)(xp) > 0 and B(¢, u)(-) > 0 (see Remark 5.16). Proof
of claims (7) and (74) is analogous to the corresponding part of the proof of Theorem 5.7.
a

5.3. Convergence of the Algorithms

Definition 5.26. Let (E,p) be a metric space. A family of bounded operators S : E x
[0,0] x [0,T] - E is called a Lipschitz semiflow if the following conditions are satisfied,
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i) S(0;7)=1 for0<7<T,
ii) S(t+s;7)=S(t;7+5)S(s;7) for 0<7,8,t<T such that s<t and 0<T+s+t<T,
iii) p(S(t; ), S(s;7)v) < L(p(p,v) +|t—s|) for 0<s,t<T.

To estimate the distance between pf' and the trajectory of semiflow S starting at iy we
use the following

Proposition 5.27. Let S : F x[0,d] x [0,7] - E be a Lipschitz semiflow. For every
Lipschitz continuous map g : [0,7'] - E the following estimate holds,

_ o p(pteen, S(hyT) )
p(,ut,S(tO),uo) SL/[O,t] hr%nf : dr,

(5.28)

where p is a corresponding metric.

The proof of Proposition 5.27 is the analogue of the proof of Theorem 2.9 in [14]. To
apply Proposition 5.27 we need to show that a map t - u = Y75 m*(t)0,i(y) is Lipschitz
continuous in the flat metric.

Theorem 5.29. Let pif = ¥ 5 mi(t)8,:1), where {a,m*}/  is a solution to (5.1) with a
boundary cohort defined as either in (5.2) or (5.21). Then, p™:[0,T] - (M*(R,), pr)
18 Lipschitz continuous.

Proof of Theorem 5.29. Let 0 < s <t < T be such that |t - s| < ¢*, where ¢* is the
length of the interval of existence of solutions to (5.1) with a boundary cohort defined
as either in (5.2) or (5.21). Without loss of generality we may assume that there is no
internalization process on (s,t). According to Lemma 1.35 (or formula (5.25)) we obtain

oG = ) € 32 (e (0) = (5) ' (0) - ()
<(t-s) i(mi(s)Lip(aI;i) +Lip(m'))

J J
< (t-s)max{1,C} (Z mi(s)+ Y. Lip(mi)) :
i-B i-B

From Theorem 5.7 and Theorem 5.23) we know that C' = max;{Lip(z’)} < +co and
Y7 5 mi grows at most exponentially in time, so it is bounded on each finite time interval.
For the simplified version of the EBT scheme we obtain

J A J d . J ' J
> Lip(m') < 3 sup | 2m'(1)| < 3 (e, 8)lpem' () < (e 8)[ne 3 m' (1) < +eo.
i=B i=B 1 i=B i-B

Analogous estimate (with a different constant) holds for the original EBT scheme, since
|0zc(t, ) (xp)mB(t)| is bounded by |c|gcCrxmP(t). Note that the Lipschitz constant of
1™ does not depend on the dimension of the corresponding system of ODEs. O
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Theorem 5.30. Let pu be a solution to (2.2), that is

O+ Oy (b(t, ) ) +c(t, ) p = 0, (t,2) €[0,T] xRy,
(0(t, 1) (@) Dapie () = [ B(t, ) (@) dpe(), (5.31)
to € M*(R,).

Let Z;-]:B mié,i be an approzimation of i, by a sum of Dirac deltas such that

J
PF (,uo, > mzéxg) < C1Au, (5.32)

=B

where Az = max;_pg.1._s|zt — 25t and Cy is a constant depending on p,(R,) and the
approzimation method. Let u™ be the output of the EBT algorithm either for the orig-
inal definition of the boundary cohort (5.2) or the simplified one (5.21) with the initial
condition given by Z;]:B mid,i. Then, there exists a constant Cy such that

pr (e, ph) < C1Az + CyAt.

