Tutorial 11

1. Let X1,...,X,, and Yi,...,Y), be independent N(u1,0%) and N(po,0?) random samples re-

spectively.

(a) Find the MLE of @ := (u1, u2,0?). Let ¢, be the value such that S? = ¢,5? is an unbiased
estimator of o2. What is ¢,? What is S2?

(b) Consider testing Hy : u1 < pg versus Hy : pup > pg. Assume that o < % Show that the
likelihood ratio test is equivalent to the test with critical (rejection) region

_ 1 1
T—Y =28y — + —lnitny—2,a-
ny na

Here t, o is the value such that P(T > t,,) = « for T' ~ t,,.

(c) Compute a normal approximation to the power function and use it to find the sample size

n needed for the level 0.01 test to have power 0.95 when ny = ny = % and @ = %

2. Consider the linear Gaussian model ¥ = X[ + ¢ where ¢ ~ N (0, ozln), put into canonical
coordinates via an orthonormal transform U = AY where U; ~ N(n;,0?%) for i = 1,...,r and
Ui ~ N(0,0?) for i = r +1,...,n with unknown parameters n = (n1,...,n,)" and ¢, and log
likelihood function:

r

1 R n
2.0) = )2 E ( 2_ - 2
log L(n, 0% u) = ~ 5,0 E (u; —m;) 77 Ui~ 5 log(2mo®).

i=1 i=r+1
Show that the MLE for (n, 0?) does not exist if n = r and that it is given by
(Uy,...,Up, % el U?) if n > r + 1. Show, in particular, that 53,, = % Yy — al?

3. Consider simple linear regression; there is one explanatory variable and
Y, =B+ Bizi+e € ~N(0,0% iid i=1,...,n
where x1,...,x, are not all equal. Express this as a Gaussian linear model
Y=Xp+¢
identifying X and .

(a) Show that

o1 1 2?2 —F
(X'X)" = Z?:l(mj —7)2 < 7 1 >

- _ 1 n . 21 n 2
where T = ;> 0 xj and 2% = o 37U @7

(b) Let (g(l)) denote the maximum likelihood estimator of g = ('2(1’) What is the distribution of

(5)?
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(c)

(d)

(e)

Let
]. n -~ o] 2
S2 — Hz;(yj — Bo — Biz;)*
j:

_ 2
What is the distribution of %?

Suppose
Y(2)=Bo+piz+e  e~N(0,0%).

Let s denote the observed value of S. Using ¢, , to denote the value such that P(T" > t, ) =

a for T' ~ t,, show that a symmetric confidence interval for E[Y (z)] is given by:

T — 2)?

~ ~ 1
(/30 + fiz £ S\/n + thzaﬂ) .

Let Y, = Bo + f1z + €« where e, ~ N(0,02) is independent of €1,...,¢, (Y, is a new
observation with explanatory variable set at z). Let Y = % 2?21 Y; and let YV = BO + Blz
(the predictor of Y; based on Y7,...,Y,). Show that, if 8; = 0, then

E[(Y* - Y*)] 2 E[(Y* - Y)?

4. Consider the one way layout problem

Yij=pfi+e; i=1,....p j=1,...,n;

where ¢;; are i.i.d. N(0,02) and n = nj + ...+ np.

(a)

Show that o
5:1 Z?Q(Yij - Yi.)2

2
S I ()

is an unbiased estimator of o2 and that

f:l 2?221(5/%] - ?zﬂ)Q
o2

2
~ Xn—p-

Show that a level 1 — « confidence intervals for 5; — 3; is:

ﬁj - /81 S (Y] -Y; £ Stn—p;oc/2 : J)
nin;
where S? is the unbiased estimator of o, Y, = % Zf:’“l Y} and t, o denotes the value such

that P(T > t,4) = o if T ~t,. Show that the level 1 — o confidence interval for o is given
b n —p)s? (n —p)s?

linp;iv)ﬁ) =7 s Kn—p1-(a/2)
where kg g is the value such that P(V > k,5) = if V ~ XZ.
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(c) Find confidence intervals for 1) = 3(82+83) — 51 and ai = V(zZ) where 1 = %(324—33) —Bi.

5. Show that if C' is an n x r matrix of full rank 7, » < n, then the r x r matrix C*C is of rank r

and hence non singular.

