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Abstract

We investigate two-dimensional micropolar fluid flows in bounded domains. In a first main
part of the thesis we study the nonautonomous system and analyse a long time bahaviour of
the solutions in the frame of the theory of pullback attractors. Using a recent method based
on a notion of the Kuratowski measure of noncompactness of a bounded set we prove that the
pullback attractors in the Sobolev spaces H' and H? exist. Deriving a new estimate on solutions
we show this existence under a certain integrability condition on external forces and moments,
that is a weaker assumption than the one considered so far.

In a second main part of the thesis we investigate the two-dimensional micropolar fluid flows
in view of the statistical solutions theory. We prove that in the case of an autonomous system,
stationary statistical solutions coincide with invariant measures for the considered system of
equations. When external forces and moments depend on time, we derive a family of measures
{p+} that forms a nonstationary statistical solution. We prove that the supports of the measures
belong to the time sections of the pullback attractor.
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Streszczenie

Rozprawa po$wiecona jest badaniu dwuwymiarowych przepltywéw ptynu mikropolarnego w ogra-
niczonych obszarach. W pierwszej z gléwnych czesci pracy zajmujemy sie nieautonomicznym
ukladem réwnan plynu mikropolarnego. Analizujemy zachowanie jego rozwiazan dla duzych
czasow poshugujac sie teoria atraktoréw cofnietych. Pokazujemy istnienie wspomnianych atrak-
toréw w przestrzeniach H' oraz H?, wykorzystujac rozwiniete w ostatnim czasie metody opieraja-
ce sie na pojeciu miary niezwartosci zbiorow ograniczonych Kuratowskiego. Otrzymujac nowe
oszacowanie na rozwiazania dla rozwazanego uktadu réwnan, dowodzimy istnienia atraktora
przy pewnym warunku catkowym nalozonym na zewnegtrzne silty i momenty sit. Zalozenie to jest
stabsze niz te, ktére rozwazane byly do tej pory.

Druga czes¢ pracy poswiecona jest dwuwymiarowemu przeptywowi pltynu mikropolarnego z
punktu widzenia teorii rozwiazan statystycznych. Dowodzimy, iz w przypadku ukladu auto-
nomicznego, rozwiazania stacjonarne sa miarami niezmienniczymi dla uktadu. Kiedy natomiast
zewnetrzne sily i momenty sit sa funkcjami czasu, konstruujemy rodzing miar {yu;}, ktéra tworzy
niestacjonarne rozwiazanie statystyczne. Pokazujemy, ze noéniki tych miar zawarte sa w cieciach
atraktora cofnietego.

Slowa kluczowe

nieautonomiczny uklad rownan ptynu mikropolarnego, globalne w czasie rozwiazania, zachowanie
dla duzych czaséw, atraktor cofniety, wymiar fraktalny, stacjonarne rozwiazania statystyczne,
niestacjonarne rozwiazania statystyczne, réwnania Reynoldsa

Klasyfikacja tematyczna wedtug AMS

35Q35, 35B41, 76D03, 76D06, 76F20



Acknowledgements

I would like to express my gratitude to my supervisor prof. Grzegorz Lukaszewicz for his great
guidance and immense patience during all these years.

I am also grateful to my friends, especially Pawel Konieczny for his advices and help in main-
taining motivation.

During the preparation of the thesis I was supported by Polish Government Grant N N201388134.



Contents

1 Introduction
1.1 Micropolar fluid model . . . . . . . . . . ...
1.2 Deterministic solutions and the attractors theory . . . . . ... .. ... ... ..
1.3 Statistical solutions . . . . . . . . ...
1.4 Resultsof the thesis . . . . . . . . .. .

2 Setting of the problem, the existence theorems
2.1 Notations and function spaces . . . . . . . . . . . ... e
2.2 Operators and inequalities . . . . . . . . .. .. Lo Lo
2.3 Existence results and estimates . . . . . . . ... ..o L.

3 Pullback attractors
3.1 Introduction to the notion of the pullback attractor. . . . . . . . ... ... ...
3.2 Basic definitions and abstract results . . . . . .. . ... L.

4 Pullback attractor in L; for a heat convection problem
4.1 Formulation of the problem . . . . . . . . . .. ... ... ...
4.2 Functional setting and weak solutions of the problem . . . . . .. ... ... ...
4.3 Existence of the solutions of the problem . . . . . . . .. ... ... ... .....
4.4 Existence of a pullback attractor for the problem . . . . ... ... ... ... ..
4.5 Fractal dimension of the pullback attractor . . . . ... ... ... ... .....

5 Pulback attractor in H'
5.1 Notation . . . . . . . . e e e e
5.2 Lemmas and estimates . . . . . . . . . ...
5.3 Theorem on existence of the H! pullback attractor . . . . .. ... ... .. ...

6 Pullback attractor in H?
6.1 Useful lemmas . . . . . . . . e e
6.2 Existence of the pullback attractor . . . . . .. ... ... ... .0 L.

7 Stationary statistical solutions
7.1 Stationary statistical solutions . . . . . . . .. .. ... ..o
7.2 Reynoldsequations . . . . . . . . . . . .. .

8 Nonstationary Statistical Solutions
8.1 Definition of nonstationary solutions . . . . . . . .. ... ... ..
8.2 Existence and uniqueness of the statistical solutions . . . . ... ... ... ...
8.3 Family of measures derived from the measure P . . . . . . .. .. .. ... ....

7

17
17
18
20

25
25
25

29
29
31
33
38
42

49
50
50
52

55
55
59

65
66
79



8 CONTENTS

8.4 Family of measures {1 }ter and the pullback attractor. . . . . .. ... ... .. 87
8.5 Nonstationary statistical solutions - the other concept . . . . . . ... ... ... 88
9 Conclusions and final remarks 93

References . . . . . . . L 93



Chapter 1

Introduction

The aim of the thesis is to study a long time behaviour of solutions of micropolar fluid flows in
two-dimensional domains. We use the theory of attractors to investigate the dynamical system
that is generated by the set of equations.

1.1 Micropolar fluid model

The micropolar fluid model that is considered throughout this work is a generalization of the
Navier-Stokes system of equations. It takes into account the microstructure of the fluid by which
we mean the geometry and microrotation of particles. Such a model reflects experimental data
better than the classical Navier-Stokes when the microchannel flows are considered, eg. [38].
Also in the case when the fluids consist of short rigid cylindrical elements (like polymeric fluids
or blood, eg. [34]), the micropolar fluid model is investigated. In [35] this model is also used to
describe the granular flows behaviour.

Throughout the work we study the model proposed by Eringen in [18] that is described in three
dimensions by the following system of equations [18], [26], [27]

C{;;L—(V-FVT)AU—F(U'V)U-FVPZ2V7~T0tw+f(t), (1.1)
div u =0, (1.2)

ow .
i alAw — Vdiv w+ (u- V)w + dvpw = 2vr0t u + g(t). (1.3)

Here, u = (u1,u2,us) is the velocity field, p is the pressure and w = (w1, wa,ws) is the microrota-
tion field interpreted as the angular velocity field of rotation of particles of the fluid. Moreover,
f="(f1,f2, f3), g = (g1, 92, g3) are external forces and moments, respectively. Positive constants
v, v, a and (3 denote viscosity coeflicients. In particular, v is a Newtonian viscosity coefficient
and is equal to the converse of the Reynolds number. The constant v, is called the microrotation
viscosity.

In our thesis, we consider a micropolar fluid filling a bounded region Q C R2.
Such a motion of the fluid can be interpreted as a motion in a cross section g = const of the

9



10 CHAPTER 1. INTRODUCTION

three-dimensional domain €2 x (—oo, +00) when uz = 0 and the axes of rotation of particles are
parallel to the xs-axis. Moreover, f = (f1, f2,0), g = (0,0, g3) and the pressure p = p(x1,x2).
Hence, in such a simplified situation we have u = (u1,u2), w = w3, and

8UQ 8u1

rot u = — — —— divu = — + —=
Ox1 Oxg’ Ory  Oxy’

ou;  Ous ; ( ow Ow
rotw=(=—,——=).

83@2’ (9%'1
Let us also notice that SVdiv w = 0, since w3 does not depend on x3. Therefore, we work with
the following set of equations

?;; —(v+v)Au+ (u-V)u+ Vp = 2v,rot w+ f(t), (1.4)
divu =0, (1.5)

ow
i alw+ (u- V)w + 4w = 2uprot w+ g(t). (1.6)

We shall consider an arbitrary bounded and sufficiently regular domain ©Q C R2. In general we
will be interested in homogenous Dirichlet boundary conditions.

1.2 Deterministic solutions and the attractors theory

Our work is divided into two main parts. Chapters 1-3 consist of the introduction of the problem.
The first main part (Chapters 4, 5 and 6) is devoted to study long time behaviour of the solutions
of the system of micropolar fluid equations. To this end we use the theory of attractors.

Let us briefly introduce the notion of different types of attractors (global, uniform and pullback
ones).

Global attractors. When we deal with the autonomous system of equations, the long
time behaviour of the solutions can be described using the theory of global attractors (e.g. [48],
[41], [15] with applications in fluid dynamics e.g. in [8], [27], [20], [42], [37]). We shall recall the
definition and the theorem on the existence of the mentioned type of attractors.

Let X be a Banach space. We assume there exists a semigroup of operators {S(t) }+>0 acting on
X. Then we define the global attractor A C X for the semigroup as follows

Definition 1.2.1. A subset A C H is called a global attractor for the semigroup {S(t)}e>o0 if it
satisfies the following conditions:
1) A is compact and invariant,

SHA=A

foranyt € Ry.
2) It attracts all bounded subsets D C X, namely

dist(S(t)D, A) — 0

for any bounded set D C X when t — oo.
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Before we recall the theorem on existence of a global attractor we will need the following defi-
nitions

Definition 1.2.2. A subset B C X is called an absorbing set if for every bounded subset D C X
there exists a t1(D) such that S(t)D C B for all t > t;(D).

Definition 1.2.3. The w-limit set of B in X is the set

w(B) = S(s)B.

t>0 s>t

Definition 1.2.4. We say that the semigroup of operators {S(t)}+>0 is uniformly compact for
large t if for every bounded set D there exists a ty = to(D) such that

U swp

t>to

18 a compact set in X.

Theorem 1.2.1. (See [48]) Let X be a Banach space and let {S(t)},~, be a semigroup of
continuous operators in X.

Let us assume that there exists a bounded absorbing set B and that the semigroup of operators
1s uniformly compact for large t.

Then the w-limit set of B is a global attractor: A = w(B).

Moreover, if the mapping t — S(t)ug is continuous as the mapping from Ry to X for every
ug € X, the global attractor A is connected.

Uniform attractors When the nonautonomous system of equations is considered, a notion
of a uniform attractor can be introduced (e.g. [36]).

Let X and ¥ be two Banach spaces. We assume the family of operators {U,(t, 7) }+>, acting on
X satisfies for any ¢ € X
Uy(t,7) =1d

Us(t,s)Us(s,7) = Uy(t,T)

forallt>s>T.
Moreover, let {7 (s)}s>0 be a semigroup of continuous operators in ¥ and let the following
property hold

UT(S)U(t,T) =Us(t+ s, 7+ s). (2.7)

Definition 1.2.5. A closed set As, C X is called a uniform attractor for {Us(t,7)} if
1) As, is uniformly attracting, that is, for any bounded set B C X and all T € R

lim sup dist(U,(t,7)B, As) = 0.

t—o00 Pr=p))

2) /Tg s contained in any other closed and uniformly attracting set.
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Definition 1.2.6. We say that {U,(t, T)}}i>r>0,0ex is uniformly asymptotically compact if for
any {uo, } jen bounded in X, any {0;}jen C ¥ and any {t;}jen C Ry such that t; — oo it follows
that

{Us; (t5,0)u0, }jen

18 precompact in X.

In order to show that the uniform attractor for a system exists, one extends the problem to the
previously discussed autonomous case. One defines a semigroup on the space X x X as

S(t)(u,0) = (Us(t,0)u, T (t)o) (2.8)

for any ¢ > 0 and (u,0) € X x X.. Then, a theory of global attractors developed for autonomous
dynamical systems is used and the following theorem on existence of a uniform attractor holds.

Theorem 1.2.2. (See [36]) Let X and ¥ be two Banach spaces. We assume ¥ is bounded.
Let {U,(t, 7) ht>r>0,0ex be a (X x X, X) be a continuous process that possesses a bounded unni-
formly absorbing set B. Moreover, let {Uy(t,T) bi>r>00cx be uniformly asymtotically compact.
We assume {7 (s)}s>0 is an asymtotically compact semigroup of continuous operators in X.
Moreover, we assume (2.7) holds.

Then {Uy(t,T)}t>r>0,0ex possesses a uniform attractor

A =N U UU(toB.

s>00€eXt>s

Pullback attractors When considering nonautonomous dynamical systems, the theory of
pullback attractors seems to be a more natural generalization of the theory of global attractors
than the concept of uniform attractors.

Let us consider an evolutionary process U (a process U - for short) on a metric space X, i.e., a
family {U(t,7) : —oo <7 <t < +0o0} of mappings U(t,7) : X — X, such that

U(r,7)x =z,
and
Ut,7)=U(t,r)U(r,7) forallr <r<t.

Let D be a nonempty class of parameterized sets D = {D(t); t € R} C P(X), where P(X)
denotes the family of all nonempty subsets of X.

Definition 1.2.7. Let X be a metric space. A family A = {A(t): t € R} C P(X) is said to be
a pullback D-attractor for the process U(-,-) in X if

1. A(t) is compact for every t € IR,
2. A is pullback D-attracting, i.e.,

lim dist(U(t,7)D(7), A(t)) =0 for all D€ D and all t € R,

T——00
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3. A is invariant, i.e., U(t,7)A(T) = A(t) for —oo < 1 < t < +00.

The three conditions in the above definition are a generalization of the ones in the Definition
1.2.1 of a global attractor. Let us notice, the pullback attractor satisfies an invariance property
unlike a uniform attractor. Moreover, the concept of a pullback attractor allows to consider
random dynamical systems when formulated in the language of cocycles. It also allows the
nonautonomous term to be quite an arbitrary (not necessarily boundend) in suitable norms,
function of time, cf. e.g., [6], [51] (and also [22] for the random case).

Before we formulate a theorem on existence of pullback attractors, we introduce the definitions.

Definition 1.2.8. Let X be a metric space. It is said that BeDis pullback D-absorbing for
the process U(-,-) if for any t € R and any D € D, there exists a 70(t, D) <t such that

U(t,7)D(t) C B(t) for all T < 10(t, D).

Definition 1.2.9. Let X be a metric space. The process U is said to be pullback D—asymptotically
compact if for any t € R, any family of sets D € D, any sequence T, — —oo and any sequence
Ty, € D(1y,) where D(1y,) € D the sequence {U(t,T,)xy} is relatively compact in X.

Theorem 1.2.3. (See [6]) Let X be a metric space. Let U(t,T) be a process in X satisfying the
following conditions:

(i) U(t,T) is continuous in X.

(ii) There exists a family BeD of pullback D—absorbing sets in X.

(i5i) U(t, ) is pullback D—asymptotically compact.

Then the family of sets A defined by

A(t) = A(B,t) forteR

satisfies the following
Aty = |J AD,t) forteR

Des

and is a global pullback D—attractor for the process U.

Attractors for micropolar fluid equations The development of the theory of attractors
in hydrodynamics started from investigating the dynamical system generated by the Navier-
Stokes equations in two-dimensional bounded domains by Ladyzenska in [31]. Next, the efforts
were done to look into a broader class of problems, e.g. in unbounded two-dimensional domains.
The important article introducing the energy equation method comes from R.Rosa ([42]).

Let us briefly recall the results on long time behaviour of micropolar fluids in the frame of
attractors.

The first article devoted to global attractors for a two-dimensional micropolar fluid flow in a
bounded domain comes from G.Lukaszewicz ([27]). Let us cite the main theorem from the article



14 CHAPTER 1. INTRODUCTION

Theorem 1.2.4. Let  be an open bounded set in R? with a boundary of class C?. Let the
exterior fields be independent of time, with (f,g) € H x L?. Then there exists a unique global
attractor A for the semigroup {S(t)}+>0 in H X Lo associated with the system of equations of

micropolar fluids. The attractor A is bounded in V x H&, compact and connected in H x Lo. It
attracts bounded sets in H X L.

As concerning the global attractors theory for the micropolar fluid flows in bounded domains
in R? with homogeneous Dirichlet boundary conditions, we have the following result on the
regularity of the attractor coming from the paper by J.Chen, Z.M.Chen, B.Dong ([8]).

Theorem 1.2.5. Suppose @ C R? is a bounded domain with smooth boundary 0). Then, for
(f,9) € H x Lo, the micropolar fluid equations admit a global attractor A in the following sense:
(i) A is compact in D(A) x H2,

(ii) A is invariant: S(t)A = A,

(ii3) limy 0o SUP,, B inf__7 [[S(#)uo — ¢llpayx 2z = 0 for any bounded in H x Ly set B.

Let us also mention an important paper on a global attractor dimension estimate by G.Lukasze-
wicz and M.Boukrouche ([3]). In the article the boundary-driven two-dimensional micropolar
fluid flow with free boundary is considered. The authors prove a new version of Lieb-Thirring
inequality with constants depending explicitly on the geometry of a domain.

When considering the micropolar fluid flow in unbounded domains of R?, we have the article
of G. Lukaszewicz, W.Sadowski ([29]). In their paper, authors generalize the energy method
of R.Rosa to nonautonomous magneto-micropolar fluid equations in unbounded domains. The
existence of the uniform attractor is proved.

Uniform attractors for micropolar fluids were also considered by J.Chen, Z-M.Chen, B-Q.Dong
in [13].

At last, pullback attractors for micropolar fluid flows in two dimensions were investigated. In the
article [11] the system equipped with non-homogeneous boundary conditions is considered. The
author proves existence of the Ly—pullback attractor when external forces f(t) € L? (R, V')
satisfy the condition .
| el
—00

for some constant o, and boundary condition ¢ € L>*(9f2). The domain € is Lipschitz and
bounded.

When the forces and moments are translation bounded with respect to Lo in the sense of the
following definition

Definition 1.2.10. A function ¢(s) is translation bounded in L? (R, H x L?) if

loc

t+1
sup [ [e(s)Pds < o
teR Jt

we have the result obtained by J.Chen, B-Q.Dong, Z-M.Chen in [12]

Theorem 1.2.6. If the external forces and moments (f,g) are translation bounded in
L? (R, H x L?), then there exists a H' pullback attractor for the problem (1.4)-(1.6) with ho-

loc
mogeneous Dirichlet boundary conditions.
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1.3 Statistical solutions

The second main part of the thesis (Chapters 7 and 8) is devoted to statistical description of
the two-dimensional
micropolar fluid flow.

When we consider a turbulent flow, namely a flow associated with a large Reynolds number,
sometimes the statistical study of the motion of the fluid becomes more appropriate then consid-
ering individual solutions. In 1894 O.Reynolds began the statistical approach to hydrodynamics
by writing the equations describing the evolution of the mean values of the velocity of the fluid
([40]). However, his equations were not formally derived nor mathematically consistent. First
rigorous statistical description comes form E.Hopf ([21]) who formulated the equation on evolu-
tion of the characteristic functional of certain family of measures. The theorem on existence of
solutions of the Hopf equation was proved later by C.Foias ([19]). The fluid considered in the
mentioned articles was modelled by the Navier-Sokes equations.

The Reynolds equations for micropolar fluid system were considered in papers by G.Ahmadi, e.g.
[1]. Though, the equations for the mean velocity and mean angular velocity were not formulated
in a precise mathematical way there.

There are two ways of defining the statistical solutions. The historically first one comes from
C.Foias ([19]) and is called a spatial statistical solution. It consists of measures y; indicated with
the time variable ¢. Given the statistical distribution of initial data pg, each of the measures p;
is a statistical distribution at the moment ¢ > 0.

The other concept of statistical solutions comes from M.Vishik ([50]) and is a measure supported
on the set of solutions of the system in such a way that its restriction to the time ¢ = 0 coincides
with the initial measure pg. It is called a spacetime statistical solution.