Proof of Theorem 5.30. Let At be the length of the time step such that 0 < At < ¢*,
where [0, ¢*] is the interval of existence of the unique, nonnegative solutions to the original
EBT scheme (5.1) - (5.2) such that (5.14) holds. If we consider the simplified version
of the EBT algorithm (5.1), (5.21), then ¢* can be chosen arbitrarily, since solutions to
the latter system are unique and nonnegative for all times. Without loss of generality we
assume that 7 € [0, At) and consider the interval [7,7+h] c [0, At]. Assume for now that
7 is not the internalization moment. If A is sufficiently small, we can assume that there
is no internalization procedure on (7,7 + h]. According to the formula from Proposition
5.27 we need to estimate a distance between p”,, and S(¢;7)u? such that

i), = SLlpmI(T + h)0ui(reny, where {a?(-),m’(-)},, is the output of the EBT

T+h
algorithm,

ii) S(h;T)u? is the solution at time 7+ h to (2.2) with the initial time 7 and initial
datum pr = Y7 5 mJ(7)d,5(r). In order to shorten the notation we denote j; :=

S(t -7l

fi is a measure consisting of L Dirac deltas, denoted henceforth as n®(7 +¢),:(r41), and
the density f(t,-), which arises due to the boundary condition. The support of f(t,-)
is contained in [z, y%$(t)], where y®(-) denotes the location of the characteristic line

abs
starting from z, at time 7. Let nobs(¢) = [7 ®) f(t,z)dz denote the total mass of f(t,-).

Tp
Using proper test functions in the definition of weak solution [21, Definition 2.2] we obtain

V(T +h) = 2 (7) + / T bt ) (4 (1))t (5.33)
Wi (r+h) = mi(7) - f Tt i) (G ()i (£)dt, (5.34)
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and

wreny =y [T L@ @

fT+h/ abs (t)

-0+ 3 [ st

J T+h ) )
(—c(t, p) (@) + B(E, pe) (@) dpe() + %fT B(t, pe) (' (£))n' (¢)dt

The term of the order h? appears due to the fact that |[y**(t)| < |b]|gch, functions c,
g are bounded and p(R,) is uniformly bounded on [0,7]. We need to define a new
measure ¢, which is created by shifting the mass ns(r + h) distributed on [z}, y***(h)]
to the closest Dirac delta, that is to n®(7 +h)d,5(;4y). Thus, we obtain

M

i
Sy

C= D (T +h)byi(riny,

7

where

p(T+h) n'(T+h), for i=B+1,...,J,
pP(r+h) = nB(r+h)+n(r+h).

We will estimate pp(,¢) and pp(¢, 1., ) in order to use the triangle inequality. Con-
cerning the first term,

pr(ue, Q) = pr(n® (7 +h)0ys(riny, f(2,)) < yP (7 + h)[n™ (7 + h)

< inodt(181ne [ 3w i 00)
< blscdt ([B8lschC + O(h)) = AHO(h) + O(h)). (5.35)

In the estimate above we used the fact that the characteristic y2(+) is Lipschitz continuous
with the Lipschitz constant equal to |b|ge and the mass in uniformly bounded on [0, 7],
that is Y75 ni(t) < C. In order to estimate pp(C,u”. ,) we use the formula provided by

T+h

(5.25). Let us start with terms of the form |z¢ — yi|. For i e {B+1,...,J} it holds that

e h) -y e ml< [T @) - b ) O)]
< [T ) ) b GO e [T ) ) b ()
Solege [ ooty des bl [ @) -y )]
<Ibleye [ Wipa(u)h+ pr(ot, ) + Lip ()
+ Iolge f " (Lip, (a')h + | () - ()] + Lip(y/)h) dt < CI2,
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which holds due to the fact that pp(u?, p,) =0 and |2*(7) - y*(7)| = 0. For the simplified
version of the EBT scheme we have the analogous estimate for ¢ = B, that is

|zB(7 + h) —yP (T + h)| < Ch%.