Hint: Because C! is of rank 7, it follows that for any r-vector z, z'C* = 0 implies x = 0. Use

this to show that if = is a non zero r-vector, then 2!CCtz > 0.

6. Consider the one-way layout model: k groups of observations, all random variables independent.
For group j, Y1 j,..., Y, ; ~ N(,uj,JZ). Let n = ny + ... + ng denote the total number of

observations.

(a) Compute the likelihood ratio test statistic for Ho : pq = ... = py versus Hy : p; # p; for

some i # j.
(b) Let Qres = Zle S (Y=Y ;)2 where Y j = % > Y;;, the sample average from group
j. Let Qup = Z§=1 n;(Y j— Y )? where Y = % Z?:l 221 Yi; (the overall average). Here

Qres denotes the residual sum of squares, while Qs denotes the model sum of squares. Show
that the likelihood ratio test is equavalent to reject Hy for F' := % > ¢ for some
c> 0.

(c) Show that the statistic F' has Fj_ ,_j distribution.
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Answers

1. (a) Computing maximum likelihood estimators for normal distribution parameters should be

straightforward. The log-likelihood function is:

n n 1 9 9
log L(p1, pi, 0%) = —glog(%) -3 log o® — 252 ;(%’ — )"+ ;(yj — p2)
This is maximised for:
ﬁl = Y? ﬁ? = ?7
1 ny o no o
Gir=——— [ DX =X+ (V- V)
n1 + ng = =

This estimator is biased; recall that

> (X - X)?

2 2
o2 ™ Xni—1 o2 Xny—1
and that, for V ~ x2, E[V] = m. Therefore:
5 ny+ng —2 9 ni + no
E[63,;]= ——0’=¢, = ———
[ML} ny + no " ny+ng —2
The unbiased estimator required in the question is therefore:
1 ni n2
e — X, - X)? Y, - Y)?
ny+ng —2 ]z_;( J ) +j2—;(] )

(b) Recall Hy : py < pg versus Hy : py > pg. The log likelihood ratio test statistic is:

Mooy = SUDy, yug,oetty L1, 12,032, y)  L(fio 1, flo,2, 00)
| SUDpuy iy o L1, 2, 052, 9) L(fin, fig, 0)

where (fi1, fi2, 0) are the MLE estimators for the full space
O = {(p1, pr2, 0%) = (p1, p2,0%) € RZ xRy} = R? x R,

These were computed in the previous part of the exercise. The values (fio,1, fio2, 00) are the

values which maximise the likelihood over the null hypothesis space

©0 = {(p1, p2,0%) € R? x Ry : g < pia}.
If X <Y, then (clearly) (fio1, fio2, 88) = (fi1, iz, 52) and hence A(z, y)=1for T <7y.
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Now consider the other case, where T > 7. The maximiser clearly does not lie in the interior
of the space; in this case there are no solutions to the likelihood equations Vglog L(6) = 0
in the space ©g. Therefore the maximiser lies on the boundary.

Clearly, as u3 — —o0 or ug — 400, log L(p1, p2,0) — —00, so the maximiser does not lie
on the part of the boundary where parameter values are =co. Therefore, the maximiser lies
on the boundary p; = pa. Therefore, for T > ¥, fo1 = fio2 = Jio where (fg,03) are the

values which maximise

ny+n ni+n 1
log L(p,0) = —% log(2m) — % log 0% — 252 D (= + Yy —n)?

From this,

ﬁO = nling (Z?LI X] + Z?il Y;)
58 = wrb (S0 (X = Fo)? + X2 (Y5 — o)?)

To compute the likelihood ratio:

ni n2

1 1
~ o~ ~2 ~ 2 75)2
L, B8 = (27‘(’)(n1+n2)/28"1+n2 Xp 252 Z(x] —m) Z(y] —h2)

_ 1 (TZ1 + ng)
T Emmmgne P Ty

The last simplification comes from the formula for 2. Similarly, for the case Z > 7,

1 1 ni n2
~ o~ a2 ~\2 ~\2
L(fto,1, o2, 05) = (27)(m+n2) /2502 exp _ﬁ Z(%—NO) +Z(yﬂ'_“0)
j=1 j=1

. 1 ni + N9
= (27r)(n1+n2)/23611+n2 eXp § — 9

using flo1 = o2 = fo-
The LRT is therefore:

1 T

)\(x,y) = (8)n1+n2

IN
<

8|

>

<

o

Test: reject Hy for A(x,y) < ¢ where ¢ < 1, (so a necessary condition for rejection is: T > 7).