C.Foias and M.Vishik developed the theory of the statistical solutions for Navier-Stokes equa-
tions in two and three-dimensional domains.

1.4 Results of the thesis

In the first part of our work, we investigate a long time behaviour of the deterministic solutions of
nonautonomous micropolar fluid system of equations. In Chapter 4 we consider a heat convection
problem in a two-dimensional domain when temperature of a lower part of a boundary is assumed
to change in time. We prove the existence of the Lo-pullback attractor and estimate its fractal
dimension using a new version of Lieb-Thirring inequality ([3]).

This result is published as the article [47].

Next, in Chapter 5 we concentrate on the existence of a pullback attractor for the nonau-
tonomous micropolar fluid equations in a bounded domain, with homogeneous Dirichlet bound-
ary conditions. We consider initial conditions belonging to Sobolev space H'. A similar problem
was already studied in [12] when external forces and moments were assumed to be translation
bounded in the sense of the Definition 1.2.10. We show that under weaker assumptions on f
and g, namely

t
/ M FIIZ, + g(s)l[Z,}ds < oo for every te R,

—0oQ
for some constant \, the pullback attractor in H' exists.
The result is published as [30].
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Then, in Chapter 6 we continue studying the nonautonomous two-dimensional micropolar fluid
problem and assume the initial conditions belong to H?. Under minimal assumptions on forces
and moments we show the pullback attractor in H? exists. We prove that the mentioned H?2-
attractor is also a unique minimal pullback attractor in the space H'.

To our knowledge the problem of HZ2-pullback attractor for micropolar fluid equations hasn’t
been studied yet.

In the second part of the thesis we investigate the statistical solutions for the two-dimensional
micropolar fluid system in a bounded domain and with homogeneous Dirichlet boundary con-
ditions. We generalise some of the results obtained for the Navier-Stokes equations by C.Foias
([19]), M.Vishik ([50]) and G.Lukaszewicz ([28]).

In Chapter 7 we prove that any measure defined on the phase space is a stationary statistical
solution if and only if it is an invariant measure. We also show that its support is contained in
a global attractor.

Then, we derive Reynolds equations for the autonomous system of micropolar fluid equations in
two dimensions.

Chapter 8 is devoted to the nonautonomous problem. We define a nonstationary solution as a
measure on the whole trajectories, in the way proposed by M.Vishik ([50]). Then we derive from
it a family of measures and show it satisfies the definition by C.Foias ([19]). We also prove that
all the measures have their support on the pullback attractor if only the initial measure does.



Chapter 2

Setting of the problem, the existence
theorems

In this chapter we introduce the set of micropolar fluid equations that we shall work with
throughout the thesis. We give the definitions of function spaces and recall the results concerning
existence of solutions, as well as cite the estimates that we use in the sequel.

2.1 Notations and function spaces

We use the following system of equations proposed by A.C.Eringen and considered by
G.Lukaszewicz in case of two-dimensional domains ([18], [26], [27]),

ou

i (v+vp)Au+ (u-V)u+ Vp =2urot w+ f(t), (2.1)
divu =0, (2.2)

ow
i alw + (u-V)w + dvpw = 2uv.rot u + g(t), (2.3)

where u = (u1(z,t), ug(x,t)), w = w(x, t), f(t) = f(x,t), g(t) = g(x,t) for x € Q C R2
Moreover,

ou ou
rot u = —2 — =% divu =

Our | Ouz dw 0w
Ox1 Oxa’ Ory  Oxy’

rotw=(=—,——=—

81’2 ’ 6901 .

We study a flow of a micropolar fluid in a bounded domain 2 C R? with a C? boundary.
We assume that functions u and w satisfy homogeneous Dirichlet boundary conditions, namely

u=0, w=0 on 9N X [r,00) (2.4)

for some 7 € R.
The initial conditions will be denoted by

u(z,7) =uo(x), wx,7)=wo(x). (2.5)

17
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Now, we define precisely function spaces that u, w, f and g belong to. Chapter 4 is an exception
and has its own notations, since it is devoted to a bit different problem of the heat convection
in a micropolar fluid.

We denote the usual functional space L?(Q2) by L? with a scalar product indicated by (-, -).
By H™ for m = 1,2, we mean the Sobolev spaces H™(2) of functions having weak derivatives
up to order m that are square integrable in 2, with the norm

1/2

fullge = | 30 1§Lﬂumn%m

laj<m

The space H} denotes the Sobolev space H{(£2) that is a closure of the set of smooth functions
with a compact support (C3°(€2)) in the norm

Hmmg—(xgvmmﬁm)”3

V ={ueC)?: u=(u,u),divu=0}.

We define the space

Then, H and V indicate the functional spaces

H = closure of V in L? x L?,

and -
V' = closure of Vin H& X H(i

respectively.

By LP(0,T; X) we mean the space of strongly measurable functions on the interval (0,7") with
values in a Banach space X.

The space C([0,7]; X) denotes the space of continuous functions on [0,7] with values in a
Banach space X.

2.2 Operators and inequalities

First, let us define the Stokes operator denoted by A.
Let © be a bounded set with the boundary of class C2. Let P be an orthogonal projector
P :L? — H. The operator A is defined as

A= —PA. (2.6)
The domain of the operator is equal to
DA ={ucH: Auc H} = H>NV. (2.7)

It can be shown that the Stokes operator A : D(A) — H is positive and self-adjoint. Its
eigenfunctions form an orthonormal basis of the space H and the sequence of its eigenvalues
{A\i}52, is positive and tends to infinity

O0< A< Xg<...— 0.
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Now, let us introduce the notion of trilinear forms b(u, v, w) and by (u,w, V).
b(u,v,w) = / [(u- V)v]wdx = ”z:l/ Ui o2, w]d:zc

where u, v, w €V,

bl(u,w,w):/[(u V)w wdﬂI:—Z/uZ -y,

where v € V and w, 9 € H&.
It is easy to see that the forms have the property

b(u,v,w) = —b(u,w,v),
bl(u)wvdj) = *bl(u)wvw)v

for functions belonging to appropriate spaces as in the definition of b and b;. The equalities
above imply the following ones

b(u,v,v) = 0, (2.8)
bi(u,w,w) = 0.

In the sequel, we shall use some estimates b and b; that are valid in two-dimensions. We gather
them in the lemma below.

Lemma 2.2.1. ([48]) Let b and by be the trilinear forms defined as above. Then

1/2), 11/2 1/2H H1/2

1w, v, w)| < 2[[ul| 5 lal 2ol ][]
for u,v,w €V,
1/2 1/2 1/2
1b(u, v, Aw)| < V2|l |1, |Jully/ 1ol | Aol | Aw] |,
and
1b(u, v, Aw)| < 2| |ul[3y 2 [ullv/ o] 1] Av] 17| Aw| |,
foru eV, v,w e D(A),
1/2 1/2
1b(u, v, w)| < 2[ul |12 Aul [} o] v |[w] |,
forue D(A),veV and w € H.
1/2 1/2 1/2 1/2
b2ty w0, 9) | < 2Jul[57 Ful /] e g |41 2146
foru eV, w,y € HE,
1/2 1/2
b1 (u, w0, )| < 2l 37| Aul 37 || 21| o
foruw € D(A), w,€ H, and v € Lo,
b1 (11, w, — 20| < 2 a7 | Aul [ el s || A0 o

foru € D(A), w,€ H}, and ¢ € H?.
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We associate operators B: V xV — V' and By : V x H& — H~! with the trilinear forms b and
b1, respectively.

(B(u,v),w) = b(u,v,w),
(B1(U7Wa¢) = bl(“?"‘)aw)'

2.3 Existence results and estimates

Before we recall the known results on the existence and regularity of the solutions of the equations
(2.1)-(2.5), we formulate the definition of the weak solution for the problem.

Definition 2.3.1. Let f € L*(7,T;H) and g € L*(,T; L?) for some 7 € R and each T > 7.
Moreover, ug € H and wy € L?.
A pair of functions (u,w) is called a weak solution of the problem (2.1)-(2.5), if

w e O([r,T); H)N L*(1,T;V) for eachT > 7, (2.9)

we C([r,T); L3 N L*(1,T; HY) for each T > T, (2.10)

where u and w satisfy the initial conditions u(T) = up, w(T) = wo and

d

73 (W(t),0) + (v + 1) (Vu(t), Vo) + b(u(t), u(t), ) = 2 (rotw(t), @) + (£(t), ), (2:11)

for any o €V and

E(W(t), ¥) + a(Vw(t), Vip) + b1 (u(t), w(t), ) + dvp(w(t), ¥)

dt
= 2up(rot u(t), ) + (9(t), ), (2.12)

for any ¢ € H}.

Now, let us formulate the theorem on existence of weak solutions in the sense of the above
definition.
We have, c.f., [27], [53]

Theorem 2.3.1. Let ug € H and wy € L?, f € L*(7,T,H) and g € L*(1,T, L?) for some T € R
and aoll'T > T.

Then the problem (2.1)-(2.5) possesses a unique global in time weak solution (u,w) in the sense
of the Definition 2.5.1.

Moreover, for all s, T such that T < s < T we also have
u € L*(s,T;H?) and w € L*(s,T; H?). (2.13)

For each t > T the mapping (ug,wo) — (u(t),w(t)) is continuous as a mapping in H x L.
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If we assume that ug € V and wo € H}, the weak solution (u,w) additionaly satisfy
ue C([r,T); V)N L*(r,T;V N H?), (2.14)
we C([r,T); H) N L*(r,T; HE 1 H?) (2.15)
for allT > 7.

We also recall the result on the weak solutions of our problem when ug € D(A)
and wy € (H2N H}). We have (as a corollary from Lemma 2.1 in [39])

Theorem 2.3.2. Let ug € D(A), wo € H2N HE, and f € WY2(r, T, H), g € WY3(r, T, L?) for
some T € R and any T > 7. Then the weak solution (u,w) of the problem (2.1)-(2.5) satisfies

Au € L*®(r,T; H) N Lo(7,T,V),

Aw € L*(1,T; La) N Lo(7, T; HY),

Ut Aut S LZ(T, T, V’),
wit, Dwy € L2, T,H ).

for any 7 > T.
Moreowver,
weCNr,T,H), weC\(r,T,L?) (2.16)

for any T > 1.

Now, we shall the energy estimates on the weak solutions of the problem (2.1)-(2.5) derived in
[27].

Lemma 2.3.1. Let us assume ug € H and wo € L?, f € L*(r,T,H) and g € L*(1,T, L?) for
some T € R and all T > 0.
Then the following first energy estimate holds

%(HU(S)H?{ +lw(s)I[Z,) + 2k (Ju(s)[} + llw(s)F) < 2((fu) + (g9, w)). (2.17)

and

d

25 () + [wGIIZ) + Fa (@I + o)) < ksl )l + llg()lZ,),  (218)

11
VAL an

where k1 = min{v,a} and k3 = maz{ } (M1 and my are first eigenvalues of Stokes and

—/\ operators, respectively).

Moreover,
—k
w7, + @Iz, < e (lluollZ, + llwollZ,)

t
ke [N, g )ds (219
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where ko = min{vAi,am} and t > T.
The second energy inequality holds
d 2 2 2 @ 2
75 )y +llw()[[5) + vilAuls)lle + Sl Aw ()],
< H(s)([us)I[} + Nlw ()l + F(s)), (2.20)

where
H(s) = C(|[u(s)[[F[[u(s)[IF + [[u(s)][Hllw ()17, + 1)
and

F(s) = N5+ 2lg(s)Ra,

and the constant C depends on |Q], n, a, v, vy.

Furthermore,

%(HU(S)H% +llw(s)l[7n) < Hs)(luls)[[f + [lw(s)][7) + F(s)- (2.21)

Moreover, we shall need the energy-type inequalities on the time derivatives of u and w.

Lemma 2.3.2. Let ug € H and wo € L?, f € L?>(1,T,H) and g € L*(1,T, L?) for some T € R
and all T > T.
Then the weak solution for the problem (2.1)-(2.5) satisfies

lue [ + w7, < el ey + @ znm + 1AOIE + la®llZ, (2:22)
+ fFOE + N7, + 1)efT Hi(s)ds

and

t t
Y Ay (2.23)

t
< (DI + llwe(7)]1Z, +/T Hy(s)(|fuel B + [lwel I2,)ds,
where
Hi(s) = [[ull{, + [lwllz +1,

and c is a constant dependent on the values charactarizing the flow.
Proof. Differentiating (1.4) and (1.6) and multiplying it by u; and wy, respectively we get

%HutH%{ + 2(v + ve) | Jug) [B + 20(ug, w, wg) + 2b(u, ug, ug) = 4vp(rot we, ug) + (frour),  (2.24)
and

d
£’|Wt|\%2 + 2a|]wt\|12qé + 2b1 (g, w, wi) + 2b1 (u, wy, wy) + 8Vr|]wt||%2

= dv,(rot ug,wr) + (ge, we)- (2.25)
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Estimating trilinear forms and using Young inequality, we arrive at

d
el + Nl 2,) + &+ vl B+ allwel
< e (H)(lul + llwel ) + 1113+ llgel 13 )

which implies

d
el + Nl 2,) < ¢ (HL (@) el + el 13,) + 115 B+ 1gel )
where
Hi(s) = [Jull}, + [lwll3 +1
1 174 H&
and c is a constant dependent on the values charactarizing the flow.

Applying Gronwall inequality to (2.27) we obtain

' Hi(s)d
el 3 + llwell, < e (a3 + w13, + 1l + [gel3,) el P,

Moreover,

llue(m) 1z + e (Do < c(1F Ol + g(T) 2o + () Deay + oDz +1)-

These two together lead to (2.22).
In order to obtain (2.23), it suffices to integrate (2.26) over time.

23

(2.26)

(2.27)

(2.28)

(2.29)
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Chapter 3

Pullback attractors

3.1 Introduction to the notion of the pullback attractor

In Chapters 4, 5 and 6 our aim is to study the long-time behaviour of weak solutions of micropolar
fluid equations by using the theory of pullback attractors. This theory is a natural generalization
of the theory of global attractors developed to study autonomous dynamical systems (c.f., e.g.,
[48], [41]). It allows to consider a number of different problems of nonautonomous dynamical
systems and random dynamical systems (including some stochastic differential equations) in
the same framework of a cocycle formalism (c.f., e.g., [4], [7], [43], [16], [17]). In the case of
nonautonomous differential equations theory of pullback attractors has an advantage over the
theory of uniform attractors (c.f., e.g., [14], [29], [53]) allowing the nonautonomous term to be
quite an arbitrary, neither bounded nor uniformly bounded in suitable norms, function of time,
cf., e.g., [6], [51] (and also [22] for the random case).

3.2 Basic definitions and abstract results

In this section we recall some basic notions and then formulate a general result about existence
of pullback attractors.

Let us consider an evolutionary process U (a process U - for short) on a metric space X, i.e., a
family {U(t,7): —oo < 7 <t < 400} of mappings U(t,7) : X — X, such that

U(r,7)x =z,
and
Ut,7)=U(t,r)U(r,7) forallr <r<t.

Let D be a nonempty class of parameterized sets D = {D(t); t € R} C P(X), where P(X)
denotes the family of all nonempty subsets of X.

First, we recall what we mean by a pullback attractor for the process U.

Definition 3.2.1. Let X be a metric space. A family A = {A(t): t € R} C P(X) is said to be
a pullback D-attractor for the process U(-,-) in X if

1. A(t) is compact for every t € IR,

25
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2. A s pullback D-attracting, i.e.,
lim dist(U(t,7)D(7), A(t)) =0 for all D €D and all t € R,

where dist(Y, Z) = sup,ecy inf.ez ||y — 2| x.
3. A is invariant, i.e., U(t,7)A(T) = A(t) for —oo < 7 <t < +00.
Moreover, we call A minimal if for every family C' = {C(t); t € R} C P(X) of closed sets such
that lim,_, o, dist(U(t,7)B(7),C(t)) = 0, it is A(t) C C(¢t).

In this section we shall present two theorems on existence of pullback attractors. Before we do
this, we need to recall certain definitions. Let us mention some of the definitions hold in an
arbitrary metric space and some require X to be a Banach space.

Definition 3.2.2. Let X be a metric space. It is said that BeDis pullback D-absorbing for
the process U(-,-) if for any t € R and any D € D, there exists a 79(t, D) <t such that

U(t,7)D(t) C B(t) for all T < 70(t, D).

Definition 3.2.3. Let X be a metric space. The process U is said to be pullback D—asymptoticaly
compact if for any t € R, any family of sets D € D, any sequence 1, — —00 and any sequence
xn € D(1y,) where D(1,) € D the sequence {U(t, y)xy} is relatively compact in X.

Definition 3.2.4. Let X be a metric space. For every D € D we can define the omega-limit set

ofﬁ by
=Y ut D)

s<t 7<s

Definition 3.2.5. Let X be a metric space. Let B be a monempty bounded set in X. The
Kuratowski measure of noncompactness of the set B [23] is defined by

a(B) =inf{d : B admits a finite cover by sets of diameter < }.

Definition 3.2.6. Let X be a Banach space. A process U(t,T) is said to be norm-to-weak
continuous on X if for all t,7 € R with t > 7 and for every sequence (x,) € X,

xTn — x  strongly in X = U(t, 7))z, — U(t,7)x  weakly in X.

Definition 3.2.7. Let X be a Banach space. A process U (t, T) satzsﬁes the pullback D-flattening
condition if for anyt € IR, DeDande > 0, there exists 1o = TO(D t,e) and a finite dimensional
subspace X1 of X such that for a bounded projector P : X — X1,

P U U(t,7)D(1) is bounded in X

7<70
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and

(I-P)| | Ut,7)D(r) | c B(0,e) C X,

T<70
where B(0,¢) is a ball in X, centered at 0 and with radius ¢.

Now, we state two theorems on existence of pullback attractors. The first one holds in any
metric space X, while the second one uses the stronger assumption on the space, namely X is
a uniformly convex Banach space.

Theorem 3.2.1. [6] Let X be a metric space. Let U(t,T) be a process in X satisfying the
following conditions:

(i) U(t,T) is continuous in X.

(ii) There exists a family BeD of pullback D—absorbing sets in X.

(11i) U(t, T) is pullback D—asymptotically compact.

Then the family of sets A defined by

A(t) = A(B,t) forteR

satisfies the following
Aty = |J AD,t) forteR
Des

and is a global pullback D— attractor for the process U. Moreover, it is minimal.

Theorem 3.2.2. [25] Let X be a uniformly convex Banach space. Let U(t,T) be a process in
X satisfying the following conditions:

(i) U(t, ) is norm-to-weak continuous in X.

(ii) There exists a family B of pullback D-absorbing sets in X.

(i3) U(t,T) is pullback D-limit-set compact.
Then there exists a minimal pullback D-attractor Ain X given by

Aty =w(B.t) = J U(t.7)B(r). (3.1)

s<tT<s

In the case of a uniformly Banach space, the following result is very useful to check the (i)
condition of Theorem 3.2.2.

Theorem 3.2.3. [/3] Let X, Y be two Banach spaces, X*, Y* be respectively their dual spaces.
Assume that X is dense in'Y, the injection i : X — Y is continuous, its adjoint i* : Y* — X* is
dense, and U is a norm-to-weak continuous process on'Y . Then U is a norm-to-weak continuous
process on X if and only if for any T € R, T > t, U(7,t) maps compact sets of X to bounded
sets of X.

The next theorem gives a condition which is equivalent to condition (ii) in Theorem 3.2.2.

Theorem 3.2.4. [52], [25] Let U(t,T) be a process in a uniformly conver Banach space X.
Then the following conditions are equivalent:

(a) U(t,T) is pullback D-limit-set compact.

(b) U(t,T) satisfies the pullback D-flattening condition.
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Theorem 3.2.1 is a general theorem on existence of pullback attractors and holds in any metric
space. However, its assumptions may be hard to check. Since, in the following chapters we are
interested in the existence of pullback attractors in Hilbert spaces, Theorem 3.2.2 together with
the results stated in Theorems 3.2.3 and 3.2.4 will be more useful.