Multiplying |2(7 + h) — y*(7 + h)| by m!(7 + h) and summing up over i = B, ..., J yields

J
Y mi(r +h)|z' (7 + h) - y' (1 + h)| = O(h?), (5.36)

i-B
since Y7 pmi(T+h) < C. For the original EBT algorithm we need to estimate the

entire expression mB(7 + h)|zB(7+ h) —yB(7 + h)|. First, let us calculate the derivative
of zB(t)mB(t).

d 5 B _ 4 5L ,B
&(x (t)ym°(t)) == (t)&m (t) +m (t)ﬁx (t)
= —c(t, ) (o) m® (1) 2B (1) = Duc(t, ) () 7" (1) 2P (1)
# (2 B O)m' ()" (1)

) ) (0) + 0.0 ) (a0) i S (1)

0t T3y ) ()= T3 S ) ()0,

Integrating the expression above and subtracting (5.33) yields

mB (7 + h)|B(r + h) - yB (7 + 1))
) /Tﬁ mP ()bt 1) (x6) = b(E, 1) (" (1)) ]t
; f " (It 422) ()| + Crclue(t, ) ()| )P (£)a” ()t
T+h J
o [ swls @I 5 min)e @

[ :;% (|a bt ) (o) (1) + sup B ) () Z ™ ”)

o[ et @l () o

(1)
<felege [ mP@) (or ) + -y (0]

T+h
#lelnc(1+Cr) [ mP(aB(t)at
T+h T+h
e [ M@P @t + Cl (0B le [ Mt
T+h
HlelpcCk [ mPb)edt.
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Since
mP <M(t)<C, 2P(t) <Cxit, |oy-yP )] =[y? ()] < [b] g At

and

pr(pds 1) < pr(pds 17 + pr(py, ir) + pr(pr, ) < (Lip(p) + Lip(p™)) b,
we obtain

mB(T+h)|£EB(’7'+h) —yB(T+h)‘
< (Il Cie. 3 o). Lin). Lip(u)) (Ath +12) = At O(h) + O(1)

Thus,
J
;mi(T +h)|x' (7 +h) —y'(7 +h)| = At O(h) + O(h?). (5.37)

Concerning the term Y7 5 |mi - ni|, at first we assume that p" is the output of the sim-
plified version of the EBT scheme. Then,

J J T+h
Sl e hy =y (rem] < 3 [ et )@ O)m ) el ) (o () (D)l
e 3 [ B )0 = Bt ) ) 1)+ O)
J T+h
<3 [ (et @ )]+ 30 ) () = D)t
" J T+h ) )
© 3 Ol ) (0) el 1) ()]
tf T+h ) )
C Ol i) 0) - el ) ()]
e 3 [T OB 0) - At )
J T+h

© 3 [ OB 0) - A (0)] di+ O02)

<l e Y [ @ -n Ol @alse 3 [T O 0 - 0] a

_ J T+h "
1Moy 3 [ n WprG p) e+ 0G)
J T+h i . . . .
<le|Be ;3 fT (Lip(m®)h +|m(7) - n'(7)| + Lip(n’)h) dt
J T+h

“leMlne d [ n @) (Lin@h +[r(r) /()] + Lin(y )h) di
+ (e, D)l cre if:mm(t) (Lip(p")h + pp(p?, pr) + Lip(p)h) dt + O(h?)
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J
< |ellsch? ;3 (Lip(mi) + Lip(ni)) +
+[[(e; D)l grah® 2[blge + Lip(p") + Lip(u)) ;Bni(t) +O(h?) = O(h?). (5.38)

For the original EBT scheme we obtain the similar result, since |0,c(t, 1) (zp) 7B ()] grows
at most linearly on [0, ¢*], that is

‘8xc(t,p)(:cb)7r3(t)| < |8zc(t,,u) (:Eb)CKmB(t):cB(t)‘ < HCHBCCK‘mB(t)Mt <CAt
and |z, — yB(t)| < |b|gcAt. Hence,

i Im'(7+ h) = p' (7 + h)| = At O(h) + O(h?). (5.39)

i=B

Combining either (5.35), (5.36) and (5.38) or (5.35), (5.37) and (5.39) we obtain
1 1
liminfh_,m E'OF(M?7M?) < liminfh_>0+ﬁ [At(O(h) + O(hz)) + O(hQ):I = OAt,
which, by Proposition 5.27 implies that

pr(ph, w) < CLAt = CHAL.

