Anti-angiogenic therapy based on the receptors

Cristian Morales-Rodrigo (joint work with T. Alarcén, M.
Delgado and A. Sudrez)

September 10, 2010

Cristian Morales Rodrigo Anti-angiogenic therapy, 17th September 2010, Bedlewo



Outline

@ The model

ian Morales Rodrigo i-angiogenic therapy, 17th September 2010, Bedlewo



Outline

© The model
@ Evolution problem

Cristian Morales Rodrigo Anti-angiogenic therapy, 17th September 2010, Bedlewo



Outline

© The model
@ Evolution problem

© Stationary problem

Cristian Morales Rodrigo Anti-angiogenic therapy, 17th September 2010, Bedlewo



The model Angiogenesis model

Angiogenesis model with therapy

Blood Vessels

r

ian Morales Rodrigo i iogenic therapy, 17th September 2010, Bedlewo



The model Angiogenesis model
Angiogenesis model with therapy

Equation and boundary conditions for EC

@ u: Endothelial Cells.

o v: TAF.
= Au —V-(a(V)uVv)+\B(v)u—u? in Qx(0,T),
Diffusion

Chemotaxis Reaction
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The model Angiogenesis model
Angiogenesis model with therapy

Equation and boundary conditions for EC

@ u: Endothelial Cells.

o v: TAF.
up= Au —V- (a(v)qu)+)\ﬁ(v)il —u? in Qx(0,7),
Diffusion Chemotaxis Reaction
% = 7w on Tax(0,T),
ECs enter
0
8—5 = —y1u on 1 x(0,T),

ECs out
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The model Angiogenesis model
Angiogenesis model with therapy

Equation and boundary conditions for TAF

@ u: Endothelial Cells.

o v: TAF.
vi= Av, —v in Qx(0,T),
—~—
Diffusion Decay
0
a—: = —73v on 2 x(0,T),

TAF out

0 .
@ _ ~(oxigen) on 1 x (0, T),
on N—_——

TAF enter

7 is a decreasing function.
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The model Angiogenesis model
Angiogenesis model with therapy

Equation and boundary conditions for TAF

@ u: Endothelial Cells.

o v: TAF.
vi= Av. —v in Qx(0,T),
—~~
Diffusion Decay
ov
— = —13v_on [ x(0,T),
on S——
TAF out
ov _, . ~
B = y(oxigen) = 7(s(u)) on Iy x(0,T),

TAF enter

7 is a positive decreasing function. oxigen = s(u) with s a positive
increasing function. Therefore ¥ - s = =y is decreasing.
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The model Angiogenesis model
Angiogenesis model with therapy

Effect of the Therapy in EC

o u: Endothelial Cells.
o v: TAF.
e z: Anti-TAF (receptors)
ur= Au —V-(av,z)uVv)+ A5(

Diffusion Chemotaxis Reaction

v,2)u—u? in Qx(0,T),

~~
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The model Angiogenesis model
Angiogenesis model with therapy

Equation and boundary conditions for Anti-TAF

@ u: Endothelial Cells.
o v: TAF.
e z: Anti-TAF (receptors)
zz= Az —z + Iy in Q2x(0,T),
Diffusion Decay Input

15)
2z - —V2Z on 2 x (0, T),
on N——
Anti— TAF out
15)
a—i = —mz  onTyx(0,7),

Anti— TAF out
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Local and continuity
Evolution Problem Global existence

Theorem
Let p > N,

X7 :=C([0, T]; C°(Q)), Y7 :=C([o, T}; W*P(Q)),
and the initial data
ug := (uo, vo, 20) € X := C°(Q) x WLP(Q) x C°(Q).

Then there exists 7(||ug||x) such that the evolution problem
admits a unique solution

u:=(u,v,z) € X; =X x Yr x X;.
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Local and continuity
Evolution Problem Global existence

Theorem

Moreover, there exists C > 0 such that

lu(uo) — u(uo)l|x, < Cllug — uo|x

where u(ug) and u(ug) stand for the solutions to the evolution
problem with initial data ug and ug respectively. Furthermore,
there exists C > 0 such that

[u(fo) — u(lo)lIx, < Clllo — lollx,

where u(ly) and u(ly) stand for the solutions to the evolution
problem with coefficients Iy and Iy respectively.
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Local and continuity

Evolution Problem Global existence

Let us observe that

vi=Av —v in Qx(0,T),

g: = (y(u), —m3v) on 92 x (0, T).