In the case of the uniformly convex Banach space X the strong assumption on the continuity
of the process can be weakened to the obviously less demanding ”norm-to-weak” continuity.
Moreover, Theorem 3.2.3 gives a technically easier condition to check.

When working in a uniformly convex Banach space, we can also replace the assumption on
pullback asymptotical compactness with the pullback flattening condition. Let us mention, the
last one requires deriving estimates similar to the ones in the proof of the existence of the
pullback absorbing sets.



Chapter 4

Pullback attractor in Lo for a heat
convection problem

In this chapter, we are interested in the behaviour of the fluid layer filling the region between
two rigid surfaces. The fluid is heated from below. We assume the temperature on the upper
surface is constant and on the lower one it can change in time. We shall observe how these
changes influence the behaviour of the fluid. We also show how the geometry of the domain
influences the dimension of the attractor. To describe this phenomena we consider equations
describing the model of the micropolar fluid and the equation describing heat convection ([27],

[18], [20]).

A similar problem was already dealt in [46], where the temperature of the lower surface
was constant and the geometry of the domain was different. In the situation we work with
throughout this chapter, a non-autonomous system of PDE arises and that is why we apply the
theory of the pullback attractors.

In the beginning we recall the equations describing the problem (since we add the heat
equation here). Next, the notation and functional setting is introduced. Section 4.3 is devoted
to showing the existence and uniqueness of global in time solutions. That allows to define
the process associated with the equations. In Section 4.4 we prove that there exists a pullback
attractor, the fractal dimension of which is estimated in Section 4.5. In estimating the dimension
of the attractor a version of the Lieb-Thirring inequality taken from [3] is used.

4.1 Formulation of the problem

Heat convection in a micropolar fluid in R? is described by the following system of equations
(following [27], [18], [20]):
up— (v +v)Au+ (u- V)u+ Vp =2prot w+ ea(T —Th)
divu =0
wp — alw — Vdiv w + (u- V)w + dv,w = 2u,r0t u
Ti+ (u- V)T — kAT =0

where u = (uq, ug,us3) is (as previously) the velocity field, p is the pressure and w = (w1, wa,ws3)
is the microrotation field interpreted as the angular velocity field of rotation of particles of the

29
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fluid.
T describes the temperature of the fluid and 77 is the temperature on the top surface. The
constant x represents thermometric conductivity. A vector ey is equal to (0,1).

We shall consider a micropolar fluid filling the region Q C R? (with an interpretation that
was introduced in the Introduction already).
Hence, in such a simplified situation we have v = (u1, u2), w = w3 and

ur — (v +v)Au+ (u- V)u+ Vp =2v,rot w+ ex(T —Th) (4.1)
divu =0

wr — alAw + (u - Vw + dv,w = 2v,r0t U (4.2)

T, + (u- V)T — kAT = 0 (4.3)

in the domain Q = {z = (z1,22): 0 <21 < L, 0 < 22 < h(z1)} where h is a positive, smooth,
L-periodic function in z;.

Let us also denote 092 = I'gUI',UI'1, where I'g is the bottom, I'y is the top and I' - the lateral part
of 092. We consider the problem described by (4.1)-(4.3) with the following boundary conditions
on I'g and I’y

u=0, w=0, T=Ty(t) on Ty,

u-n=0, n-o(u,p)-7=0, w=0, T=0 on Ty (4.4)

where 7 and n are, respectively, tangential and normal components of the unit outward normal
vector to the boundary. Tensor described by o(u,p) is the Cauchy stress tensor defined as
8ui 8uj

— pdij.
a$j+8l‘i) Poi;

ij(u,p) = (v + vr)(
The function Tp(t) is a positive function of time.

On I', we have periodic boundary conditions, namely

p|x1=0 - p’l’lsz u|x1:0 — u|x1:L7 w|x1:0 - w|$1=La T|x1:0 - T|:B1=La

Uy |x1:0 = Uy, ’x1:L7 Wy |x1:0 = Wgq |.’171=L7 T:c1 ’56120 = Txl |301:L7 (45)

We consider the problem with the initial conditions
u(z, 7) = uine(z), w(x, T) = wint(x), T(z,7) = Tint(x) (4.6)

for x € Q.

For our purpose it is more convenient to reformulate the above problem by homogenizing the
boundary condition for 7. Therefore we will introduce a smooth background function 6(xs,t) in
the way that will be described later. Then we can decompose 1" as

T(ajl,l‘g,t) = e(xg,t) + T(l‘l,xg,t)

where 6(0,t) = Ty(t) and 6(h(z1),t) = 0. As a consequence T has homogeneous boundary
conditions on I'g and I'y, that is T'(x,t) = 0 when x € Ty UT;.
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Introducing the above procedure our problem is described by the following set of equations

ug — (v 4+ 1) Au+ (u- V)u + Vp = 2,70t w + €2 + eoT (4.7)
divu =0

w — alAw + (u - Vw + 4w = 2v,r0t U (4.8)

Ty + (u- V)T — KAT + ugbyy = K0y, — Oy (4.9)

with the following boundary conditions

u=0, w=0, T=0 on Iy,

u-n=0, n-o(u,p)-7=0, w=0, T=0 on I (4.10)
and initial conditions
u(z, 7) = uine(z), w(x,T) = wint(x),
T(x,7) = Tine(z) — 0(x2,7), (4.11)

where x € Q.

4.2 Functional setting and weak solutions of the problem

In this section we introduce the functional setting of the equations (4.7)-(4.9) and formulate the
definition of weak solutions of the considered problem. We shall use the same letters describing
the spaces or constants as in the general case (and which mean clearly something different) but
we hope it will not cause any misunderstandings.

Let

V={uecC®0?: divu=0inQ; ur, =0, wnp, = 0 ulzy =0 = tley=r, Uazy|e1=0 = Uz, |2,=L},

‘72 = {w € COO(Q) : w‘FoUFl = 07 w|.’£1=0 = w‘an:[n w:}c1|x1:0 = ww1|$1:L}7
Now we introduce the spaces H, H? and V, H' as follows

H = closure of V in L?(Q)?, H® = closure of H' in L?(Q),

V = closure of V in H'(Q)2, H' = closure of V5 in H'(Q).

The spaces H and H? are Hilbert spaces with the scalar products defined as
(u,v) = /Qu(m)v(x)dx, u,v € H or H.

Also V and H' are Hilbert spaces with the following scalar products

((u,v)) = /Qu(x)v(x)dm + /Q Vu(z) - Vou(z)de, u,v €V or H'.
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Let us notice that because of the homogeneous on I'y boundary conditions we have the
following Poincaré inequalities:

1
ullz, < \/T»IHWHLQ forueV, (4.12)
1 1
wl[z, < TAHWHLQ Jforwe H-, (4.13)
- 1 - -
IIT||L, < ﬁuvmh forT e H'. (4.14)

Hence, the expressions ||Vul|r,, |[Vw||L, and ||[VT||1, are equivalent to the norms generated by
the scalar products in V and H', respectively.

Let us introduce the following notation: H = H x HY x H and V =V x H' x H".

Now, we introduce the definition of the weak solution of our problem that we shall work with
throughout the rest of the chapter devoted to the heat convection problem for the micropolar
fluid equation.

Definition 4.2.1. Let winy € H, wins € H® and (Tipy — QN(T)) € H°. By a weak solution of the
T)

problem (4.7)-(4.11) we mean a triple of functions (u,w,T) such that:
uw e C([r,T); H) N L*(t,T; V), T >,

we C([r,T); H) N L*(r, T; HY), T>rT,

T e C([r,T); H®) N L3(, T; HY), T>r,

satisfying u(T) = Uint, W(T) = Wint, T(T) = Tint — 0(7) and such that

d

a(u(t), o)+ (v + ) (Vu(t), Vo) + bi(u(t),u(t), d) = 2v,(rot w(t), ¢) (4.15)

+(629(t), ¢) + (€2T(t)v ¢)

for ¢ €V,
%(w(t), V) + a(Vw(t), V) + ba(u(t), w(t), ¥) + dvp(w(t), v) = 2vp(rot u(t), v) (4.16)
for € HY,
%(T(t), X) + ba(u(t), (), x) + £(VT (), V) = —(u2(t)0(t)zs, X) (4.17)

—R(0()zss Xa) = (0(8)2; X)
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4.3 Existence of the solutions of the problem

In order to show that the pullback attractor for our problem exists we need to know that the
set of equations (4.7)-(4.11) have a unique and global in time weak solution.

We have the following existence theorem.

Theorem 4.3.1. Let Ty(t) be a bounded locally Lipschitz positive continuous function. Then
there exists a unique weak solution of the problem in the sense of Definition 4.1. Furthermore,
the mapping (Wint, Wint, Tint) — (u(t),w(t),T(t)) is continuous in H.

Proof: First we will look more carefully at the background function 0(xs,t).

Lemma 4.3.1. For allt € R there exists a smooth extension 0(x2,t) of the boundary condition
To(t). The extension is such that

| b2 (us,0,T) |< VEar [[ully - || T (4.18)
where ki = min{2a, v}
Proof. Let hg = ming<y, <z, h(x1) and

6@2{ 2 if | Tolt) 1< VER/(2ho),
VEir/(ho | To(t) ) if | Tot) [> VEir/(2ho).

Let us take a smooth nonincreasing function p : [0, 00) — [0, 1] such that
p(0) =1, supppC[0,1/2], maz|p'(s)|< V8.
Now, we can introduce our extension
02, 1) = To(t)ploz/ (hoe(t))).

It is easy to see that such a function is L-periodic in the e direction and satisfies the following
boundary conditions: 6(0,t) = Ty(t) and O(h(x1),t) = 0.
Next we will show that (4.18) is valid. We have

~ u ~ u ~
| ba(uz,be1,T) |=] bz(éaT7$2961) |< H;QHLQHVTHLQHJJW(@:t)HLoo(Q)-

Due to the Hardy inequality

L ph(z1) b
U |9 u(z1,22) |9
— <4 ——=> |“ dxodxy.
”332HL2_ /o /o | 0w " dwzdzy

From the way of constructing our extension we can see that

hoe VEkik
2262, )l () < 55 | Tol0) 1< 5
which finishes the proof of the lemma. O

In order to prove Theorem 4.1 we will show a priori estimates for suitable norms of functions
u, wand T'.
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A priori estimates for v and w: Let us take the scalar product in H
of (4.7) with u. We get

d -
%HUH%{ +2(v 4+ v)|[ul[} — dvp(rot w,u) — 2(exT, 1) = 2(e20, ) (4.19)

since by (u, u, u) = 0.

We can estimate the expression 4v,(rot w,u) in the following way

4V7»(7’0t w, u) = 4V7”(wa rot u) < 4Vr|’w”%2 + VrHTOt u”%g = 47/7“”"””%2 + VTHUH%/
Next, using the Young inequality we arrive at
d 1 ~ 2 )\1V
el + @+ vl < allolit, + IR, + Allullt, + 5910, + 32 el

and in view of the Poincaré inequality we get

d

dt

1 1 = 2
el + G+ vl < avnllol, + S ITIE, + ol (420)

Now, let us consider the scalar product in H" of (4.8) and w.

d 2 2 2

%||w||L2 + 2a||w||7 + 8vr||wl| 7, = 4vp(rot u,w). (4.21)
After estimating certain expressions in a similar way as above we come to

d
@HwH%Q +2allwllf + 4vllwllz, < vellullf. (4.22)

Adding (4.20) and (4.22) we arrive at

d 2 2 v 2 2 L sn2 2 2
%(HuHLg HWIL,) + Sllullv + 2a]|wfzn < VTIHT”M + VTIIIGIILQ-

Denoting ki = min{2a, 1v} we have

d 2 2 2 2 1 (12 2 2
g Ulllz, + 1wllz,) + R ([fully + [lwll) < T)\IHTHLQ + 7\1||9HL2- (4.23)

A priori estimates for 7 : Now, let us take the scalar product in H° of (4.9) and T Tt
gives us

d - N - - _
STIR, + 261113 = ~26(60s, Tos) — 2060, T) = 2D (12,0, ). (4.24)

Now, we need to estimate the terms on the right-hand side of the above inequality. We proceed
in the following way. First, we have

. . 1 -
2 | Oy, Tuy) [< 26010 g1 - || T |1 < 4]10]71 + ZHHTHfm
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and

- ~ 1 - 4K 1 =
2[ (0, T) |< 2010|2, - [IT| 2, < HetHLzﬁHTHHl < 11012, + AT
To estimate the last term in (4.24) we use Lemma 4.1 which gives us
a n 3 o 4 Fn2
2| b2(u2,0,T) |< 2V kak [ullv - Tl < Zhallullyv + S 6lIT 7

Therefore we arrive at

d . =0 L2 2 4k 2 3 2

SITIR, + Il T3 < 4nll613 + 551813, + Sl (4.25)
Adding (4.23), (4.24) we have

d 2 2 =112 2 2 =112

2 lllZy +HIWllL, +T1IL,) + ke (llully + lwllzn +[1T117) (4.26)

L 72 2 2 2 4k 2
< ST, + 181, + 4xl81 + SN,
where ko = min{§,ki}.
We still need to estimate the H° norm of a function T. Therefore we will prove the following
lemma.
Lemma 4.3.2. Let u and T satisfy (4.1),(4.3). Let also
0<T(x,7)<To(T) (4.27)

for a.e. © € Q), then
0<T(x,t) <M

fora.e. x€Q, a.e. t > 7, where M = supy¢(;  To(s).
If (4.27) is not assumed, we have:

T(t) = T(-t) + T(-1)
where T(-,t) — 0 when t — oo exponentially in the L?(2) norm and 0 < T < M.

Proof. The proof is based on a maximum principle and is very similar to the one in [20]. ]

Corollary 4.3.1. Lemma 4.2 provides an estimate on ||T)|L,
IT11Z, < 20ITIIZ, +201011Z, < 2u(Q)M +2]|6]|Z, + 8(2)

where §(t) decays exponentially in the L*(Q)) norm ast — oc.
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The above Corollary and the inequality (4.26) give

d - -

Z(lullZ, +1wlIZ, + 1TIZ,) + kol + Nl + 17117 (4.28)
2u() 1

< 2D ar g ol + sl + I, + 50,

Now, we need the following Lemma to estimate the terms on the right-hand side of the above
inequality.

Lemma 4.3.3. Let 0(x2,t) be the function defined as in the proof of Lemma 4.1. Then we have

10, )13, < LhoT3(0), (4.20)
0
102, (2, 1)[|7, < 4Lh(§’€(t) (4.30)
6oz, )1, < Lhaclt)(| T3() 2 +16(5 22T 0) (431)

for almost all t € R.

Proof. From the definition of 6 we see that | 6(z2,t) |<| To(t) | and
supp 0(xa,t)er C [0, L] x [0, hg]. Therefore we have (4.29). Let us also notice that

| Oz, (22, 1) |* d |
Q

_ To@) o E i T2 o T3 (t)
ey | L), 1P Gae) e =4 o

which gives (4.30). Finaly

| 6, |<| TH(t) |p(h0x:t))+ | To(t) | ng;g; | Ip’(hoe(t)) -

Hence we have

hge(t)

2 €t
[rotesn Par<on [T 1750 P r6(Sh? | 1) Pz
Q 0 €(t)
from which we arrive at (4.31). O
Now, in view of (4.28) and the previous Lemma we get
d 3 3
@(HUH%Q iz, + IT1Z,) + k2 llully + lwllF + T < F(2) (4.32)

for almost all ¢, where

F(t) = Clhy, k5, Q)1+ M + T3 (0)+ | Tg(#) )
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Moreover, in view of the Poincaré inequalities we have
%(HUH%Z +wli, + [1T112,) + 20 (ullZ, + 0|2, +IT11Z,) < £(t) (4.33)
where 20 = min{kaA1, kaA}. Therefore, in particular we have
(lu@)l[Z, + lw@Z, + ITONZ,) < e ([u)lE, + W@, + ITOIZ,)  (4.34)

t
+/ e?C70 f(s)ds.

The remaining part of the proof of existence is based mainly on the energy inequality (4.32)
and uses standard Galerkin approximations and compactness method.

Uniqueness of the solutions To show that the solutions are unique and depend contin-
uously on the initial conditions we assume (u1,wr,T1) and (u2,ws,T2) are two solutions of our

problem. Let us denote (1,w, f) = (u; — ug,w —7w2,7~“1 — Tg). Writing the weak form of our
problem for (@, &, T) and taking (¢, 1, x) = (@, @, T) we arrive at

%Hﬂ(t)!\zm +2(v -+ ) [[A(8) [ + 261 (a(2), ua(2), (1)) = vy (rot @(1), A(t)) + 2(esT(t), T(1))

%H@(t)ll%2 + 20 |w(t)|[7 + 2b2(a(t), w2, 0 (1)) + 8vy||0(t)[[7, = 4vr(rot u(t), ()

GNP, + 2ba(a), To(0), T(0) + 26T}, = ~2(a(1esb, T (1)

We shall use the Ladyzenska inequality ([49])

/2, ((1/2
lollzs < Co@)llel 7101135
which is valid for all v € H! to get the following

1/2 1/2 1/2 1/2
| b (uy v, w) [< CEO Nl [l 2ol v o]l

where u, v, w € V, and
1/2 1/2 1/2 1/2
| ba(u, 0,w) |< CE) a2l 1y ol [l 1wl 37

forueV, v, we H.

Making estimates very similar to the ones already done we arrive at
d _ _ ~ O' _ _ =
ZaOIL, + BOIIZ, + ITOIL,) + S (E@IIZ, + @@, + 1TOIIZ.)

< (2, k) (lua (DI + ) 3 + 1B OIB) (@03, + 2@}, + ITOI,)-
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Since (4.32) assures us about the local integrability of (|Juz(t)||3 + [|w2(t)]|3: + |\T2(t)||§{1),
we use the Gronwall lemma to get

(a1, + 12O, + ITOIE,) < (I, + eI, +ITOIR,)  (439)
exp(= [ (2= Ok (lua®IF; + o)y + 1 Ta(e) o))

Let us notice that the above inequality gives us both the uniqueness of the solutions and the
continuous dependence on the initial data.

4.4 Existence of a pullback attractor for the problem

In view of the previous section we can define the process associated with our problem (4.7)-(4.11)
as:

U(t,m)vo = v(t;T,v0) for T <t (4.36)

where vy = (ug,wo, Tp) € H and v(t;T,v9) = (u(t),w(t), T(t)) is the solution of the problem in
the sense of Definition 4.1.

The property U(t, 7)vg = U(t, s)U(s,T)vg for 7 < s <t and vy € H follows from the uniqueness
of the weak solution.

Later, we will need the following property of the process U.

Proposition 4.4.1. Let {vg, } — vy weakly in H. Then
U(t,m)vo, = U(t,T)vg inH, forallt>rT.

Proof. The proof is very similar to the one in [29], so we omit it. O

Since in this section we want to prove the existence of a pullback attractor for our problem
in the space H, we will use the Theorem 3.2.1. Before we do this, we need to define what family
of parametrized sets D we shall use.

Let us consider the set R, of functions r : R — (0, c0) satisfying

lim e7'r%(t) = 0.

t——o00

Now, let D be the family of parametrized sets
D = {D(t);t e R} Cc P(H)

that satisfy
D(t) € B(0,r5(t))

for some 75 € R,.
Let D, denote the class of all such families.

Then we have the following theorem on existence of a pullback attractor for the process (4.36).
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Theorem 4.4.1. Le Ty(t) be the bounded, locally Lipschitz continuous function satisfying

t
/ e7 | TY(s) 2 ds < oo (4.37)

— 00

for allt € R.
Then there exists a unique pullback D,— attractor for the process U defined by (4.36).

Proof. Let us notice that in view of the Theorem 4.3.1 the mapping U(¢,7) : H — H is contin-
uous, which is a first assumption for the process in Theorem 3.2.1.
Let us fix the family of sets D € D,.