The entire argumentation remains valid if 7 is the internalization moment. The only
difference is that in the latter case n(t) = 0 on [7,7 + h], which does not influence the
final estimate. Note that in the proof we assumed that the initial datum g, is given as
a sum of Dirac deltas. If this is not the case, then the additional term C;Ax appears in
the final estimate (see (5.32)). o

5.4. Derivation of the Original EBT Method

To make our analysis possibly most transparent we focus on the linear case and assume
that a solution wu(t,-) is a compactly supported and integrable function, which leads to
the following problem

Oyu(t, ) + 0p(b(t, x)u(t,x)) + c(t, x)u(t,x)
b(t, zp)ul(t, zp)

0 (5.40)
[ syt ua

We also require higher regularity of the model functions b, ¢ and 3, that is

b,c,3:[0,T] - C3([xp, +0)).

C2-regularity is imposed in order to apply the first order Taylor approximation. Let
{€2:(0)}7 5 be a collection of pairwise disjoint intervals

Q:(0) = [1:(0),1:+1(0))
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such that p
supp(uo) ¢ [J 2:(0),
i-B

where u, is the initial distribution of individuals. These sets determine how the initial
population in divided into the cohorts. We recall that the subscript i = B+ 1,...,J
indicates the internal cohorts, while ¢ = B denotes the boundary cohort. Characteristics
of the cohort, namely the average value of the structural variable x and the number of
individuals within the cohort, change in time. The boundaries between cohorts evolve
due to the following ODEs

%li(t) = b(t,1;(t)) for i=B,...,J.

A lower bound of the boundary cohort is constant in time, that is lg(t) = x,. Set
Q;(t) = [1;(t),1;41(t)) denotes a range of the i-th cohort at time ¢ in the sense that all
individuals characterized by a structural variable x € €;(t) are identified with each other.
Our aim is to observe how the number of individuals

mi(t) = [Qi(t)u(t,x)d:c

and the average value of the structural variable within the cohort

4 1
(1) = —
() mi(t) Jau(t)

zu(t,z)dx for ie{B,...,J} (5.41)

change in time. Since the boundary cohort is initially empty, we define

w5 (1)

+ , i B(t)#0
mP(t) = f ()(x—xb)u(t,x)dx and 28(t) = Lo+ By, for m (t)
Qp(t

Ty, otherwise.

Let us differentiate m?, z* and 77 and use (5.40). For i = B+1,...,J we obtain

d d
fQi(t) dpu(t, z)dz + &lnl(t)u(t; liva(t)) — ali(t)u(t, 1i(t))
fQ oy Ot )z b Lo (£t L (£)) = b8 ()t (1))
[ PRGOS JA PRACCONGOIES JA etz

For the boundary cohort it holds that

d .
N Zt
"0

amB(t)

fQB o Q)+ %ll(t)u(t, L(t))
fQB(t) Opu(t, x)da + b(t, 1 (1)) u(t, 1y(t)) = b(t, zp)u(t, 2p) + b(t, ) u(t, z3)
_ fﬂ | But) 5 0,0t )t ) + f b+°° B(ty)ult,y)dy

= —‘/QB(t) c(t,x)U(t,x)dw+Lb+m B(t,w)u(t,y)dy.
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To find the dynamics of z; for i € {B +1,...,J} we check how the first moment y(t) =
fgi(t) zu(t, z)dz evolves.