The boundary term belong to L> therefore v(t) € W1P(Q) for
every t < Tpmax and p € (1,00). Now, we can combine well-known
estimates that are known for the Keller-Segel with the
Sobolev-Trace inequality to get rid of the boundary terms

(Sobolev-Trace inequality)
For every w € W'2(Q), § > 1 and € > 0 we have

/Wzge/\VW|2+C(69+l)/W2.
I Q Q
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Semi-trivial states
stability (linear) of (0, vy, z9)

coexistence for A > A1 (v, z

Stationary problem The mapping Iy — ,\l(/\):i‘

Ip > 0 is a constant.
—Au=—V-(av,2)uVv) + A\3(v,z)u — v? in Q

—Av+v=0, —-Az+z=1l in Q

% = (—y1u,mu) on 00
0

a—: = (v(u), —m3v) on 00
gi = (—72z,—m2z) on 00
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Semi-trivial states
stability (linear) of (0, v
coexistence for A

Stationary problem The mapping Iy +—

(0, vo, 20) is the unique semi-trivial state. v, zg are the unique
solution to the linear problems

—Av+v=0, g‘;:(’Y(O),—T:gV),
0z
—Az+z=1, = (—2z,—122).

(0, vo, z0) (no angiogenesis state)
(0, vo, 20) stability 7 (linear stability)
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Semi-trivial states
stability (linear) of (0, vo, zg)

coexistence for A > A\1(v, z9)
Stationary problem The mapping lp — A1(lp)

Let \1(vo, z0) the principal eigenvalue of
—A{ = -V - (a(w, 20) V&) + AB(w, 20)€ in Q

% = (=&, &) on 02

If A < A1(wvo, 20) then the solution (0, v, zp) is stable
If A > A1(wo, 2p) then the solution (0, vp, zp) is unstable.
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Semi-trivial states
stability (linear) of (0, vy, z9)

coexistence for A > \1(vp, z9)
Stationary problem The mapping lp — A1(lp)

The idea is to apply the Crandall-Rabinowitz theorem in order to
find a continuum emanating from the semi-trivial solution (0, vp).
Let

ou

Xi={ue CT(Q) : o = (—mu,mu) on 09}

Xo :={ve Q) : %—}—T;),V:O on I}
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(linear) of (0, vg, o)
coexistence for A > \1(vp, z9)

Stationary problem The mapping lp — A1(lp)

We define the map
F:Rx Xy x X CV(Q) x C"(Q) x CV(I1)
where
FAu,v) = (A u,v), B(v), (v, v))
(N u,v) = —Au+ V- (a(v, 20)uVv) — A\3(v, z0)u + v
f(v):=—-Av+v

uv) = 55— (u)

By the Crandall-Rabinowitz Theorem there exists a continuum
CT C R x X; x Xo of positive solutions emanating at

(A (uo, v0),0, vp).

Cristian Morales Rodrigo Anti-angiogenic therapy, 17th September 2010, Bedlewo



Semi-trivial states
stability (linear) of (0, v

coexistence for A > A1
Stationary problem The mapping ly — A1(lp)

We consider the mapping
Iy € [0,—|—OO) — )\1(V0,Zo) = )\1(Vo, /oe) = )\1(/0)
where e is the unique positive solution of

0
—Ae+e=1in Q a—: = (—2e, —me) on 00

we want to know the behaviour of A1(ly) around zero and around
+00.
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Semi-trivial states
stability (linear) of (0, vy, z9)

coexistence for A > A\1(v, z9)
Stationary problem The mapping ly — A1(lp)

~A1(0) Jq Bz(vo, 0)epr] + Jg az(vo, 0)ep1 Vo - Vipi + (*)

1(0) = Ja B(v0,0)p103

where 9
+ OV

*) = az(vp,0)ep1p] —
()= | _aclw.O)eprsi
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Semi-t states
stability (linear) of (0, vy, z9)

coexistence for A > A1 (v
Stationary problem The mapping ly — A1(lp)

lim )\1(/0) =

/0—>+OO

400 if Ao >0,
—o0 if Ao < 0,

where A is the principal eigenvalue of
—A& + avg, +00)Vvg - VE + avp, +00)E = X in Q

® o (neme) on 00
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