In view of the energy estimate (4.34), for all vg € D(7) and all ¢ > 7 the following inequality
holds

¢
HU(t,T)v()H% < e*U(t*T)T%(T) + e"t/ e"sf(s)st (4.38)

which right-hand side is finite due to (4.37).

If we denote .

R2(t) = 2€_Ut/ e° f(s)%ds

—00

we obtain a family of balls
Bo(t) = {v e H: ol < Ro()}

where B, C D, and B, is pullback D,-absorbing for the process U(t, 7).

In order to prove the existence of the pullback D,-attractor for the process U, we need to
show that the process U is pullback D,-asymptotically compact.

Let a family of sets D € D,, t € R and sequences 7, — —oo and vg, € D(7,) be fixed. We will
show that having a sequence {U (%, 7,)vo, } we are able to choose a subsequence {U(t, 7y, )vo,, }
which converges in H.

We have already shown that the family Ea is pullback D,-absorbing which means that for each
integer k > 0 there exists a 75(k) < t — k such that U(t — k,7)D(7) C Bs(t — k) for every
T < 15(k).

Then, by the diagonal procedure we can extract a subsequence {(7y,,v0,,)} C {(7n,v0,)} and
a sequence {zj : k > 0} C H such that z; € B,(t — k) for all K > 0 and

U(t — k,7n,)v0,, = 2r  inH. (4.39)
Taking into account Proposition 4.4.1 we conclude that

zo = weak lim U(t, 7, )vo,, = weak lim U(t,t —k)U(t — k,7y,)vo,,

n;—00 n;—00

=U(t,t — k) weak lim U(t — k,my,)vo,,

n;—oo

where the weak lim is a weak limit. We arrive at

Ut,t —k)zx =20 forall k> 0. (4.40)
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Then we have
20| |7 < lim inf |[U (¢, 7, )vo,,, ||+ (4.41)
n;—00

because of the lower semi-continuity of the norm.
To prove that U(¢t, Tnl)Uonl converges strongly to zg in H, we have to show that

llz0ll# = lim [|U(, 7, )v0,, |17 (4.42)
n;—00

remembering about the weak convergence that we already have. Taking into account (4.41) we
only need to prove the following

|20l = limsup [[U(E, 72, )vo,, |- (4.43)

n;—oo

We shall use the energy equation method introduced in the context of the Navier-Stokes equa-
tions by R.Rosa in [42] and then generalized in [36] and [5] to nonautonomous systems.
Let us notice that adding (4.19), (4.21) and (4.24) we can write the result in the following way

%(HW)H%Q +llw@IIL, + ITOIZ,) + o(lu@)l[Z, + lw®IIZ, + ITOIIZ,)
= (F,v(s)) = D(v(s),v(s))

where v = (u,w,T) and

D(v,v) = 2(v + v,)|[ull}, + 2al|wl[Fp + 26[ T3 — o (l[ullZ, + [l][Z, + 1T1]Z,)
+8u,||lwl|7, — 4vp(rotw, u) — 4v,(rotu,w) — 2(eaT,u) — 2(U2¢‘x2,T), (4.44)

and

(F,v) = 2(e20,u) — 2604y, T}p) — 2061, T). (4.45)
Therefore we have
lu()[[7, + o7, + ITONZ, = T (lu(@IIF, + lwIIF, + I1T()]17,)
+ / t e”C((Fu(s)) — D(v(s),v(s))).  (4.46)
Let us notice that because of the semigroup property of the considered process we have
U (¢, 7 )0, |17 = U (¢, = K)U(t = K, 7, )00, |17

t
= GJ(T_t) | |U(t - kv Tnl)vom ||3‘[ + / eU(S—t) (F(S)v U(87 t— k)U(t - kv Tnl)UOnl )ds
t—k

t
— /t_k e”CID(U (st — k)U(t — k, 7 )v0,,,, U(s, t — k)U(t — k, 7, Jv0,, )ds.

Now, we need to estimate the upper limit of each of the three expressions on the right.

The first term can be estimated using (4.38). We have
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7 TONU(t — k, 7 00, |3 < e TP RY(E — k).

Now, if we remember that F(s) € L2 (R,V’) we can see that in particular

e?CVER(s) e L2 (t — k. t; V).

Therefore taking into account (4.39) we get

t
lim e?(F(s),U(s,t — k)U(t — k, 7, )0, )ds

t
_ / =D (B (s), U(s, t — k)2)ds.
t

—k

In order to estimate the upper limit of the remaining expression we will look at the second
integral on the right as at the functional

t
Iv(s)] = /t e“G DD (w(s), v(s))ds.

—k

Looking at (4.44) we can see the functional I is convex. Moreover, it is bounded from below
which is easy to see if we reconstruct the estimates that led to (4.33). More precisely, we have

1

D(v,v) > o(|[ull}, + ||wllzp + [IT130) — TMHTH%Q-

Therefore the functional is weakly lower semicontinuous on the space L?(t — k,t; V).

Summing up, we come to

limsup||U (£, 7, )vo,, 12, < e *R2(t — k)
n;—00
t t
—i—/ e"CT(F(s),U(s, t — k)z)ds — / e?CID(U (s, — k)2, U(s, t — k)zp,)ds.
t—k t—k

On the other hand, in view of (4.42) and (4.46) we have

12013 = [V (t,t = k)il = |2kl 1Fe =
t t
—i—/ e?CT(E(s),V (s, t — k)z)ds — / e?CID(U (s, t — k)2, U(s, t — k)2 )ds.
t—k t—k

Therefore we see that

limsup||U (¢, 7, )vo,,, |1, < e 7" Ro(t — k) + |20l — [|2&][3e ™"

n;—00

< e PRIt~ k) + ||zl
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The last inequality is valid for all £ > 0. Hence, letting k£ go to infinity and taking into account

that
t—k

e FRE(t — k) = 2€_Ut/ e? f2(s)ds — 0
—00
as k — 400, we arrive at (4.43) which finishes the proof on existence of the pullback attractor
for our problem.
O

4.5 Fractal dimension of the pullback attractor

In order to estimate the fractal dimension of the pullback attractor for our problem we use the
method of Lyapunov exponents introduced in [9] and generalized for non-autonomous PDE’s in
[24] (Theorem 2.4).

First, we recall the definition of the fractal dimension for a compact subset of a separable real
Hilbert space X.

Definition 4.5.1. Let X be a separable real Hilbert space. Let K C X be compact. Then the
fractal dimension of K is equal

. logN(K,e
dﬂK):‘lLHégzo;e)

Y

where by N(K,e€) we denote the minimal number of open balls in X with radium € that are
necessary to cover K.

Now, we state the main theorem of this chapter.
Let a family of sets A = {A(t) : t € R} denote the pullback attractor for the considered problem.
Then we have the following

Theorem 4.5.1. Let there exist T* € R such that
H Té(t) HLoo(—oo,T*) < 0.
Then for every t € R the fractal dimension of the set A(t) is bounded.
Proof. First, we sketch the idea of the proof.

The method of Lyapunov exponents bases on the fact, that we investigate the evolution of
m-dimensional volumes. We look for the minimal number mg such that the mg-dimensional
volume decays to zero with time.

Hence, we consider a linearized form of our system of equations and introduce the expressions
¢m that depend on the trace of the linearized operator (the precise definition of g, will be
formulated within the proof).

We shall estimate from above the value of each g, by the expression depending on m in order
to be able to choose the smallest mg for which ¢, is not positive.

To start the proof, in view of the theory we use, we have to look at the linearized form of
(4.7)-(4.9).
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Let us denote v = (w, z, %) and introduce the following notation:

- a is a bilinear form defined on V x V as
a(vy,v2) = (v + vp)(Vwy, Vwy) + a(Vz1, Vze) + k(Vi)1, Viba),

- R is bilinear, defined on V x V and
R(v1,v2) = —2vp(rot z1,w2) — 2vp(rot wy, 22) + 4vyp(21, 22) — (e2th1, wa) — (eawy, V),

- B is a trilinear form defined on ¥V x V x V in this way:
B(v1,v2,v3) = b1 (w1, w2, w3) + ba(w1, 22, 23) + ba(w1, Y2, v3).

Now we will introduce operators associated with the above forms.

A continuous bilinear operator B acting from V x V to V' will be defined as
< B(v1,v2),x >= B(vi,v2,x) for vi,va,x € V.

In a similar way we can define linear operators R and A

< R(U)vx >= R(U7X)7

< Av,x >=a(v,x) for v,x € V.

Let us also define the operator Fj

< Fy,x >= (e20,x1) — k(V0,Vx3) — (0, x3) — ba(x1€2,0, X3)-

Now, we consider the linearized problem described by the equation

% = G'(U(s, T)vo, 8) (4.47)

v(T) =g

where

In order to estimate the dimension of the attractor let vy, U(l), .,vy" € H and 7 be fixed. Let
the functions ¢1(s),...0m(s), s > 7 (where ¢; = (w;, 2i,1;)) be an orthonormal basis of the
subspace of H spanned by the solutions of the problem (4.47) , more precisely by the functions
V(85 7,00, V3, -y V(85 T, V0, UTY).

Now, what we have to estimate is the value of

< G'(U(s,T)v0) i, ¢ >= —a(¢i, i) — B(¢i,U(s,7), ¢i) — R(i, ¢i)+ < Fy, ¢ >

where

a(i ¢i) = (v + ) |[wil i + ozl 3 + sllvallz,
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R(¢i, i) = —2vr(rot 2, w) — 2vp(rot wy, z;) + 4wy ||zil[7, — (eawi, ¥y)

= —2u.(rot z;, w;) — 2v.(rot w;, z;) + 4Vr||ZiH%2 - / i(w;)odr,
Q

B(¢s,U(s,T)vo, d;) = /Q((wi'v)“)“’fr/

Q

((ws - V)F)s + / (- V),

Q
< Fy, ¢i >= (eab,wi) — £(V0, Vi) — (01, 9) — ba((wi)2, 0, ).
As in the proof of existence of solutions to our problem we derive the estimate

a(di, i) + R(bi, i) > vl|wil 3 + ol |zl |30 + Kllil |70 — /Q%(wz')zdx-

It is easy to observe we can estimate the last term on the right-hand side of the above as follows

Therefore )

a(¢i, i) + R(@i, ¢1) = wlwill§ + allzil [z + sllillip — 5

We also need to look at the integrals that arise in the form B.
Using the Schwartz inequality we obtain

St =1 [ S Vi< [ 19u] o

where p1(z) = >0, | wi(z) 2.

In a similar way we estimate the second integral

| ib(wi,W,Zﬁ) = /Qi_n;(wi V)w)zi |< /Q | Vo | p1(2) 2 po(2) /2 dee
where pa(z) = Y1, | zi(x) |* and the third integral

’ ibg(wi,i%) = /Qi(wi V)T )i |< /Q (VT | pr ()2 p3(2)2da

where ps(z) = >0, | Yi(z) | .

Using the Cauchy inequality and setting p = p1 + p2 + p3 we get
m
Y B Um0, < V3 [ o Tul +] Vo [ 4| 9T )1/
i=1
< V3llpllz, (lally + Nl e + (1T 0)-

Now, we will use the Lieb-Thirring inequality in order to estimate the term ||p||z,. Before, we
shall recall the theorem after [3].
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Theorem 4.5.2. (Lieb-Thirring inequality) Let ¢; € H (¢; € H®) be an orthonormal family in
L?(Q). Then the following inequality holds:

/(Z¢]2)2 S ClZ/ ‘ V(;Sj ’2 +Cgm+63
Q j=1 j=1 Q

where ¢ = 11 (1 + maxo<s, <1, | B (71) ), co = la((1/L?) + 1/h3))

W (1) 4 ’ 4
cs=1 1+ A (z1)")dx
3 3/Q(h(x1))( (1)%)
and l1,lo,1l3 are absolute constants.

In view of the above theorem we get

/p(a:)Qda: < 3cr Y (will§ + llzal[3 + il [F1) + Beam + 3cs. (4.48)
=1

Next, we also have to estimate the last term < Fy, ¢; >

< Fe,@ ><||0f Ly - [will o 4+ &l0N g1 - [[illes + 1102y - il Ly + 27 il wil L - ([l lv

1
< 101y -l + w0l - il + fuetub Ml + 2/l lv - 1l
3K
< 618, + gl B+ 8wl1813 + 5 6012, + 16kl + S [ By

Now, we use the Young inequality to derive the following

||p”L2(||UHV +llwllm + ||THH1)
< (e)'/? ZII ill§)'? + ZI\Zzllm V2 Z’W@’|H1)1/2KHU|’V+||WHH1+||T||H1)

=1
+(C2m)1/2(||ullv + ||W||H1 T ) + (e3) P (lullv + @l + T |0)

3V — 5 3B« = 9 3K — 9
< T LMol + Nl + 5 3 vl +
i=1 i=1 i=1

1 1 1 ~ 3
Hoe(, + —+ =)+ 20l + [l + [F13) + 5 (com + ).

Summing up, we have

i 14 « K
Trm(G'(V(s,T)vo, ) < = Z(ZHWH%/ + ZHzinql + gHMH%ﬂ)

=1
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+C(Q, K, v,a)(1+supT5 (s)+ | To | + | Ty [?)

s>T

1 1 1 ~ 3 1
oo+ + )+ Al + lolld + T130) + Sleam +c5) + 5m.

Since [, p(x,t)dz = m, using the Schwartz inequality we have

m? < w(Q)llpllZ,-

Moreover, (4.48) gives

pll7,  com e m com  c3
Z\I%llv ( 12—7—*)2( - = ).
j=1

Therefore setting k3 = min{%, 7, §} we arrive at

m2

c1p(82)
1 1 1 ~
Floe(s+ 1)+ 2 hulf} + [l + 1T10) +

Trm(G'(U(s, T)vg,s)) < —ks

+ C(k, v, 0, Q) (L+2M+ | Ty [ + | T %)
3 1 C9 3 C3

= =+ kg2 = ks—. (4.49
(2CQ+ 9 + 361)m—|— 263+ 301 ( )

Moreover, in view of the inequality (4.32) we have

/(|yU(s,7)v0|\%,ds< ol +/ £(s (4.50)

ko
Now, let us recall the following numbers:
am(T) = SUPUOGK(PT)SUP{% /TiT Tr(G'(U(s,7 —T)vo, s))ds},
G = i 5Up 7 ootim(T).

Therefore taking into account (4.49) and (4.50), we obtain

2
- m 3 1 c2 3 c3
< —ks———+ (= — 4+ ks— —c3 + k3—
dm > 361#(9) +(262+2+ 3Cl)m+263+ 561
11 1
+[6c(—+ — + )+ 2] —hmsup / f(s
v « 2 T—o00

Let M =|| f |[1o0(c0,r+) - We also denote for the sake of simplicity

ks 3 1 Co
L=y 2 (202+2+ 301)
and 2M 1 1
by = 2 [6e(= + — 2
s= 2 loeC 4 24 )+
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With this notation we have
Gm < —bym? 4 2bym + b3.

2
Using the Young inequality we arrive at ¢, < —%m2 + % + b3. In view of Lemma VI, 2.2 in

[48] and the Theorem 2.4 in [24] if m is an integer such that
2
m—1< b—(2b§ +b1b3)2 <m
1

then the fractal dimension of A(7) for all 7 < T is less or equal to 2m.

Moreover taking into account that the mapping U (¢, 7) is Lipschitz on A(7) for all ¢ > 7 ((4.35))
and recalling Proposition 13.9 from [41] we see that in fact the fractal dimension of A(7) is
bounded by the same expression for all 7 € R. O
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Chapter 5

Pulback attractor in H'!

In this chapter we consider the nonautonomous micropolar fluid model with external forces and
moments that depend on time. We study the flow in an open and bounded subset Q of IR? with
smooth boundary 9€2. We recall the system of equations we work with.

0
6—1: —(wv4v)Au+ (u-V)u+ Vp = 2u,rot w+ f(t), (5.1)
divu =0, (5.2)
Ow
T alw~+ (u-V)w + dv,w = 2vrot u+ g(t). (5.3)
We assume that homogeneous Dirichlet boundary conditions hold
UjpQ = 0, Won = 0, (54)
and denote the initial conditions as
u(t) =up, w(r)=wo, (5.5)

for r € R.

Our aim is to study the long-time behaviour of weak solutions of problem (5.1)-(5.5) when initial
conditions ug and wy belong to the Sobolev space H', namely we assume

u €V, wo€ Hy. (5.6)

As concerns the micropolar fluid model, H' pullback attractors for a flow in a smooth
bounded two-dimensional domain were considered in [12], where existence of the H!-pullback
attractor was proved for translation bounded, with respect to L2-topology, external forces and
moments. In their proof the authors used the methods and abstract results developed recently
in [6] and [43].

We shall prove the existence of a unique minimal pullback H'-attractor, for possibly nonuni-
form with respect to time suitable norms of forces and moments, satisfying only a certain inte-
grability condition which is less restrictive then the conditions regarded in [12]. To attain our
goal we use
(1) a recent method introduced in [52], [43] to study existence of pullback attractors in Banach

49
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spaces based on the notion of the Kuratowski measure of noncompactness of a bounded set (this
method is in turn a generalization of that introduced in [32] to study autonomous dynamical
systems),

(2) its further generalization in [25] to a more general setting introduced in [5],

(3) an application of the Gronwall-like lemma (Lemma 5.2.2) to the second energy inequality
for higher Fourier modes of the solution.

We recalled the methods in Chapter 3 of our thesis.

5.1 Notation

Since we work with different boundary conditions than the ones in the previous section, let us
recall again the standard notation for the function spaces that we shall use in the sequel. We
denote by L? and H{} the usual functional spaces L?*(Q) and H}(£2), with scalar products

(u,v):/gu(az)v(az)dx and ((u,v)):/QVu(@Vv(x)dx.

Let V = {ue Ce()? iu= (u1,u2),div u = 0}. Then we define the spaces H and V as H =
closure of V in L? x L?, V = closure of V in H} x H}.

In view of the Theorem 2.3.1, we can define a process {U(t,7),t > 7} in V x H} as
U(th)(u()awO) = (u(t;T, u07w0)?w(t; T, anWO))a t >, (57)

where (u(t; T, uo,wo),w(t; T, ug,wp)) is the weak solution of problem (5.1)-(5.5) in the sense of
Definition 2.3.1.

5.2 Lemmas and estimates

Before we state the main result of this Chapter, we prove some lemmas we shall use in the
sequel.

Let A be the Stokes operator in the space H. Then there exists a sequence 0 < A1 < Ao...,
Aj — 00 as j — oo, of eigenvalues of A and an orthonormal basis vi,vs,... in H such that
Avj = Ajuj for j =1,2,....

Let H,, = span{vi,...,um}, P : H — H be an orthogonal projector onto H,,, and let @, =
I— P,.

Similarly we consider the operator —A in L? with homogeneous boundary conditions. Let
0 <m <M., n; — 00 as j — 00, be the sequence of eigenvalues of —A and let wy, wo, ... be an
orthonormal basis in L? such that —Aw; =njw; for j =1,2,....

Let L2, = span{ws,...,wn}, P, : L* — L? be an orthogonal projector onto L2,  and let
Q,=1-P,.

Lemma 5.2.1. Let 7 € R and let (u(t),w(t)), t > 7 be the weak solution of problem (5.1)-(5.5)
with f € L? (R,H) and g € L? (IR, L?). Then the following inequality holds for s > T,

loc loc
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d /
T2 U1Qmu(s)I[} + 1@ ()I772) + B (1Qmu(s) I + [|Quw (3) )

< H(s)(|Qmu(s)l[} + [1Qnw(s)lI7) + F(s), (5.8)

where
H(s) = C([[u(s)l[7 () + [[uls)[[7lw(s) 7 + 1), (5.9)
F(s) = S+ 2ol (5.10)

with Bmi1 = min{vAn i1, §Mm41}

Proof. In order to prove the desired inequality, we take the scalar products of (5.1) and (5.3)
with A Qpu and —AQ),w, respectively, and proceed similarly as in [27] using the Poincaré
inequality. O

Now, we formulate and prove the Gronwall-like lemma that will be an important part of the
proof of the main result of this chapter.

