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Outline 

・Analysis of Mathematical models of tumour angiogenesis

・ Othmer-Stevens (1997)
Parabolic ODE

・ Anderson-Chaplain(1998)
Parabolic ODEs system

Existence, Asymptotic behavior of the solution
Mathematical structure 



Bottom up model

Anderson and Chaplain

Top down  Model

Othmer and Stevens 

(Mathematical Analysis)



Pr(logP=à(W ))Åó= 0 on @äÇ (0;1) (1:3)

P (x; 0) = P0(x) ï 0; W (x; 0) = W0(x) > 0 (1:4)

Parabolic ODE system
(Othmer and Stevens )

No-flux condition 
 

Initial data 

Pt = DrÅ[Pr log(
P

à(W )
)]; in äÇ (0;1) (1:1)

Wt = F (P;W ) (1:2)

= DÅP ÄDrÅ[à
0(W )

à(W )
rW ];



P(x,t): the density of particle   
W(x,t): control spices 

ó is the outer un it norm al vector.

ä is a b ounded dom ain in R n

w ith a sm o oth b oundary @ä :

à(W ) = (
W + ã

W + å
)a ; D > 0 ; ã; å ï 0 :

Tumour angiogenesis by Levine and Sleeman



Wt = F (P;W )

Wt = ïP (linear growth)

Wt = ïPW (exponential growth)

F (P;W ) = ÄïPW (uptake)



Reduction processReduction process (Levine and Sleeman)

i) Put logW = â(, ât = P ); (1.1)(1.2)(EG))

âtt =DÅâtÄrÅ(
aD(åÄã)eâ

(eâ +ã)(eâ +å)
âtrâ) (1:5)

ii ) Put â = çt+ u(x; t) for ç> 0,

Q[u] = utt ÄrÅ(çAeÄçtÄvru)ÄDÅut

ÄrÅ(AeÄçtÄvutrv) = 0; (1:6)

where A := A(t; u) =
ÄaD(åÄã)

(1 +ãeÄçteÄu)(1 +åeÄçteÄu)

Explicite solution for a simplified equation, 1 space dimension



(A)Ä åÄã> 0; a < 0;

(A)+ åÄã> 0; a > 0:

Q[u]: Hyperbolic

Q[u]: Elliptic



sufficiently large γ

P t = DÅP Ä r Å(P r log(P =à(W ))); (A )Ä

W t = W P in ä Ç (0 ;1 )

P (x; t) = ç+ ut(x; t), W (x; t) =eçt+u(x;t)

Classical, Collapse, n－demension

Exponential growth ((A)_, K-S[4-6])

âtt +rÅ( aD(åÄã)eâ

(eâ +ã)(eâ +å)
âtrâ) =DÅât; â = çt+ u(x; t)



P (x; t) = ç+ ut(x; t) and W (x; t) =e çt u(x;t)

Pt = DÅP ÄrÅ(Pr log(P=à(W ))); (A)+

Wt = WP (up take) in äÇ (0;1)

Up take   ((A)+)

Classical, Collapse, n－dimension

－

－ －

â = çt u(x; t)âtt +rÅ( aD(åÄã)eâ

(eâ +ã)(eâ +å)
âtrâ) =DÅât; － －

sufficiently large γ
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Anderson and Chaplain Model
of tumour induced angiogenesis

(AC)

n(x,t) ：endothelial-cell                
density
f(x,t) ： the fibronectin
concentration

c (x,t) ：TAF
concentration





Our  approach
Anderson- Chaplain model

Othmer-Stevens model
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F (P;W ) = ÄïPW (uptake)



Othmer and Stevens model( uptake)
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utt = Dr2ut +rÅ(ü(ut; eÄu)eÄuru)

@

@ó
u j@ä = 0

u(x; 0) = u0(x); ut(x; 0) = u1(x)

u(x; t) = a+ bt+ v(x; t)

Mathematical Analysis

(u(x; t) = 0 +çt+ v(x; t)) :the previous result



üa;b = ü(vt + b; eÄaÄbtÄv)

Q[v] = vtt ÄDr2vt +rÅ(üa;b(v)eÄaÄbtÄvrv) = 0

@

@ó
v j@ä = 0

v(x; 0) = v0(x); vt(x; 0) = v1(x)

(A)　　　0 < ü(vt + b; eÄaÄbtÄv) 2 Cm(RÇR+);　　

0 < vt + b = ut



22
][ uuuE t

k
k

(a)

(b)

jj vt jj2 (t) +

Z t

0

2D jj rvú jj2 dú+

ççççqüa;b(v)eÄaÄbtÄvrv
çççç2

(t)

+

Z t

0
((bÄér)üa;b(v)eÄaÄbúÄvrv;rv)dú

î CE[v](0) + (b+ Cr)e
Äa sup

t
krvk2 (t):　　　　　　　

D krvk2 (t) +

Z t

0
2

ççççqüa;b(w)rv
çççç2

dúî

C(

Z t

0
kvúk2 dú+îÄ1 kvtk2 + E[v](0)):　　　　　　　



(a)+(b)

Z t

0

ççççqüa;b(w)rv
çççç2

dú+

Z t

0
krvúk2 dú+ E[v](t) î CE[v](0).　

k+1X
j=1

(jj rjÄ1vt jj2 (t) +

Z t

0
2D jjrjvú jj2 dú+

ççççqüa;b(v)eÄaÄbtÄvrjv
çççç2

(t)

+

Z t

0
((bÄér)üa;b(v)eÄaÄbúÄvrjv;rjv)dú) î CEkÄ1[v](0)　　　
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Ei;M [wi](t) +D

Z t

0
j rwit j 2M dt

î CM;aEi;M [wiÄ1]　　　　　　　　　　

0i(*)

uuii
lim ))(),0(( kHCin



Assume that (A) holds and for any integer m ï [n=2] + 3

(h0(x); h1(x)) 2Wm+1(ä)ÇWm(ä)

for h0(x) = u0(x)Ä a and h1(x) = u1(x)Ä b: For suéciently large

a and b satisfying b > é0 there is a classical solution u(x; t) such that

lim
t!1

kut(x; t)Ä u1kmÄ2 = 0

where u1 = jäjÄ1
Z

ä
u1(x)dx:

Mathematical result



Thank you very much