d
fQi(t) ’ atU(t’ x)dx i »/;Zi(t) am(x(b(tv x)u(t7 I))dx
o7 Oty [ a0, (b () [ ot a)de

- - [ et utt)r [t ulta)d

i

where we used the equality

L iu)&(m(b(t,x)u(t,x))dx: L Wty ) [2 o #0b(t)u(t,2))de

i i

d , .« 20 y)gmit) Ly
TR Ol sl s iy 15 S N O s m(t)
1
= - i (D o xc(t,x)u(t,x)dx+mi—(t) ot b(t, x)u(t, z)dx
+ mil(t) ot 2 (t)e(t, x)u(t, z)dx
1 ‘ —XI)C T )u xT)ax + L XT)u xr)ax
= 0 e FO =Dt Dt ) s [ b @t )

Finally, for the boundary cohort we have

d B d d
T(t) = — t.o)dx ) = o —mB(t
dt ( ) It ([B(t)xu( ,;1:) x) Ty tm ( )

[QB(t) ! 8tu(t x)dx * b(t L (t))u(t l (t)) Iy (t) + b(t :Ub)u(lf xb) Ty — Jfb B(lf)
_/QB(t) xe(t, x)u(t, x)dx + /QB(t) b(t, x)u(t, x)dz + xp fxb B(t,y)u(t,y)dy
+1p /QB(t) c(t, z)u(t,z) —x /xb B(t,w)u(t,y)dy

fﬂgm(% - o)elt,oyut o)+ /QBu) b(t, z)u(t, z)dx.

Approximation: To obtain a closed form of the scheme we need to approximate b, ¢
and . Note that due to the definition (5.41)

'/Qi(t)(xi(t) - z)u(t,z)dx x’(t) ];Zi(t)u(t',x)d:r'— '/Qi(t) vu(t,z)dr  (5.42)
' (t)ym'(t) — z'(t)m'(t) = 0.

Moreover, for f € C2(RR,) it holds that

fQ(t) J(@)ult, z)de = Z ./ (t) f(@)u(t, z)dz
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J
Z /Q © (@' (#))u(t, z)dx + Z / F(@ () (@ - 2 (H)u(t, z)de
i ZB /Qi(w O(le - ()] Ju(t, x)dx

= éf(xi(t))mi(ﬂ n Hu(t,-)HLl(Q(tQ)_

(1) dx

Therefore, the first order approximation of f leads to

| o J@u(t ) - Z £ (E)mi(1). (5.43)
Application of (5.43) and neglecting terms of the second (and higher) order yields
d . . .
—m'(t) = —c(t,2'(t))m'(t),
ity = b))
dt - '

For the boundary cohort we expand c¢(x,t) around x,, which implies that the first order
term does not disappear. Thus,

doBy - - fﬂ | clbayu(tayda [ :°° Bt y)u(t. y)dy

_/K;B c(t, xp)u(t, z)dxr - fﬂB( Opc(t, zp)(x — zp)u(t, z)dx + Zﬂ(t 2'(t))m'(t)

=B

—c(t, )mB(t) - Opc(t, mp) B (t) + ;2 B(t,z'(t))m'(t)
and

Sxb (1)

x—xct,xut,xdx+/ b(t,x)u(t,z)dx
oy oDt autnydes [ byt o)
= xb[ c(t,xb)u(t,x)dx+xb/ Opc(t,xp) (x — zp)u(t, x)dx
Qp(t) Qp(t)
- f xbc(t,xb)u(t,x)dx—f (c(t,:cb) +a:b0xc(t,$b)dx)(a:—xb) +
QB(t) QB(t)
+ / b(t, zp)u(t, z)dx + / Opb(t, xp) (z — zp)u(t, x)dx
Qp(t) Qp(t)

b(t, xp)m'(t) + 0.b(t, ) TE(t) — c(t, x) 7P (1).
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