Lemma 5.2.2. Let for some A >0, 7 € R, and for s > T

y'(s) + My(s) < g(s)y(s) + h(s) (5.11)

where the functions y,y’, h, g are assumed to be locally integrable and vy, h, g nonnegative on the
interval t < s < t+r, for somet > 71 and r > 0. Then

1 t+r t—+r t—+r
y(t+r) < e_M{r/t y(s)ers D ds —}—/t h(s)e* D ds) exp(/t g(s)ds).

Proof. Let t < s < t+r. We multiply both sides of (5.11) by e**~ and obtain

L Cy(s)) < X y(s)g(s) + h(s)e . (5.12)

Let u(s) = e*Yy(s) and H(s) = e~ h(s). Then we can apply the uniform Gronwall lemma
to the obtained inequality to get

t+r t+r t+r
u(t+r) < {i/t u(s)ds + H(s)ds} exp(/t g(s)ds). (5.13)

t

Coming back to the functions y(s) and h(s), we obtain the desired inequality. O
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5.3 Theorem on existence of the H' pullback attractor
Let D be the class of all families {D(t) : t € IR} of nonempty subsets of V' x Hg(Q) such that

lim eM[D(t)]" =0, (5.14)

t——o00

where [D(t)]" = sup{||ul|} + ||w||2s; (u,w) € D()}, and A > 0 is given.

Our main result reads

Theorem 5.3.1. Let

t
/ eAS{||f(5)||%{ + ]|g(s)|\%2}d8 < oo forevery teiR, (5.15)

—0o0

where X = min{vA1,an} (v and « are the viscosities as in (5.1) and in (5.3), and A1, m are
the the first eigenvalues of the Stokes and minus Laplacian operators, respectively).

Then the process U(t, T) associated with problem (5.1)-(5.5) possesses a unique minimal pullback
D-attractor A= {A(t):t € R} in V x H}.

Proof. We prove the theorem by checking the conditions of the abstract Theorem 3.2.2 on
existence of the pullback attractor in a uniformly convex Banach space.

(i) The process U(t,T) defined in (5.7) is norm-to weak continuous in the space V =V x H}.

The process U(t, 7) is continuous in the space H x L? in view of the Theorem 2.3.1. Then, due
to the Theorem 3.2.3 it suffices to show that U(t, 7) maps compact sets in V to bounded sets in
Viorallte Rand all t > 7.

From the second energy inequality (2.21) and the Gronwall lemma we obtain,

@I+ lw®lFn < {llu@If +llwlr )IIHl}eXp/ H(s)ds) (5.16)

+{/F n)exp(— /H dsdn}exp/H )ds).

As the functions H and F' are locally integrable, from (5.16) it follows that U (¢, 7) maps bounded
sets in V (and, in particular, compact ones) to bounded sets in V for all 7 € R and all t > 7. To
check the local integrability of H we use the first energy inequality (2.18) to get

@) + Il g)ds < oAU+ IR + ks [ (I + gt E)ds)

Then, as u € C([r,t]; H), w € C([r,t; L?), f € L}, (R, H) and g € L? (IR, L?), there exists a
constant C' depending on ¢t and 7 such that

/H(S)ds = C/{IIU(S)H?{HU(S)HQVJrIIU(S)H?{Iw(S)HfH&+1}d5 (5.17)

IN

é{]:l(Hu(T”%{+||W(T)|%2+k3/ ULf )7 + g ()II7,)ds)}?
+ C(t—71) < o0.



5.3. THEOREM ON EXISTENCE OF THE H! PULLBACK ATTRACTOR 93

(ii) There exists a family B of pullback D-absorbing sets in V.

We use the second energy inequality (2.21) and uniform Gronwall lemma to get
lutt + DI+ [+l (5.18)

1 t+r 5 5 t+r t+r
< {,r/ (lu(s)lv + llw(s)l[5)ds + F(s)dstexp{ | H(s)ds}
t t t
for every t > 7. From the first energy inequality (2.18) and the Gronwall lemma we have

[u@ll +llw®IZ, < e (I + lw(n)l[7,)} (5.19)

t
b hgeha(t=) / e R (|| £ (3)] 3 + g () I3y

t
< 606"“”/ 2 (|1 (s)lI7r + [lg(s)IIZ,)ds,

—00

uniformly with respect to all initial conditions u() € D(7) for all 7 < 7o(t, D), with
co = ¢o(|9], k3) and ko = min{vA;, an;}. Observe that

t+r t+r

[t Pas < e [ ke as (5.20)
t —00

for all functions & for which the right hand side is finite.

Thus, under the assumptions of Theorem 5.3.1 that we prove, from the first energy inequality

again, (5.19) and (5.20) we get

t+r 1 t+r
/t (lu(IF + llw(s)[F)ds - < kl{(HU(t)H%JrHw(t>H%2)+/t (£ )1+ llg()IIZ, )ds}

t+r
< me"”/_ "2 (1 (817 + [lg()IIZ,)ds, (5.21)

[e.9]

uniformly with respect to all initial conditions u(7) € D(7) for all 7 < 79(t, 13),
with ¢1 = ¢1(|Q|,7). Applying (5.21) to (5.18) we conclude that

t+

[lult + DI + [l + )7 < e e"”t/_ "2 (|| (s)l[7 + 19 (s)lIZ,)ds (5.22)

[e.9]

t+r
exp{ege 2t / 25|11 + llg(s)I12, )ds )2,

uniformly with respect to all initial conditions u(7) € D(7) for all 7 < 79(t, D), with
co = (||, 7). This proves existence of the family of D-absorbing sets in V.

(iii) U(t, 1) is pullback D-limit-set compact.

In view of Theorem 3.2.4 it suffices to prove that U(¢, 7) satisfies the pullback D-flattening con-
dition. Using inequality (5.8) together with Lemma 5.2.2 with y,,(t) = ||Qmu(t)||* +||Q%,w(t)||?
we obtain

t+r t+r

Ym(t + 1) < e Pmar {%ym(s) + F(s)}YePm 16 ds exp( H(s)ds). (5.23)
t t
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We have to prove that for an arbitrary small € > 0 there exists m such that the right hand
side is not greater then e, uniformly with respect to all initial conditions u(7) € D(r) for all
T < 719(t, ﬁ) From inequalities (5.19) and (5.21) it follows that the right hand side of (5.23)
is uniformly bounded with respect to m and with respect to all initial conditions u(7) € D(7)
for all 7 < To(t,ﬁ). Now, we shall prove that with increasing m the right hand side of (5.23)
decreases to zero, again uniformly with respect to initial conditions. To this end, consider the
expressions

t+r—=9 1
et [ (o) + F(s)) e Vs
t
and

t+r 1
ot [ () + P(9))eb s
t+r—6 T

It is easily seen that the second one converges to zero as § — 0, uniformly with respect to m,
and the first one converges to zero with m — oo for any fixed § € (0,r), in both cases the
convergence is uniform with respect to all initial conditions u(7) € D(r) for all 7 < 7o(t, D).

This finishes the proof of property (iii) and thus of the existence of the pullback attractor. [



Chapter 6

Pullback attractor in H?

In this chapter, we continue working on the theory of pullback attractors for the following
micropolar fluid equations with homogeneous Dirichlet boundary conditions

%: —(v+v)Au+ (u-V)u+ Vp = 2,10t w+ f(t), (6.1)
divu =0, (6.2)

Ow
i alw~+ (u-V)w + dv,w = 2v,rot u+ g(t), (6.3)
upo =0,  wpo =0, (6.4)
u(T) =up, w(T)=wo, (6.5)

where 7 € IR.
We assume higher regularity of initial conditions, namely

ug € D(A), wo€ H*N H}. (6.6)

We shall show that under this assumption the pullback attractor in the space H? exists.

The Theorem 2.3.2 asserts that in view of (6.6), we can define a process
U(t,7) : D(A) x H*(Q) N Hy(Q) — D(A) x H*(Q)NHy(Q), t>r
in the usual way,
U(t, 7)(uo,wo) = (u(t; T, uo,wo),w(t; 7,ug,wp)), t>T, (6.7)

where (u(t; 7, ug, wo),w(t; 7, up, wp)) is the weak solution of problem (6.1)-(6.5) when (6.6) holds.

6.1 Useful lemmas

Before we state the main theorem on the existence of the H?-pullback attractor for the dynamical
system associated with (6.1)-(6.5), we need to make some observations and recall estimates on
the solutions.
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Lemma 6.1.1. The operators B : D(A) x D(A) — Ly and By : D(A) x H> N H} — Lo are
compact.

Proof. We shall show the result only for the operator B, since the compactness of the other one
requires the same arguments.

Let us take a sequence (ug,ur) € D(A) x D(A) that is bounded in D(A) x D(A). Since
D(A) cc W4(Q) in view of the Rellich-Kondrashov Theorem, we can extract a subsequence
that converges in W14(Q).

But since

1B (ur, ur)||L, < cl|uglry|lurllwra,

a Cauchy subsequence B(uy,, ,uy, ) in Lo exists. O

Now, we cite after ([39]) the estimate on the norms ||Aul||z, and ||Aw||L,.

Lemma 6.1.2. Let (u,w) be the weak solution for the problem (6.1)-(6.6). Then
Aull, + I = AwllL, (6.8)
< cllluellzy + lwillzo + 11 £11ze + llgllzy + [Jull¥ + [wllF + lullf + lwllF),

where the constant ¢ depends on ||, n and the constants characterizing the fluid.

Next, we formulate energy-type inequalities for the time derivatives of the weak solution, namely
functions u; and wy.

Lemma 6.1.3. Let (u,w) be the weak solution for the problem (6.1)-(6.6). Then the following
inequality holds

1 [t bt
lue(t + )17, + [t +7)[17, < T/ (lue(s)IIF, + llwe(s)|[3,)ds et Je ™ Hilsds(6.9)
t

o 2 2 T H(s)d
+ 01/ (1£e()I17, + llge()[F, )ds et Je s,
t
where c1 is the constant dependent on v, , v, «, constants from Poincaré inequality, and
1s) = lully + Wiy T+ 1
Hy(s) = |[ul[{; +lwl|F +1

Proof. We differentiate the equations (6.1) and (6.3) with respect to ¢ and take the scalar product
with u; and wy, respectively. We arrive at

d
£||ut||%[ +2(v+ VT)||ut||%/ + 2b(ug, u, ug) + 2b(u, ug, ug) = 4vp(rot wy, ug) + (ft, ue),
and
d 2 2 2
£||wt||L2 + 2a|\wt||Hé + 201 (ug, w, wi) + 2b1(u, wi, wi) + 8vpl|wi|| 72 = 4vp(rot ug,wi) + (ge, we)-

Then, using Young inequality, estimates for the trilinear forms, and Poincaré inequality,
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1/2 12 _vV+vV
2bur, w,ur) < e[l 57l * < =5 lluellf + ¢ @+ v) luel v
1/2 1/2
2b1(wr,w,wr) < clfuelly ]|l ol g oLy
<

(0%
o (el + Nl lZy) + e () (el - + [l )l

after standard calculations, we get

(lue()IZ, +llwe(s)lT,) < —min{v + v, a}([fu(s)|[7 + llwe(s)][7n) (6.10)
+ a {Hl(S)(IIUt(S)HZé+Ith(S)IIfHé)+(||ft(8)||%2+Hgt(S)H%Q)}

Therefore, the following holds

4
dt

i(HUt(S)HE +llwr(s)l[Z,) < ex {Hl(S)(Hut(S)H?{é +lwr($)l[7) + (1fe()IIZ, + Hgt(S)H%Q)} :

Using the uniform Gronwall lemma we arrive at the desired inequality. O

Lemma 6.1.4. Let (u,w) be the weak solution for the problem (6.1)-(6.6). Then the following
nequality holds

ttr ttr
/t+ lue(8)|[Z, + llwr(s)l1Z, < C/t+ (F@IZ, + gL, + [[Aus)|[L, + [ Aw(s)]I,
+ () + w7 + H ) ullf + wllgy)ds. (6.11)
Proof. We multiply the equations (6.1) and (6.3) by u; and wy, respectively. We have
el B = — (A, e) = blu, uyue) + (rot u,ue) + (f, u),
and
we||7, = (Aw,wi) — by (u,w,wy) — 4y (w, wi) + 2vr(rot u,wy) + (g, we).
Applying trilinear forms estimates

1/2 1/2
b,y un))| < ellul ]| Aull g el lv] el < e (11 Aulla + ool el ) el L,

1/2 1/2
b1, w,00)| < ellall 3 1 Aull ol g el 2 < € (1 Aullaz + Wl llol2 ) llotl 2o

and Schwartz inequality, we arrive at

[lwellar + [l |,
< clllAullg + 1AWl + llully + [lwllgg + 111 +lgllze + ulla([ull} + [lw]F))-

The above impilies (6.11) O
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Lemma 6.1.5. Let (u,w) be the weak solution for the problem (6.1)-(6.6). Then

1AQmul|L, < c(vr, vV)[[|@musl|Ly + [|@mB(u, w)l|L, + |@mew|| gz + [|Qm f]] L] (6.12)
and
1AQmwllL, < ela, v)[[|Qmwil|L, + [|@mBi(u, w)l|L, (6.13)
- 11Qul iy + 1@l gy + 1@l
Moreover,
1Qmue(t +7)IIZ, + ||Qmwt(t+r)”%2 (6.14)
< el ﬁ’”““”/ {*HQmUt IZ, + 1Quwe()I7, + Gs)}e 10 ds
where

G(s) = cv,vr,a) (lullf, + llwellZ, +11£lIZ, + llolIZ,
+ el 7, [l 7+l 7, Huel 5+ Tl [2, 7y + HallZ, lwdl 7).

Proof. In order to prove first two estimates, we multiply (6.1) and (6.3) in Ly by AQ,,u and
—AQpw, respectively.
We arrive at

(Ut, AQWU) + l/‘ ’AQWUH%Q + b('LL, u, AQmu) - 21/7’(7'01(’(’")7 AQmu) + (f7 AQmu)a
and
(wta —AQmW) + Oé|| - AQme%g + bl (U, w, —AQmW) + 4VT(wa —AQmW)
= 2u,(rotu, —AQmw) + (9, —AQnmw).

Since (v, Qmw) = (Qmv, Qmw) for any v,w € H}, we can rewrite the above as
(Qmt, AQmu) + V|| AQmul[7, + (QmB(u, u), AQmu) = 203 (Qmrotw, AQmu) + (Qmf, AQmu),
and

(Qmwe, —AQmw) + al| = AQmwl[7, + (QmBi(u,w), AQmw) + 41 (Qmrotw, —AQmw)

= QVT(QmTOtU, _AQmw) + (nga _AQmw)-

Using simply the Schwartz inequlaity, we arrive at the desired inequalities.

In order to prove the third estimate, we differentiate (6.1) and (6.3) and multiply them by Q,us
and Q,,w;, respectively. We have

2 2 2 2
sa (1QmudllZ, +11QmwillL,) + (v + vo)l|Qmuel 5 + al|Quewrl[7

+ 4V7””Qmwt”%2 + b(ut7 u, Qmut) + b(u) Ut, Qmut) + bl (utawv Qmwt) + bl(u,(x)t, Qmwt)
< ZVTHTOt Wt||L2HQmUtHL2 + HY’Ot ut||L2HQmthL2 + HftHL2HQmutHL2 + ”gtHLQHQantHLQ‘
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We estimate the trilinear forms

1/2 1/2

pCue, , Quuse)| < el e 1l ]| Qv
< yjyrnuﬂL2-||ut\|v-|ru||L2-||u|rv+”j”rr|c2mutn2v
< syl bl + gl + S Quand
and similarly
b, Qo) < sl -+ s el + 22 Quel -
In the same manner we estimate the forms by,
o100, Quut)| < ol BBy + 5l el B+ 5 Qs By,

and

b1 (e, we, Quwe)| < o= [lullZ, llwel G + o= llwelIZ, el + - IIQthHEé-

2a 2a

Using the above estimates and the Poincaré inequality, we get

S Quanly + Qi)+ v @B ([ Qutel B, + 1@l )
< clve@) - (1Quanl}y + 1@l 3,) + L),
where
Ge) = elvvr0) - (el + lotliF, + 1l + ol s

+ el 2, [l 7+ Hul [, Huel 5+l (2, a3y + HallZ, lwd 7).

Now, using the Gronwall-type inequality from the Lemma 5.2.2, we get:

1Qmue(t + I, + | Qmwi(t +7)I[Z,

t+r 1
< el / {11Qumut($)I1Z, +1|@muwe(9)I[7, + G(s)}e 6 ds.

6.2 Existence of the pullback attractor

Let D be the class of all families {D(¢) : t € IR} of nonempty subsets of D(A) x (H?N H{) such
that

lim eM[D(t)]" =0, (6.15)

t——o0

where [D(t)]" = sup{||ul|} + ||w]|%; (u,w) € D(t)}, and A > 0 is given.

We prove the following
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Theorem 6.2.1. Let
¢
/ M F O+ 1fe)F + Nlg()IZ, + llge(s)]|L,}ds < oo for every t€ R, (6.16)

where A = min{vA1,an} (v and a are the viscosities, and A1, m are the first eigenvalues of the
Stokes and minus Laplacian operators, respectively).

Then the process U(t,T) defined in (6.7) possesses a unique and minimal pullback D-attractor
A={A(t):t € R} in D(A) x (H* N H}).

Proof. In order to prove the result, we use Theorem 3.2.2. Therefore, we need to check three
conditions for the process U.

(i) The process U(t,T) defined in (6.7) is norm-to weak continuous in the space
D(A) x (H?> N HY).

To prove this condition, we use Theorem 3.2.3.

In part (i) of the proof of Theorem 5.3.1 we have already shown that the process U(t,7) is
norm-to-weak continuous in the space V' x H&. Therefore, in view of Theorem 3.2.3, we need to
check that the process U(t,7) maps compact sets in D(A) x (H2N H{) to bounded ones in this
space.

To this end, we prove that for any 7 € R and ¢ > 7 the norms ||Au(t)||L,, ||Aw(t)||L, are
bounded uniformly with respect to initial conditions u(7) and w(7) belonging to a compact set.

In view of the estimate (6.8), we need to show the boundedness of all the expressions on the
right-hand side of it, namely ||u||z,, ||wt||z, and Hu||H3, ||w||Hé

Inequality (2.22) derived in Lemma 2.3.2 assures about uniform boundedness of the norms
[|uellz, and [lw[L,-

As concerning the norms [|ul[g1, [|w||f;, we have derived the following inequalities in the proof
of Theorem 5.3.1

@I + [lo®)Fn < {HU(T)||2v+Hw(T)H?{é}exp(/ H(s)ds)

([ Fwest- [ Heasan oo [ 16

and

t -1 t
/ H(s)ds < C{H(HU(T)H%{JFHCU(T)H%Q +k3/ (LF @I+ [lg(s)l12,)ds)}?
+ C(t—71) < 0.
That finishes first part of the proof.
(ii) There exists a family B of pullback D-absorbing sets in D(A) x (H} n H?).

As in the proof of the previous property, we start from the inequality (6.8). Hence, in order
to estimate the expressions |[Au(t + 7)||1, and ||Aw(t + 7)||1,, We need to derive appropriate
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estimates for all the terms on the right-hand side (||u¢(t + 7)||Ly, |lwe(t + 7)||1, and
fu(t +7) gy [lo(t+7) g0

In the proof of the Theorem 5.3.1 we have already derived the following inequality:

t+r
[[ult + DI + [l + )7 < 026"‘“/ ([ ()7 + lg(s)lI7,)ds

—o0o
t+

exp{coe 2! /

"R (£ ()% + a(s)][2,) s

o0

uniformly with respect to all initial conditions u(7) € D(7) for all T < 7o(t, D).