To get it into the format required in the question, use:
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(m +n2)55 = Y (X;— o) + Y _(Y; — fio)®

j=1 j=1
ni - o ng o
= D (X=X +m(X —70)” + Y _(V; — o) + na(Y = fio)?
j=1 j=1
_ ~2 nn2 = 37\2
= (?7,1 + ng)U + "+ 1 )
so that
~2 _ ~2 ning ~  T\2
op=0"4+——= (X —-Y)".
0 (nl + TL2)2( )
Therefore:

A /0\8 L 1

ning (X —Y)2 - 1
ni+ng)? o2 ¢2/(n1+n2)

Since 52 = %Sz also need X —Y > 0 to reject Hp, this gives a test of reject Hy if

and only if o
X-Y
S

for a suitable value of k, which depends on the significance level «.. Since

>k

(X —Y) — (1 — p2) y
1 1 ~ lni+ns—2
S\/ar T,

it follows that P, ,., (Lg? > k:) is increasing as 11 — o increases and the result follows.

The test is: Reject Hy for % > tpni4ng—2:, Where iy, n,.o is the value such that

nyp o n2

P(T > tn4ny—20) = @

Let 0 = po — p1, thenyf?wN(9,02 (n—llJrn%)) and hence
X-Y) -
I\t s

The power of the test is
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For large ni,n2, S ~ o (law of large numbers) and ¢, 4ny.a = 2o Where P(Z > z,) = « for
Z ~ N(0,1), so
BO) =P(Z > 2o — ————)

For the numbers given, o = 0.01 and

0.95 = 6(%) ~1—®(z001 — 4)

Using zp.01 = 2.33 and zp95 = 1.64, we have:

164 =233 % —n =253

2. Likelihood equations obtained by: a%ilogL =0,¢7=1,...,r and %logL = 0. These give
directly that the ML estimate has to satisfy:

7 =U; 1=1,...,7
1 n 2 _
ﬁZj:rJrlUj =n

For r = n, 7; = U; so that the log likelihood evaluated at 7 is:

log L(7}, 0%) = —g log(2m0?)

which is maximised for o = 0, which is not in the (open) parameter space (0,+00), hence oarr,

does not exist. Hence no solution for n = r.

Forn>r+1,
1 n )
o _n,g U;.
j=r+1

Let U = (Ya) where UV = (Uy,...,U,)t and U® = (Upsy,...,Up)t. Let A = (4a)) where

AW is ¢ xn and A® is n—r x n. Note that i = AWUM so that Y — i = AU Tt follows
that .
Z sz = Uty = gt A@ Aty — |y — 72,
Jj=r+1
3. The purpose of this question is to see all the abstract results for Y = X3 + € in the concrete
setting of a single explanatory variable. Here the formulae are more transparent and we can see

(for example) what happens when there is ill-conditioning in the X matrix.

(a) The matrix X is:

1 X1
1 i)
X = )
1 x,
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and the parameter vector is:

= (5)

To get (X’X)~! (so that - for example - we can compute the covariance of the parameter

vector estimator):

oot ) (: 2
D=1 T D1 T T x?

Using the usual formula for inverting a 2 x 2 matrix together with the obvious identity:

det(X'X) =n(2? - 7°) = (x; — 7)°

j=1
gives:
1 2 -7
XX) ' = | -
Zj:1<$j -T2\ -7 1

The MLE is equal to the least squares estimator. From lectures,

B=(X'X)"'xtY

Plugging in (X’X)~! which has been computed gives:

() - oo ()
B1 nryY

- 1 Y — 7Y
LY (@ -m?\ 2V -3V

v =2y (YY)

_ Y-z 2?21(%' -z)?

- 2 (@ —2) (YY)
Z?:1 (z;—7)*

This gives the best fitting straight line in the least squares sense. Note that

Bo =Y —Bﬁ-

For the standard deviation estimate,

(“*2)52_ \Y*ﬁPN 2
- 2

2 Xn—2-

g g

Note: n — 2 degrees of freedom is obtained from the previous exercise.