Therefore, we need to derive estimates on the expression ||ut(t + 7)||z, + |[|we(t + 7)||L,-
The inequality (6.9) reads

1 [ttr t+r
[lue(t + )T, + llwe(t + )7, < T/t (ue(s)I[7, + llwr(s)][7,)ds et Je ™ Hil)e

t+r 9 9 c ft+rH (s)ds
e [ RO, + ol )ds e 7m0,

The integral ftHT Hi(s)ds has been already estimated in the proof of Theorem 5.3.1 as

t+r t+r
H(s)ds < CQGth/ (| F()IE, + llg(s)I[7,)ds. (6.17)

t —00

We have also the following inequality
t+r

t+r
/t A1, + ()| [2,)ds < e~*et / 25 £(5)|12, + g ()] 2,)ds.

—00

To estimate the integral f:w us(s)[17, + llwe(s)]]7,, we recall Lemma 6.1.4

t+r t+r
/t lu(s)IZ, + llwr(s)l7, < C/t ULFGIIL, + g7, + [[Aus)IT, + 1Aw(s)IE,

+ ()3 + w7 + H )l + ol ))ds.

Hence, we need to look at the integral fHT

Aul|r, + ||Aw||? since the other expressions
t 2 Lo
have been already estimated).

The second energy inequality (2.20), after inegrating it over time, gives us

a5 + o ®Fn + C(V’a)/(HAU(S)I%ﬁllﬂw(S)II%Q)ds

r
t

< IIU(T)||§{5+|Iw(T)H?{3+/[H(S)(IIU(S)IIE(%+|Iw(8)|\§{3)+F(S)]dS-

which implies
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JE (lAu(s)lIE, + N1 Aw(s)][F,)ds
t+r
el )l + Ol + [ )l + lwli3y) + F(s)ds

c(v, ) (|[u(®)l[7n + llw(®)][7,

IN

IN

t+r
+/t (lullZ, ul 7 + NullZ, 1l + Dlullzy + llwll7) + F(s))ds).

t+r
t

the expressions has been already estimated in the proof of the Theorem 5.3.1.

Therefore, we need to look carefully at the terms of the type [|ul |%2 ||ul |;L{1, since the rest of
0

Let us recall, we already proved that

t+r
[[u(t + DI + [l + )7 < ch_’”t/ (| ()12, + llg()IIZ,)ds

—00

t+r
eXp{e’”t/ P2 (|If ()7, + g (9)I[7,)ds}>.

—0o0

For the sake of simplicity, we define the function

M(t)Z/ "2 ([ (37, + llg(s)I17,)ds.

—00

Since M (t) is an integral of the expression that is positive, it is in fact a nondecreasing function.
We will use this observation below. First, let us rewrite the above inequality as

lu(I + llw()lI7 < e I M (s) - exp(e 267 M (s)?).
The right-hand side, for any s € [t,t + 7] can be estimated by
e RGN (¢ + 1) - max{exp(M (t + r)?); exp[e 22 M (¢ + 1))}

The above shows that the norms [|u(s)|[y and [|w(s)||g; are integrable on [t,¢ + r] with any
power (hence, in particular with power 6) and the integral is clearly estimated independently of
the choice of 7 < ¢.

Bringing together all the estimates above, we estimated the norm ||Aul|r, + ||Aw||L, by the
function dependent on ¢, r and the expression

ffoo A FIF + ()1 + Ng(9)I[F, + 1lge(s)]|z, bs, uniformly with respect to initial con-
ditions u(7) € D(7) for all T < 79(t, D). Let us call this function k.

t

Aullz, + 11 A0z, < b (t /

—00

{1 () + [1fe (o) + Na()IIZ, + ||9t(3)”L2}ds> {6.18)

(iii) U(t, T) is pullback D-limit-set compact.

Due to the Theorem 3.2.4 it is sufficient to show that the fllattening condition holds. Hence, we
need to look at the norms ||AQ,u||r, and || — AQmw||L,, where the operator @,, was already
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defined in the proof of the Theorem 5.3.1 in point (%i).
Due to Lemma 6.1.5 we have the following estimates on these norms

1AQmullL, < (v, V)[[|QmutlL, + ||@mB(u, )L, + |@mwll gy + [|@m L],

and

1AQmwl|L, < el )[[|Qmwil|L, + [|@mBi(u, W)L, + |@mewl| gy + [[Qmullgy + [[Q@m f]L,]-

Let us start with estimating ||Qmue||z, and ||Qmwt||L,-
In Lemma 6.1.5 we have already derived the inequality

1Qmue(t + 1)1, + |Quewr(t +r)I[7,

<el 5’"““”/ {*I\Qmuzs ()7, + [|Qmuwe(s)][7, + G(s) el T ds,
where

G(s) = ewvra)- (llull3, + lorllE, + A1, + llorll3,
B el + e B el gy ot 3 e gy —+ 1l el )

Now, it suffices to notice that in view of (2.22) and (2.23), as well as (6.17), the integral is
bounded uniformly with respect to m and initial conditions u(7) € D(7) for all 7 < 19(¢, D).
Next, we proceed exactly in the same way as in the proof of point (iii) of Theorem 5.3.1.

To show that the flattening condition holds, we only need to estimate the remaining terms
||QmB(u,u)||r, and ||@QmB1(u,w)||r,. In Lemma 6.1.1 we proved that the operators B and B;
are compact.
Therefore, for any € > 0 there exists mg € N such that for m > my the terms ||QnB(u,u)||L,
and ||QmB1(u,w)||r, are smaller then e uniformly for all (u,w) in some bounded set in
D(A) x H? N H].
Moreover, we have already proved in (i7) that process U possesses a family of pullback absorbing
sets in D(A) x H? N H} (that are bounded). Hence, the proof of the flattening condition is
completed.

O

We have just proved that under some, not very strong assumptions on the external forces and
moments, the system of micropolar fluid equations possesses the pullback attractor in H?. The
natural question arises - is this H? pullback attractor the same object as the one in H'.

Theorem 6.2.2. Let Dy, Do be classes of all families {D1(t) : t € R} and {Dy(t) : t € R} of
nonempty subsets of V. x H} and D(A) x (H* N H}), respectively, such that

thm MDy(H)] T =0,
where [Dy()]* = sup{l[ully +|[wl[2s: (u.w) € Di(D)}, i = 1,2.
Let Ay = {A1(t)} and Ay = {Aa(t)} denote the D1 and Dy—pullback attractor for (6.1)-(6.5) in
H! and in H;Q, respectively.
Then Ag = Al.
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Proof. Clearly, we need to show that for any ¢ € R we have A;(t) C {A2(?) : t € R}.
Hence, let us take an element v € A;(t). We shall prove it belongs to As.

The invariance property for the pullback attractor holds: U(t,7)A1(7) = Ai(t) for all 7 < ¢.
Hence, there exists a sequence w,, € A(7,) such that

Ul(t, mn)wy, = v.
And we also have
U(t,s)U(s, Tn)wn = v (6.19)

for all 7, < s < ¢.

From the proof of the point (ii) of the Theorem 6.2.1 we conclude that for any s € R there exists
a 1o(s) such that {U(s, 7n)Wn } 7, <7, <7o(s) form a bounded set in D(A) x H?. All bounded sets
in D(A) x H? are attracted by the pullback attractor Ay. Hence, in view of (6.19), function v
in fact belongs to ;1;

The inclusion ;1\2 C ;1\1 is a corollary from proof of the point (i7) of the Theorem 6.2.1. O



Chapter 7

Stationary statistical solutions

This chapter is devoted to analysing statistical solutions for the equations

0
8—? —(v+uv)Au+ (u-V)u+ Vp = 2v,rot w+ f, (7.1)
divu =0, (7.2)
Ow
i alw + (u-Vw + dv,w = 2,10t u + g. (7.3)
We assume that homogeneous Dirichlet boundary conditions hold
upn =0, wpo =0, (7.4)
and denote the initial conditions as
u(T) =up, w(r)=wo, (7.5)

for 7 € R.
The domain  is a bounded subset of R? with a smooth boundary. We assume f € H and
g € Lo.

Instead of looking at the system of equations with the initial data given by functions ug and wy,
as we did so far, we look at the system equipped with the initial measure pg. Therefore, instead
of looking at single solutions (as in a deterministic case), we will look at averaged expressions.
If so, we have two natural way of averaging - over the space or over the time.

In the case of space averaging, we shall be interested in the evolution in time of the following
type of expressions

/ D (u, w)dp(u, w) (7.6)
H

for a certain functional .
We prove the existence of the family of measures u; defined on H such that the Louville-type

equation holds
d

7 H@(u,w)dut(u,w):/(F(u,w),@'(u,w))dut(u,w). (7.7)

H

65
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where (F(u,w), ¢) for any ¢ = (¢1;¢2) € V is a two-dimensional vector function. If we denote
F(u,w) = (F; F), then

(Fl(u7w)7 ¢1) = _(V + VT)(VU7 V¢1> - b(“?“’v ¢1) + 2VT<TOtw7 ¢1) + <f7 (bl)a (78>
(Fa(u,w), ¢2) = —a(Vw, Vo) — bi(u,w, p2) — 4vr(w, p2) + 2 (rot u, g2) + (g, $2).

The weak formulation of the equations (7.1)-(7.3) can be written as

(ue, ¢1) = (Fi(u,w), d1), (7.9)
(wt, p2) = (Fa(u,w), d2).

The equation (7.7) comes naturally if we formally differentiate with respect to time the integral
(7.6).

In the case of time avarages, we would like to look at

1 T
— / B(U (1, 0) (g, wo) -
0

Since the classical limit may not exist, we use the notion of a generalized Banach limit.

In the sequel, we also see how space and time averages are connected with each other.

The plan for the following two chapters is as follows. We start with the problem (7.1)-(7.4)
in the case when the forces on the right-hand side do not depend on time. We formulate the
definition of stationary statistical solution and prove certain facts about this object.

Then, in the next chapter, we investigate the case when the external forces and moments depend
on time. We also see how the statistical solutions are connected with the global and pullback
attractors, respectively.

7.1 Stationary statistical solutions

Here, we are interested in the case when the forces and moments acting on the fluid do not
depend on time. Then, in the statistical equilibrum, the expression (7.6) should not change
with time. Hence, in the Louville-type equation (7.7), the left-hand side is equal to zero and
the family of measures p; reduces to one probability measure p. That is one of the points in the
definition of the stationary statistical solutions. Before we formulate the whole definition, we
define the class of functionals ®(u,w).

Definition 7.1.1. We will denote by T the class of real valued functionals ® = ®(u,w) on H
that are bounded on bounded subsets of H and such that
1) For any (u,w) € V, the Frechet derivative ® (u,w) taken in H along V exists. Namely for
each (u,w) € V there exists ®'(u,w) € H such that
| ®(u+v1,w+v2) — P(u,w) — (P (u,w),v) |
[lv]lv

fOT’ every v = (1}1’1)2) [ V, SUCh that H’UHV — 0

— 0

2) @' (u,w) €V for all (u,w) € V and the mapping (u,w) — ¥ (u,w) is continuous and bounded
as a function from V into V.
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Definition 7.1.2. A stationary statistical solution of the micropolar fluid equations is a proba-
bility Borel measure u defined on H such that

(1)
LAl + 1w [ auw) < o
(ii)
[ (Fw0), @' () duuw) =0
H

for all test functionals ® € T, with F' defined in (7.8),
(iii)
(kr([lu 5 + [l w [[70) = (f,u) = (9,w))dp(u, w) <0

Er<|[ull3+wl7, <E2
for all E1,FEs : 0 < By < Ey < oo where ky = min{v, a}.
Actually, the existence of the statistical solutions is immediate since we know that in two di-

mensions a weak solution of the stationary problem exists. In fact, we prove the following
proposition

Proposition 7.1.1. Let (us,ws) denote the stationary weak solution of the problem (7.1)- (7.5).
Then a stationary statistical solution for (7.1)- (7.5) exists, namely p(u,w) = §(u — Uy, w — wy),
where § denotes the Dirac delta function.

Proof. We shall show pi(u,w) = 0(u — us,w — wy) is a stationary statistical solution.

In fact,
/H(II wlly + 11w [[3)do(u — w0 — ws) =] w |} + [ w17

which is finite due to the energy inequality (2.18).

The Louville-type equations holds, since

/H(F(u,w), D (U, w))do (U — Use, w — ws) = (F (s, wy ), D (us, wy))

and

d

g (D) 0x(8)) = (@ (e (8), i (1), (1 (1), 03, (8)) = (@ (e (t), s (£)), F (s (£), (1)) = 0.

since for the stationary solution (us,w,) the expression F'(u.,ws) is equal to zero.

Moreover,

/ (Ba(l] w [} + 1w [152) = (fs ) = (9, w))dd(u — us,w — wi)
Er <l +Hiwll3, <B2 0

= X{Br <3+l 2, < B2} (R (1] 15+ 1] wa H%{é) = (frue) = (g,ws)) <0

because (2.17) holds. The function y is a characteristic function.
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Nonetheless, more important thing than simply having such a solution is a possibility to associate
it with time-average measures and investigate its other properties.
To do so, we need some more definitions.

Definition 7.1.3. A probability measure on H is called an invariant measure for the semigroup
{S()}e=0 if
u(E) = u(S(t) " E)

for allt > 0 and all measurable sets E C 'H.

Definition 7.1.4. A generalized limit (denoted as LIMp_. ) is a linear functional defined on
B([0,00)) (bounded real valued functions on [0,00)). that satisfies

1) LIM7_og(T) > 0 for all g € B([0,00)) such that g(s) > 0 for all s > 0;

2) LIM7_.0g(T) = lim7r_00g(T") for all g € B([0,00)) such that the classical limit exists.

In our further considerations, we are interested in a certain form of the function g from the
above definition, namely

T
oT) = [ o500, (710

where ¢ € C(H) and (ug,wp) € H.
In order to consider generalized limit LIMp_ . of these expressions, we need to show that the
averages (7.10) belong to the space B([0,c0))

It was shown in [27] that there exists a closed and bounded absorbing set B € V for the semigroup
{S(t)}+>0. Hence, recalling the Rellich-Kondrashow theorem on the compact embedding, B is a
compact set in H.

Moreover, form the definition of an absorbing set, there exists tg > 0 such that S(t)(ug,wo) € B
for t > to . Let us notice that these two facts imply that {S(¢)(uo,wo)}t>0 is compact into
H (recalling that the map ¢ — (u(t),w(t)) is continuous as a map in H). Hence, the map
t — ¥(S(t)(ug,wp)) is bounded and continuous (since ¢ € C(H)) as a map from Ry into H.
Thus, 7 fOT (S () (up,wo))dt belongs to B([0,0)).

Now, we introduce the concept of the time-average measure of the solution. To this end, let us
fix any functional LIMp_, ., satisfying Definition 7.1.4.

Definition 7.1.5. Let (ug,wp) € H.
A probability measure p on H such that

T
LMMW;A¢@®%Mmﬁ=AMWWWWW (7.11)

for all ¢ € C(H), is called a time-average measure of the solution through (ug,wo).

As we can see, the measure depends on the choice of the functional, hence in general we do
not have the uniqueness of the time-average measure.
Now, we will use Tietze Extension Theorem and Kakutani-Riesz Representation Theorem to
show that such a measure exists indeed. The last mentioned theorem reads
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Theorem 7.1.1 (Kakutani-Riesz Representation Theorem). Let ¥ be a positive linear contin-
uous functional on the space of real-valued continuous functions C(S), where S is a compact
Hausdorff space. Then there exists a Borel reqular measure p on S such that

U(f)= /Sfdu

for all f € C(S).
Moreover, [[[| = [u](S5).

Proposition 7.1.2. For any initial condition (ug,wo) € H and any generalized limit LIMp_, o,
there exists a time-average measure p(u,w) through (ug,wo).

Proof. Let us choose ug € H and wy € L?. Let us also fix a functional LIMp_ .
We have already shown that for any ¢ € C(H), the expression LIMp_o0 7 fOT (S (t)(uo,wo))dt
is well defined.

For the sake of simplicity, let

T
L(¥) = LIMr ooy /O DS (t) (upy o)) dt.

From the definition of Banach generalized limit L(1)) is a linear functional and it can be shown
that for any function ¢ € C(H), L(v) depends in fact only on the restriction of ¢ to the
absorbing set B.

Moreover, using the Tietze Extension Theorem, we can see that functions ¢|g (for ¢ € C(H))
form all the space C(B).

Hence, we can define a fuctional G(¢3) on C(B) as G(v3) = L(3). Since B is compact, we can
use the Kakutani-Riesz Representation Theorem to see that there exists a measure p on B such
that

Glys) = /B W, w) (s, )

for any ¢ € C(B).
Next, we can extend this measure to the whole H by zero outside the set B. That means
w(H — B) =0 and clearly (7.11) holds. O

Now, we formulate an invariance property of the time-average measures.

Proposition 7.1.3. Any time-average measure is invariant for the micropolar fluid semigroup

{S(t)}e=o0-
In order to prove the proposition it has to be shown that
Jos@wendn = [ oo
for all 7 > 0 and ¢ € C(H). Then by the density argument we can pass to the above equation
holding for 1 € L'(u)). Since the details of the proof are quite elementary, we will omit them

(calculations are similar to that done in [20]).

Now, we have the following result on the support of any invariant measure for our problem
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Lemma 7.1.1. Let p be an invariant probability measure for {S(t)}+>0 and let B be an absorbing
set for the semigroup. Then u(H — B) = 0.

Proof. The measure p is invariant, form which we know that for all ¢ > 0 the following holds:
w(B) = u(S(t)~1B). Now, if we take a sequence of balls B,, = {(u,w) € H : ||(u,w)||x < n}, there
exist a sequence of times {t,}7° ; such that S(t,)B, C B (B is absorbing for the semigroup).
Let us observe that

#(By) < p(S(ta)™'B) = u(B) < 1.
Since H = |, ; Bn, the lemma holds. O

Theorem 7.1.2. A probability measure p that is invariant for the semigroup {S(t)}+>0 has its
support in the global attractor A.

Proof. The global attractor can be defined as A = Mpen S(tn)B where B is a compact absorbing
set for the problem. There exists a time ¢ > 0 such that for all ¢t > tg we have S(¢)B C B.
Since S(t) is a semigroup and B is an absorbing set, we have

S((n+1)tg) B C S(ntp)B

for all n € N. Hence, R
w(A) = limp—oopt(S(ntp)B).

All the sets on the right are absorbing and therefore they are of measure 1 (due to Lemma 7.1.1)
which finishes the proof. O

Now, we formulate and prove a result concerning a relationship between the stationary
solutions and invariant measures. We shall see that in fact, in our two-dimensional problem
these concepts are equivalent.

Theorem 7.1.3. Let pu be a probability measure on H. Then p is invariant for {S(t) }+>o if and
only if it is a stationary statistical solution of (7.1)-(7.4).

Proof:
Invariant measure = statistical solution
We check all three conditions from Definition 7.1.2.

(i) This one is obvious if we recall Lemma 7.1.1 stating that the measure is supported on the
absorbing set B which belongs to the space V.

(iii) In order to check the third condition from Definition 7.1.2, let us notice that Lemma 7.1.1
assures that the expression (k1(|| u |[§; + || w [[31) — (f,u) — (g,w)) is integrable with respect
0

to the measure p.
Fist, we show that the following inequality holds

[l ol )l + 1) = (20 = g6 ao) <0

for all bounded functions p € C*([0, 00)) such that p'(s) > 0.
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Since this measure is invariant for the semigroup {S(¢)}, denoting (u(t),w(t)) = S(t)(u,w), we
have

/Hp’(HuH% +Iwllz,) Ger (el + [wll7) = (f.w) = (g,w))dp(u, w)
= /Hp’(IU(t)H%I +wOIIL,) Fr (@[ + lw@®llF) = (Fult) = (g,w(?))dp(u,w)

for all ¢t > 0.
Integrating it in respect to time over interval (0,7") and dividing by 7" (the right-hand side is
integrable over ¢ due to the Theorem 2.3.1), and finally using the Fubini Theorem, we arrive at

/H o lull + 1113, Gl + fllZ) = () = (g,0))dp(u, )
T
- /H T / o ()| + 1)1 G (a1 + (O 2) — (Fru(t)) — (g2 w(t)))dtda(u, ).

Recalling the energy inequality (2.17), we can estimate the right-hand side as

/Hp’(HUII?q Hwllz,) Rl 5 + wl[Fn) = (f,w) = (9, w))dpau, w)

T
< [ 3 | ool + o) . et )

= [ O+ 1otO) ) = Ty + T ().

Taking into account that the map ¢t — S(t)(u,w) is bounded in H and letting 7' — oo, we arrive
at

/Hp'(llu\l?q +wllZ,) (R ([l I+ [l [72) = (f,w) = (g,w))dp(u,w) <0

since p is a bounded function.
The characteristic functions can be approximated in L! by the derivatives of functions p. Hence,
the third point of Definition 3.3 is proved.

(ii) Now, we show that [, (F(u,w), ®'(u,w))du(u,w) = 0 for all test functionals ® € 7. It is
easier to prove it if ® is bounded in H. Hence, we define a bounded functional ®,,,, for which
we prove that the above equality holds, and then pass with m go to infinity.

Let us fix a test functional ® € 7. We consider ®,, defined as
q)m(u7w) = (I)(Pm(uaw))v

where P, is the orthogonal projector Py, : H — Hy, x (L?),,.
The space H,, is spanned by the first m eigenvectors wy, ...w,, of the Stokes operator.
The space (L?)™ is spanned by the first m eigenvectors pi,...om of —A in L? with the domain
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H%NH}.
More precisely, if u =) 7~ upwy and w = > 7 | Wkpk, then

m m
Pr(u,w) = () Gpwe, Y @rpr)-
k=1 k=1

In the sequel we will need a projection operator that acts only on a single function u or w. We
shall use the same notation then (Ppu = Y ;" upwy and Ppw = Y )", Wrpk) not to multiply
notation.

Since ® is bounded on a bounded subsets of H, ®,, is in fact bounded on H.

Let us notice that the Frechet derivative of ®,, can be written as ® (u,w) = &' (P, (u,w))Pp,.
Hence ®,, is a C' functional on H. Moreover, t — S(t)(u,w) is C' as the map from [0, c0) into
H if we only take u € D(A) and w € H2 N H{.

Therefore we can write the time derivative of ®,,(S(t)(u,w)) for u € D(A) and

we H*N H} as

d

21 (Em(SO)(w,0))) = (F(S@)(u,w)), D7, (S(#) (u, w))) (7.12)

for all ¢t > 0.
The measure p(u,w) is invariant, that is

/ (F (11, 0), @l (1, 0) )i, 0) = / (F(S(E) (u,w), B (S(1) (0, 0)))dpa(1s,0)

and when we integrate the above with respect to time and divide by T, we get

T
[Pt @) = [ [ LESO00). 850 ww)dtdu(u ).

Now, we can use (7.12) and Lemma 3.1 to see that

1

/(F(U»W),@%l(uw))du(u,w) = /T(@m(S(T)(UM)) — O (u, w))dp(u, w).

Letting T' — oo, we arrive at
[ (Fw.).0) (. )dita,) =0
since ®,, is bounded.

Now, we pass with m to infinity. To this end, use the Lebesgue dominated convergence
theorem. First, we rewrite the left-hand side of the above equality:

0= [ (), ))ds0) = [ (PP, @' (Po,0)) i)

_ / (F (1, ), Pon® (P (11, 0)))dpa (1, ).

Let us notice that P, (u,w) — (u,w) in V for all (u,w) € V. Hence, in view of the Lemma 3.1
we have the following convergence u — a.e.
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(F(u,w), Pp® (Pn(u,w)) — (F(u,w), ® (u,w)).

Moreover, ®' is bounded (since ® belongs to 7 and hence @’ is bounded as a function from V
to V). Therefore, we have

(F(u,w), Pn® (P (u,w))) < el w llv + 1| @ gy + llw |l + [T w |7+l + llgllz.)

where the constat ¢ depends on .
Now, the Lebesgue Dominated Convergence Theorem gives

/(F(u,w),@’(u,w))du(u,w) = liMm—oo /(F(u,w)quJ’(Pm(u,w)))du(u,w) =0
which finishes the first part of the proof.

Statistical solution = invariant measure
We will show that the following equality is satisfied for any ® € T

/ B(S(0) (u,w)du(u ) = [ Blu,w)dn(u, o)

for all £ > 0.
We do it using Galerkin approximations. That is, first, we will prove that
/(IJ(Sm(T)(u,w))d,u(u,w) — /@(Pm(u,w)du(u,w) — 0,

where Sy, (t)(u, w) = (um (t), wm(t)) is the Galerkin approximation of the solutions of (7.1)-(7.5)).

Let us take a test functional ® € 7. Then for any (u,w) € H and all t € R, S, (t)(u,w) € V.
Hence, we can differentiate the expression ®(.S,,(t)(u,w)) and we get

%‘P(Sm(t)(uw)) = (P F(Sm (1) (1, ), (S (£) (1, ).

Integrating the above over H and over time (which can be done due to Lemma 3.1) we arrive at

/@(Sm(T)(u,w)d,u(u,w) = /@(Pm(u,w))du(u,w) (7.13)
T
+ /0 /(PmF(Sm(t)(u,w)),(ID'(Sm(t)(u,w)))d,u(u,w)dt.

Now, our goal is to show that the last integral vanishes as m tends to infinity. But first of all
we would like to "replace” somehow P, F'(Sy,(t)(u,w)) by P F (P (u,w)).

Let us look more carefully at the derivative in (7.13) (the measure pu is a stationary solution for
our problem, hence we know the Louville-type equality holds).
First, let us define the following functional

O (L, (u,w)) = (S (1) (u,w))
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for all (u,w) € H and all t € R. Then, if we fix arbitrary ¢t € R, ®,,,(¢, (u,w)) is a test functional
with a Frechet derivative

(@) (£ (1, @) = (D) (S (£) (11, )" (' (S () (u, w)))

where (D) (Sm(t)(u,w))* is an adjoint to D(y ) (Sm(t)(u,w)) and is a bounded operator on
‘H. The element (u,w) belongs to H.

(The operator (u,w) — Sp(t)(u,w) is Frechet differentiable as an operator in H and its derivative
in every (u,w) € H is a bounded operator in H).

Now, it can be shown that

(P (S (£) (1, @), @ (S (8) (1, ) = (P F (P (11, ), (P )y,0) (E (1, w)).

The proof is the same as in [20] so we will not rewrite it. The idea is to show that both sides
of the above are equal to (®,,);(t, Pn(u,w)). Let us only mention that the group property of
{Sm(t) }ter is used in this place.

Hence, in place of the last integral in (7.13) we can put

T
/0 / (P (Pon(1,0)), (D) (s (1)) g, ) . (7.14)

Now, we will show that (7.14) tends to 0. We use the following observation: recalling that
(u,w) — Pp(t, (u,w)) is a test functional from the set 7 for any fixed ¢ € R,

/ (B (1,0), (@)l (b, (1,0)))lpe(, ) = 0,

since u is a stationary solution. Therefore

T
| [ PP Pt (@) 6 )t )t
T
= [ AP (Paf.)) = Pla0), (@) 8 ) ()
Due to the above equality, we shall look at the last integral instead of (7.14).

First of all, ®,,, (¢, (u,w)) depends only on P,,(u,w). Hence, (<I>m)’(u ) (t, (u,w)) = Pp( @), 1 (t, (u,w))
and

[ eu@dntuw) = [ o(Patuw)dutu.)
T
+ /O / (P (P (1, 0)) — PoF(1,9), (@)l (1 (1)) g, )t

The only terms that do not vanish in the expression P, F'(Pp,(u,w)) — Py F(u,w) are the ones
connected with the bilinear operator B = (B, By). More precisely,

P F(Po(u,w)) — P F(u,w) = PrB((1,w), (1, w)) — PyB(Pr(tt,w), P (1, w)).
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Therefore, we need to show that

/“t/ Pon(t,0)) = B((11,0), (,0)), (©) o (b () dps(, )t (7.15)
vanishes as m goes to infinity.

First, (@m)’(u o (&, (u,w)) is an operator with values in H. It will be more convenient for
the moment to look at ((IDm)/(u w)(t, (u,w)) as at the object with two components, namely
(<I>m)’(u o) (& (u,w)) = (64, Oy,). Then we have

| (B(u,w) = B(Pin (1, w)), (), (t (1, w))) |

(u.w)

< |b(u, u, ©y) — b(Ppu, Pru,0y) | + | b1(u,w, ©y) — b1 (Pru, Prw,0y) | .

Now, we estimate the trilinear forms b and b; as

| b1(u,w,©y) — b1 (Ppru, Prw,0y,) |

< etlu = Pl 7 [ w = P [/ 1wIIZ 11 1157 11 €0 11y
terl| Pl 1 Pue [0/ 1w = Pl 2 11 @ = P 121l €0 Il
< etlu = Pl [ |1 w = P [/ 1wlIZ7 |1 1157 11 €0 111y
-wﬂmWﬂmuwuw—nwwﬂuw—mwumu@wm

and in the similar way

| b(u,u, ©y) — b(Ppu, Phu,©,) |

3? Al 2 1w 152 O [y -

< 2ciffu = Poullg”™ || w = Pou ||

Using the Poincaré inequality
2 1 2
= Pl < Il = Pt I}
m

and

1
lw = Prwllf, < — [l w = Puw |31
Om 0

we arrive at

‘ (B(uvw) - B(Pm(u7w))7 ((I)m),(u,w) (t7 (u7w))) ‘

1 1/2 1/2
< e = Poally llulzy® [ 11 € llv
m
1 1/2 1/2
+er—7 1w =P [l Illly” [l 71 €0 Iy
Om
1/2 1/2
ter—7 1w = P (g ullg? 1w 15721 O ey -

1/4
o
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and

1
| (B(u,w) = B(Pra (1, w)), (Pm) 0 (£ () |< ST 1w 711 O [lv
1 m
1

1
O a s lullv o llg -1l ©ollm T T ully -l w g 1l Oullm -
oy om AN om

(7.16)

In order to show that the integral (7.15) tends to zero when m goes to infinity, it suffices to
estimate the norm of H(<I>m)2u ) (t,(u,w)||y by a function of ¢ that is integrable on the interval

(0,7). Indeed, A, and o, go to infinity with increasing m, and the expression [; ||(u,w)||vdp

is bounded since we assumed g is a stationary solution.

First, we define the operator A as follows:

~

A(u,w) = (Au, —Aw)

where A is the Stokes operator. Moreover, we have ||(u, w)||y = [|AY2(u,w)||x for all (u,w) € H.

Taking into account the above notation, in view of the Riesz representation theorem we have

~

| ’((I)m)/(u,w) ’ ‘V = | |/11/2 ((ﬁm)/(u,w) | ‘H = Sup'UE'H,\U\Sl (A1/2((pm)/(u,w) ) ’U).
The space H is dense in V and A'/2 is a symetric operator on H. Moreover,

(q)m),(u,w) <t7 (u7 w)) = (D(u,w)(Sm(t) (U, w)))*(@'(Sm(t)(u, w)))

Therefore, the last expression in (7.17) can be estimated in the following way

suPuet ol <1 (A7 (@) ) 0)
= subyev,ulip<t (D) (Sim() (w,0)))* (¥ (S(8) (u,0))) , A20)
= Supvev,||v||ﬁgl((q),( m(t)(u,w))), D ( 'm (1) (u, w))Al/Q)
suPuey joflpe<t (A (@ (Siu(1) (u, >>> A2 D) (Sin (1) (w, w)) A1/ ?0)

< supyefullp<t |9 (S (8) (w, )1 1A Dy ) (Sin () (, ) AY?0) |13

The functional ® belongs to the set of test functionals 7. Hence, ®' is bounded on V.

Therefore, we need to estimate only

SUPue ol r<1 | A2 D 0y (S (t) (u, w)) AY 20| |4,

or equivalently
supveH7‘ |A—1/2||4 <1 | |D(u,w) (Sm (t) (uv w))v| |H‘

To this end, we consider the operator D, ., Sm(t)(u,w).

(7.17)
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First, for the sake of simplicity, we denote Uy, = (U, wm).
Let v = (vy, vy) be an element of H. Then the function v, (t) = (D(yw)Sm (t)(u,w))v = (v, v3)')
is the solution of the equations (written in the abstract form)

d
%vq’;" —(v + 1) AV — P B(um, vy)') — P B(vy', um,) + 2vprot v, (7.18)
d

%U‘T = aAv] — Py, B1(um, ) — Pn(v))',wm) + 40,00 4 2vprot )

for all t € R, where v,,,(0) = v.

Let us take a scalar product in H of (7.18) with A~1v,,. We arrrive at

LA 20 = (el R — ol — b, o, A7) (7.19)

— (v U, A” 1vm) — b1 (U, 0, (= A0T)) = b1 (v, Wi, (—AUT))
+ 2u.(rot v}, A” v;”) + 4v, (v (= A0)) + 2 (rot v, (= Au])).

2dt

We estimate the trilinear forms using the interpolation inequality ||u||Z, < ¢(€,n)||ul|m||Au||x
as

b, A0 0+ b0, AN )|
< clp|lullA 1vm||v|rum\|”2|\ mll/?
< el A2A™ v || I AA™ v | 2 | 2 |
< o3P 1ATY 20 3 et eom [
< By + G2 By e

We proceed in a similar way with by trilinear forms. Next, we use the results obtained in [27] in
order to estimate rest of the expressions on the right-hand side of (7.19). We have

(v + v)lloi [ + al 7, + 2vn(rot o, A7H) + dup (v, (=D0)) + 2vp(rot oy, (—Dvg)))
> k|| AT 20, APy = k| AT 20, A7 Py 1y
Summing up, we arrived at

d, ~_ ~_ 9
114 Y203 < ClIATY 20|13y ] | ] -
Using Gronwall lemma, we get

t
A 2o ()15, < I|A 20 (0)] 13, eXp(C/O [ ()| ] [T ()| [5ds) (7.20)
for all t > 0.

Now, we need some a priori estimates already derived in [27]. We have
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t
kl/o [T ()Ids < |(u,w) ()15, + ks (|| FI[7 + [lgllZ,)

where k1 = min(v, ) and kg = mal‘(%, %)7
and

[ (3)[[7 < I, w)(0 )HH+ (I!f\\H+!\9\\L2 (7.21)

where ko = min(v, ao).

Using the above inequalities the estimate (7.20) can be rewritten as
A0, (0)] 3¢ < 1A 20,0(0)[ 3 exp(Cr(1 + || (, w) [ [3) (E + || (w1, w)[[3,))

for all t > 0, where C depends on ||f||g and ||g]|z,-

Since our aim is to show that the integral (7.15) vanishes when we go with m to infinity, et us
notice that the integral is taken with respect to the measure p. Therefore we can concentrate
on functions (u,w) € supp p. By the Theorem 3.1 the norm ||(u,w)||x is bounded in this case.
We have R R

IA2(D ) Sra(0) (s )03 < [|A~20] B exp(Ca(1 + ).

Hence, the integral (7.15) can be estimated in view of (7.16) as

’ (B(u,w) - B(Pm(u,w)), ((I)m>/(u,w) (tv ('LL, w))) ’

1 1 1
< e + + )[(u, )2 exp(Ca(1 + 1))
)\1/4)\%4 ai/40,17~{4 )\1/40,17{4 v

p—almost everywhere in H.

Therefore,
/ / P (u,w)) — B((u,w), (u,w)), (Cbm)’(u’w)(t, (u,w)))dp(u,w)dt
1 T
<clcg()\1/4/\1/4 1/4 i )\1/4 73 /Huw |13 du(u, w)/o exp(Ca(1 +t))dt
1 1 1
< Cp( + )
)\1/4 717{4 }/407171/4 /\}/4071744
since p is a statistical solution.
Hence, for any fixed T > 0,
[ B0, B09) = B0, (000, (0 00t —

as m goes to infinity.
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As a consequence,

/ B (S (T) (11, ) ) (11, ) — / (P (11, w)dpa(u, ) — 0.

Moreover, we have

/@@Mﬂw»wwwwwe/@wawwmmm%w

since ®(S,,(T)(u,w)) is uniformly bounded p—almost everywhere on H in view of (7.21) and
the fact that Sy, (T)(u,w) — S(T)(u,w).

We also have

[ oPatudntuw) — [ Suw)dnu,w).

Therefore,
[ eS@ @) = [ @uw)dutu,)

for any T" > 0, which finishes the proof of the theorem.

7.2 Reynolds equations

In the description of the turbulent flow we are interested in the evolution of mean velocity and
angular velocity of the micropolar fluid. There is a procedure used in physics that is called an
averaging technique that gives the equations for such a mean motion. The idea of it is presented
in [1]. The functions u and w are decomposed into their mean and fluctuating part. The average
of the last one is equal to zero. But in the mentioned article it has not been precised what this
average means. Now, we will derive the Reynolds equations for the mean flow (denoted as w, @)
in a precise way, using time-averages introduced above.

—(v+v,)Au + Bi(u,u) + B(u/,u') = 2v,rot(w) + f, (7.22)
divu =0,
—aAw + B (u,w) + B(u',w') + 4v,0 = 2v,rot(u) + g. (7.23)

We take the scalar product in H of (7.1) and v € V,
4
dt

and the scalar product in L? of (7.3) and w € H}

%(w(t), w) — a((w(t), w(t)) + (B2(u(t),w(t)),w) + 4vp(w(t), w) = 2vp(rot u(t), w) + (g, w).

(u(t), v) = (v + ) ((u(t), v)) + (Br(u(t), u(t)), v) = 2vr(rot w(t),v) + (f,v)

Now, we fix a certain Banach generalized limit funtional LIM;_,, . If we take the time average
of the above equations and then apply the functional we chose, we obtain
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1 1
LIMTHOOT(U(T)v v) — LIMTHOOT(U(O)’ v)
T T
bt VT)LIMT_,OO% /0 (u(t), v))dt + LIMT_,OO% /0 (By(u(t), u(t), v)dt

1T 1 (7
= QI/TLIMT_,OO/ (rot w(t),v)dt—l—LIMT_)oo/ (f,v)dt,
T 0 T 0

and

1 1
LIMyp_ o T (w(T),w) — LIMTHOOT (w(0),w)

1

T T
LMooy /0 ((w(t),w(t))dt—i—LIMT_)OO% /O (Ba(u(t), w(t), w)dt

1 1 e
+ 4VTLIMT_>OOT(w(t), w)dt = ZVTLIMT_WT(mt u(t),w)dt + LIMT_@OT/ (g, w)dt.
0

The first two terms in both equations are equal to zero. In fact, from the first energy
inequality (2.18) and Gronwall lemma, we have

| (u(T), ) |< [[u(T)[|zal[0ll 22 < [(uollL, +[lwollro) + sl fl]z + [lgllza)]l[0]] 22

Therefore, dividing both sides of the above by T and letting 7" go to infinity, we arrive at zero.
The similar estimate for the terms with w hold.

Now, we define functions w and @.
First of all, let us notice that the map

1 [T
v—>LIMT_>OOT/ (u(s),v)ds
0

is a linear bounded finctional on the space H. Hence, by Riesz representation theorem, there
exists an element in H, which we shall denote by w, such that

1 [T
(u,v) = LIMT_MX)T/ (u(s),v)ds for every v € H.
0

Similary, we have an element @ in L? that satisfies

1 T
(W,w) = LIMTHOOT/ (w(s),w)ds for all w € L2.
0

Now, we need to check that both elements u and @ belong to V and H}, respectively (since we
would like to know we can apply weak Stokes operator and a weak laplacian to these elements).

Since v is a function in the space V, in particular the following holds

1 T
(U, vy,) = LIMT_,OOT/ (u(s),vg,)ds foreveryv eV, i=1,2.
0
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We also have

e 17
LIMT_,OOT/ (u(s), vy, )ds = LIMT_,OOT/ (u(8)z;,v)ds.
0 0

Hence, we can consider the following bounded functional on H

1 T
U—>LIMT_>OO/ (u(s)z,,v)ds.
T Jo

Due to the Riesz Theorem, there exists an element Vu = (Uz,, Uz,) such that

1 T
(Ug,,v) = LIMTHOOT/ (u(s)y,;,v)ds for everyv € H, i=1,2.
0

Hence, bringing the above together, we have
(va U) = (ﬁv Uﬂfii)

for any v € V.
Therefore, u,, = U, in the weak sence. The same holds for the function @.

We proved that % belongs to V and @ is an element of H}. We can apply the weak Stokes
operator to w and the weak laplasian to w. We have

T T
(Aﬂ,v):(ﬂ,Av):LIMT_)OO% /O (u(s),Av)ds:uMT%% /0 (u(s), v))ds
and
1T 1T
(0%, w) = (@, &w) = LIMr -y /0 (w(s), Dw)ds = LIMr /0 (w(s), w)).

Now, let us look at the terms containing trilinear forms.

T T
LIMT_W% /O (B(u(s), u(s)), v)ds = LIMT_W% /0 (B(T + u(s) — @7 + u(s) — @), v)ds
T _ _
= LMy, /O (B(w,7),0) + (B(@, u(s) — 7), )

+ (B(u(s) —w,u),v) + (B(u(s) —u,u(s) —u),v)]ds.

First of the terms on the right hand-side is in fact equal to (B(w,u),v):

1 T
LMy ooy / (B(@, @), v)ds = (B(@,7),v).
0
Now, since the form b is trilinear, the second and the third expression above dissapear. In fact,
we could rewrite the forms as a sums to see that
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e I
LIMp ot / (BT, u(s)), v)ds = LIMp o / (B(@,7), v)ds.
T 0 T 0
Moreover, the functional
T
v — LIMT_K,O/ (B(u(s) —w,u(s) —u),v)ds
0

is linear and bounded on V. Hence, using the Riesz representation theorem, there exists an
element B(u(s) —u,u(s) — u) belonging to V', such that

T
LIMT_,OO/O (B(u(s) —w,u(s) —u),v)ds = (B(u(s) — u,u(s) —u),v).

At last, we have

I e
LIMT_,OOT/ (rot w(s),v)ds = LIMTHOOT/ (w(s),rot v)ds = (W, rot v) = (rot w,v).
0 0
Summing up, we obtained the following
(V + VT)((ﬂv ’U)) + (Bl (Ha E)a U) + (B(U’, u/)7 U) = 2VT’(TOt(w)7 U) + (f’ ’U) (724)

a((w,w)) + (Bs(u,w),w) + (B, u'),w) + 4v,(w, w) = 2v.(rot(u), w) + (g, w) (7.25)

for every v € V and w € H}, which are the stationary Reynolds equations (7.22)-(7.23).



Chapter 8

Nonstationary Statistical Solutions

In this chapter we study the micropolar fluid system with external forces and moments depending
on time.

?;; —(v+uv)Au+ (u-V)u+ Vp =2urot w+ f(t), (8.1)
divu =0, (8.2)

ow
i alw + (u- Vw + dv,w = 2u,rot u + g(t). (8.3)

We assume that homogeneous Dirichlet boundary conditions hold
uao =0, wpn =0, (8.4)
and denote the initial conditions as
u(T) =up, w(T)=uwo, (8.5)

for 7 € R. We assume ug € H and wqg € Lo.
The domain € is a bounded subset of R? with a smooth boundary.

8.1 Definition of nonstationary solutions

There are two known to the author ways of introducing the idea of nonstationary statistical
solutions. First one comes from C. Foias ([19]) and the other one was introduced by M.Vishik
([50]). We shall sketch the idea of both of them first.

As in the previous chapter, we look at the system of micropolar fluid equations (8.1)-(8.4)
with the initial probability measure ;1 defined on the space H x Lo instead of individual initial
conditions. The nonstationary solution is a probability measure defined on the space of weak
solutions of the equations.

The idea proposed by M.Vishik is to define a space-time statistical solution on the whole tra-
jectories, in such a way that it coincides with the initial measure. In two dimensions, where the
existence of a unique weak solution of (8.1)-(8.5) is known, the construction of the measure is
simple. But the same idea works in the case of three dimensions, where we do not know if the
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system of micropolar fluid equations has global in time solutions. Then it is more technically
complicated. One has to come through Galerkin approximations of the measure and use the
Prokhorov Theorem.

Since our whole work is devoted to the two-dimensional problem, we shall not study the three-
dimensional case here.

The other way of defining a statistical solution is proposed by C.Foias. One introduces a family
of probability measures indexed with time and defined on the time sections of trajectories. One
constructs the measures using Banach generalized limit.

In this chapter, we use the idea of M. Vishik first. We define a space-time statistical solution.
Then we show that we can derive a family of measures from it. Next, using generalized limits
we construct the family of measures with the support belonging in the pullback attractor.

Before we give the definition of the nonstationary statistical solution, we precise on what space
the probability measure will be defined.

We consider the space to which the solutions of the system (8.1)-(8.5) belong to if f € L} (R, H)
and g € L? (R, Lo)

loc

Z = {(u,w) :u € Ly(0,T; V)N C([0,T); H),w € Ly(0,T; HY) N C([0,T]; L2)}.

We assume that the initial measure p has finite energy, that is
| ol + llnl s, o)) < oc.
HXL2

Definition 8.1.1. The nonstationary space-time statistical solution for the problem (8.1)-(8.4),
corresponding to an initial measure p is a probability measure Pdefined on the space Z such that
the following conditions hold:

(i) The measure P is supported on the solutions of problem. Namely, there exists a closed set
W C Z that is a Borel set in Z : W € B(Z), P(W) =1 and W consists of the solutions of the
system of equations.

(i) The measure P correponds to the initial measure in the following way

P(yy ' v0) = p(vo)

for all vy € B(H x Lg).
The expression vy *vo denotes the trajectory, e.g. {(u(t),w(t)) : (u(t),w(t)) € Z,vo(u,w) € vy}

(iii) The energy inequality holds:

J iy + 11 075y + O + (0 Pl )

< ¢ / (ol + el 2, ) dpCuo, wo) + 1)

for allt > 0, where C depends on f and g and the constants characterizing the fluid.
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8.2 Existence and uniqueness of the statistical solutions

First, we introduce some notation. Since the system of micropolar fluid equations in two dimen-
sions (8.1)-(8.4) has a unique solution, we can define an operator S

S:(Hx L) — Z

S(u(0),w(0)) = {(u(t),w(t));0 <t <T}.

We define the measure P for any w € B(Z) as

P(w) = (S~ w).

Now, we show that P is in fact a nonstationary statistical solution in the sense of Definition
8.1.1.

First of all, let us notice that points (i) and (i7) are obvious form the way measure P was defined.
Hence, we only need to check that the energy inequality holds.

To this end, we recall the energy inequality for the weak solutions (2.18) which after integrating
it over time gives

t
w3 + w7, + kl/o(HUH%/JFHWH]Qqé)dS
< k t 2 2 d 0)|[2 0)|[2
A (IFNZ, + lgllz,)ds + [[[u(0)|[z + [|w(0)]Z,-

Since the measure P is defined on the weak solutions of the system (8.1)-(8.4), we can integrate
we above inequality with respect to P to arrive at the desired inequality (7).

Let us also notice that uniqueness of the weak solutions for our problem imply that the measure
P is uniquely defined.

8.3 Family of measures derived from the measure P
Let P be the measure obtained in the previous section and defined on the space
Z = {(u,w) : u € Ly(0,T; V)N C([0,T]; H),w € Ly(0,T; H}) N C([0,T); L2)}.
Now, we shall derive a family of measures {1 },cjo,7) by fixing ¢ € [0,T]. Indeed, if (u,w) is a

weak solution of (8.1)-(8.5), it clearly belongs to the space Z. We can fix the time ¢ by defining
the operator v; : Z — H X Lo as follows:

Yeu = u(t)
Hence, if we take w € B(H x L) and choose any t € [0,T], we define y; in a natural way as

pe(w) = Py, 'w). (8.6)

We shall show that the family of measures derived above is a nonstationary statistical solution
in the sense of the definition inspired by the idea of C.Foias:
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Definition 8.3.1. A family {1 },com of probability measures defined on H x Ly is called a
nonstationary statistical solution of micropolar fluid equations with initial data po(u,w) if

(i) the Louwville equation

[ ettt = [ttt + [ o), ¥ w6

holds for all cylindrical test funcionals ® € T depending on a finite number of components of u
and w :

q)(uaw) = ¢((u7w>7gl)? ) ((U,W),gk))

where ¢ is a C' scalar function with compact support and g; are elements of V x H&,

(ii) the energy inequality holds

/(Hu(t)H%{ +lw(®)17,)dpe(u, w) +/0 /(Hu(s)\%/ 1w (3|32 )y (u, w)ds (8.8)
SC/Ot/((f(S),u(S))+(Q(S)M(s))dus(u,w)ds—i—/(Hu(O)H%{-|-Hw(())H%Z)dMO(%w)_

(iii) the function
t— /go(u,w)d,ut(u,w)

is measurable on [0, T] for any bounded and continuous real-valued function defined on H X L.
Moreover, the function

e [l + ol s
belongs to L*°(0,T) and
e [l + ol din (a0

belongs to L1(0,T).

We shall prove the following lemmas.

Lemma 8.3.1. The family of measures {Mt}te[o,T] derived in (8.6) satifies the energy inequality
(8.8).

Proof. Since we already have an energy inequality for the measure P, we only need to notice
that the following holds

/(HU(t)H%r +llw®IIZ,) Pd(u,w)) = /(HUH% + w7, pe(d(u, w))

when we change u(t) for u and w(t) for w.
Moreover, since the function [Ju(7)|[, +||w(7)||3;: is measurable on [0,T] x Z, we can use Fubini
0

Theorem to get

/ ( /0 Ul + ()2, )dr) P(d(u,w)) = /0 / NI + e ()2, ) P, )
- /0 / (Nl + ol 2, )) e (s, w)
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Lemma 8.3.2. The Louville equation (8.7) holds for the family of measures {iu}ve(o,1)-

Proof. Let ® be a functional satisfying assumptions of the Definition 8.3.1.
If we take ®(u(t),w(t)) and differentiate it with respect to ¢, we get

d®(u(t), w(t))

= (@ (u(t), w(t), F(tu(t), w(t)

We integrate the above with respect to ¢ to arrive at

D(u(t), w(t)) — @(u(0),w(0)) =/0 (@' (u(s), w(s)), F'(t, u(s), w(s))ds.

Since
(I)(uaw) = Qb((u’w)vgl)a SR ((uvw)vgk))

and ¢ is a scalar C! function, all the expressions above are P—integrable. Hence, we integrate
the above with respect to the measure P and arrive at

/((ID(u(t),w(t)) — ®(u(0),w(0))dP = //0 (@ (u(s),w(s)), F(t,u(s),w(s))dsdP.

Changing variables (u(t),w(t)) for (u,w) and get

/(@(u(t),w(t))dP = /fb(u,w)d,ut(u,w).

Using Fubini Theorem, we get the desired Louville equation. O

8.4 Family of measures {i;}:cr and the pullback attractor.

From now on let us assume that the forces and moments satisfy
"o 2 2
/ e {U[f)Mlar + llg(s)ll, }ds < oo for every te IR, (8.9)
— 00

where A = min{v )\, an } (v and « are the viscosities as in (8.1) and in (8.3), and A1, n; are the
first eigenvalues of the Stokes and minus Laplacian operators, respectively).

We shall show that the nonstationary statistical solution is a family of measures having their
support on time sections of a pullback attractor {A(t)}+cgr if only the initial measure p, has its
support belonging to A(7).

First, let us generalize the definition (8.6) of the family of measures {u};cjo,r for all t € R.
We can rewrite (8.6) as

pa(w) = P74 (w)), (8.10)

where the operator v, ; takes the trajectory starting at time 7 and fixes the value of the solution
at time t.
If we fix the measure ., as an initial measure (given at time 7), we have

e (w) = P(y; }w) (8.11)
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Let us substitute w = U(t, 7)v for some v € B(H x L) in (8.10) (where ¢ > 7 and U(t,7) is a
process associated with (8.1)-(8.5)). We derive

p(U(t,m)v) = Py, (U(t, 7)) = P(y;7v)-

)

Therefore

(U (t,7)0) = 10 (0) (8.12)

for any v € B(H x L) and t > 7.
The pullback attractor { A(t)}+er has the following invariance property

U(t, 7)A(T) = A(t)

for any t > 7.

Let us assume that p, for some 7 € R has its support belonging to A(7). Hence, u,(A(7)) = 1.
In view of (8.12), we have

pi(A(t)) = (UL, 7)A(T)) = pr(A(T)) = 1.

8.5 Nonstationary statistical solutions - the other concept

Now, we shall construct a nonstationary statistical solution as a family of measures {p}icr in
the space H x Lo using the idea of C.Foias.
The main Theorem of this section reads

Theorem 8.5.1. Let (ug,wp) be any element belonging to the space H X Lo.

Let LIM7_. o, be an arbitrary but fixred Banach generalized limit.

Then there exists a family {pi}er of probability measures defined on H x Lo with support on
the time sections of the pullback attractor {A(t)}ier.

The measures p; satisfy

1 t
LIM; o / o(U (L, 5) (1, wo) )ds = /A Pl ). (8.13)

for any ¢ € C(H X Lg).
Moreover,
pe(E) = p (U(t,7) " E)

for any t > 7 and every Borel set E € B(H X Lg).
We prove some needed lemmas.

The first thing we look at is if the left side of (8.13) is well defined . Since the functional
LIM,_ . acts on bounded real-valued functions, we need to check if the expression

L ot 5) (o, w0))

t—7 /),

belongs to the space B([0,0)).
First, we need to now, that the following lemma holds

Lemma 8.5.1. Lett € R. Then there exists an absorbing compact set B(t) in the space H x Lo.



8.5. NONSTATIONARY STATISTICAL SOLUTIONS - THE OTHER CONCEPT 89

Proof. In order to show that the family of compact in H x Lo absorbing sets exists, we recall
that

t
lu@)IIV + lw®F; < 66’“2“_”/ "2 (£ (s)l[7r + g (s)IIZ,)ds

—00
t

caplee™0 [ £(5) By + lg(o) 7, ds).
Since Rellich- Kondrashov Theorem states that V' x H{ is compactly imbedded in H x Lo, the
proof of the lemma is finished. O
Now, we prove that the left-hand side of (8.13) is well defined.

Lemma 8.5.2. Let (ug,wo) € H X Ly and t € R. Then the function
7 — @(U(t,7)(uo, wo))
is continuous and bounded on (—oo,t].

Proof. Let us recall the estimate from [27] (the inequality (2.34) in the cited article):
[[ur(t) = w2 ())l17r + llwr(t) — wa(t)II,

< (Il (7) = ua ()77 + [wr (7) = wz(T)\l%z)ewp(,Z/ (lur ()T + llwr(s)l7)ds

for any 7 < t.
The functions (u1,w;) and (ug,ws) are two weak solutions of the problem (8.1)-(8.5).

We rewrite the above inequality using the notation of the process since that will be more conve-
nient here. We take U(t, s)U(s, T)(up,wp) which is equal to U(t, 7)(up,wo) as one solution and
simply U(t, s)(up,wp) as the other one (for any s < 7 < t). We arrive at

1U (¢, 5)(uo0,wo) — U(t, 7) (w0, wo)l 7L,

t
< (||(UO>W0)_U(377)(UO7WO)|%{><L26$p(0/ (U (r, 7) (0, wo)[[3 . gy

Due to the continuity of solutions in the space H x Lo, the first expression is small when |s — 7|
is small. Moreover, the expression under the exponent is bounded for any fixed ¢ and 7 < t.

In view of the previous lemma, there exists a family of compact absorbing sets. Hence, for
sufficiently small 7, namely 7 < 7y for some 79 € R, the function

T — @(U(t, 7)(uo, wo))

is bounded, since U (¢, 7)(ug,wp) belongs to a compact set.
The interval |19, 7] is compact, hence the above function is also bounded on it. That finishes
the proof of the lemma. O

Let us notice that Lemma 8.5.1 gives the information that the left-hand side of (8.13) depends in
fact on the values of ¢ on the compact absorbing set. This allows us to use the Kakutani-Riesz
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Theorem from which the existence of the family of measures results.
We finish the proof of the Theorem 8.5.1 here, since the remaining part of it has been done in
[28] using abstract notation and the results of the lemmas above.

Now, we show the family of measures from Theorem 8.5.1 satisfies the Definition 8.3.1.
We shall prove it in the following lemmas.

Lemma 8.5.3. The Louwville equation holds.
/ D(u,w)dpy(u,w) = / O (u, w)dpr (u,w)
A(t) A(T)
¢
+ / / (F (5, ,0), & (u(s), w(5))) dps (o, ) ds,
T JA(s)
where ® is a cylindrical test functional depending on a finite number of components of u and w :
(I)(U, CU) = QZ)((U, w)v gl)a (X3 ((U, w)7 gk:))
for ¢ being a C scalar function with compact support and g; denoting elements of V x H&.

We omit the proof since it is identical as in [28] (and done in abstract notation there).
We only need to notice that the function

5 = (F(5, 1), ®(u(s),(5))),
where 7 < s < t, is integrable on [7,t].
The solutions of (8.1)-(8.5) satisfy u(s) € La(7,t; D(A)) and w(s) € Lao(7,t; H> N HY).
Therefore the expression F'(s,u(s),w(s)) is integrable over time in [7,¢]. Hence for any g; € V

the functions (F(s,u(s),w(s)),g;) and also (F(s,u,w), ®' (u(s),w(s))) are integrable.

Lemma 8.5.4. The energy inequality holds

2 2 ! 2 2
/A o RO+ oI ) -+ / /A RGN+ o) o)

IN

C s),u(s s),w(s))dus(u,w)ds
/T/A(S)((f() (5)) + (9(5), w(s))dpas 1, )
T / ()2 + ()12, ) (0, 0).

A(T)

Proof. We use the previous lemma to derive the desired energy inequality. We need to choose
the appropriate test function .

Let us notice that functional of the form ®(u,w) = |Ju[|3;+[|w[|7, would be the most convenient.
Since it depends on infinite number of components of u and w, first we modify it and take into
consideration ®,, (u,w) = ||um |3 + [lwml7,. We have @), (u, w) = [2up, 2wn).

What we get, is
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/. O + e DI e
+C/ /A( )(Hum(S)H%/ + ||wm(5)’|§{&)dl~bs(U,W)dS — 01/ /A( )(HU(S)H%/ + ||w(8)”§{é)dﬂs(u;0))d5

t
SC/T /A(S)((f(S),um(S))+(9(5),wm(s))dus(u,w)ds+/ (I (T)|[Fr + Nlwm (T2, dptr (u, w),

A(r)

where constants ¢ and ¢; depend on the parameters characterizing the fluid. The third integral
comes from the estimates on the trilinear forms. Since the calculations are identical to the ones
obtained when deriving the energy estimates for the solutions, we do not present them here.

Due to the Lebesgue dominated convergence theorem, we can pass to the limit with m and get
the desired energy inequality. O

One of the results of the Theorem 8.5.1 is the invariance property of the family of measures,
namely

m(E) = - (U(t, )7 E)

for any ¢ > 7. We obtained the same property in the case of the measures u; derived from the
nonstationary statistical solution P.

Since the process U(T,t) associated with the problem (8.1)-(8.5) is uniquely defined, the above
property implies uniqueness of the family of measures when an initial measure is given.
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Chapter 9

Conclusions and final remarks

The aim of the thesis was to develop a part of the qualitative theory of micropolar fluid equations.
We used the theory of attractors and the notion of statistical solutions.

In the first main part of the thesis we concentrated on two-dimensional flows in bounded domains
when external forces and moments acting on the fluid depend on time. The long time behaviour
of the dynamical system in frame of the theory of pullback attractors was studied. The natural
direction of further research is to investigate important three-dimensional flows as well as flows
in unbounded domains. It is also interesting to develop the knowledge on the dimension and
structure of pullback attractors and the way these qualities depend on the parameters of the
flow.

As concerns the statistical solutions for micropolar fluid equations, again the three-dimensional
case still needs to be investigated. Moreover, it is interesting to study further properties of
measures p; and to continue the approach to the mathematical theory of turbulence in micropolar
fluid flows.
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