We may also see it directly: the argument goes as follows: Y = X(X'X)~1X'Y so that the

residuals are:
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(e)

Y-V =(-X(X'X)"'X"Y = (I - H)e

where H = X(X!'X)"1X* and € ~ N(0,02I). This is because Y = X3 + ¢ and HX =
X. Note that H?> = H (straightforward computation). It therefore follows that all the
eigenvalues are either 0 or 1. Therefore, since X is rank 2 it follows that H is of rank 2; 2
e-values are 1, the remaining are 0 and it is straightforward that that I — H is rank n — 2;
the eigenvalues of matrix I — H are n — 2 1’s and 2 0’2. Let D = diag(1,...,1,0,0) and let
I — H = PDP! where P is orthonormal. Then

n—2
Y (Vi Bo—wif)? = (Y =Y)'(Y =Y) ='PDP'e=> n:
j=1

where 7 = Ple. Since P is orthonormal, it follows that 7 ~ N(0,c2I).
Therefore, it follows that:

Let v = (1,2)! then

o'B — B
o/t (Xt X))y

~ N(0,1)

S/t (XtX) "1y -

with 1 — « confidence,

v'B e (ytéi s Qt(XtX)’lytn—z;a/z)
and

yt(XtX)_ly: xn zx+52 _ nZ]_l(n] ) 7(2 )
Zj:1(%‘ - T) Zj:l(xj —T)

and the result follows.

From the previous part,

E[(Y* — P = V(Y* %) = V(r) + VI = o? (14 14 T2
no 3 (w —T)?
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while, under the assumption 8; = 0,

E[(Y*-Y)) | =VY*) +V(Y) =0° (1 + i)

and the result is clear.

4. (a)
_ — 1 1
Y —Yi~N(Bj—Bi,0*(—+ —))
J i
I & -
S2:ﬂ_pZZ(Y;’j Y1)2 n—p d.f
=1 j=1

is the unbiased estimator of o2. Then

(Y. —Y)—(B; — Bi) .
ni+n; ~ tn—p
S\/ n;n;
and the confidence interval follows. The confidence interval for o follows from:

(n— P)52 2
o2 ~ Xn—p

hence the 1 — « confidence bound is given by:

2

(n—p)s
< knfp;(a/Q)

kn—pi—(a/2) < 3

from which the result follows.

~ 1 1 1
DN (o (o
4n2 4713 ni

the estimator of o2 is S? = Qresn — p given above with n — p degrees of freedom and hence

L 1+ v i3 ning + ning — 4nan
S(B2+53) =i e (2 (Y2.+Y3,)—Y1.:I:stn_p’a/2\/ 113 + 1np — 4ng 3>

477,1712723
Similarly,
V(J) _ nin3 +ning + 4ngng o2
4711’112713
hence the confidence interval is:
ning + ning + 4dnans (n — p)32 < V@Z) < Mns +ning +4ngng (n — p)s?
4dnynong kn—pias2) ~ - dnynong kn—pi1—(a/2)

5. 2!C*Cx = 0 implies that z'C* = 0 which implies that = 0 so that if x # 0 then z/C*'Cx # 0
hence C'C is (strictly) positive definite.
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(a)

Let n = ny + ...+ ng denote the total number of experimental units. For Hy : 3 = ... =

1, = i, we have the maximiser & = % Z?;l >i2, Yij and

5 1 : N
RS S A
j=1i=1
and the maximum likelihood under the constraint Hp is: ———Ls—e /2,

. (271.)11/28.'71
For the unconstrained problem, the likelihood is maximised at fi; = ni ZZZ 1 Yi; and
J

The maximum likelihood for the unconstrained problem is: e "2 and hence the

A = (

Pythagorean identity: note that Y j = fi; and Y = i from previous part.

1
(2#)"/25"
likelihood ratio statistic is:

5 "y ko nj

k
> (V=) = GV =Y =20% (Y=Y, +an

7j=11i=1 7j=11i=1 j=11i=1

bj4
=
<

SO:

~92 ~2
no” = Qres + Qum no” = Qres.

Therefore, the likelihood ratio test is:

_ Qs _ o Qu/(k—1) <n—k> 11—\
QM+Qres = Qreg/( ) = k—1 c2/n =k

establishing the result.

My) <ce

It follows from the canonical representation (lectures) that Qns L Qres. Under Hy : py =
. = g, it follows that % ~ X%A since the parameter space for u1, .. ., ug is k-dimensional
and the parameter space for the mean under the null hypothesis is 1-dimensional, and

% ~ X%_k. The result follows from Proposition 11.4.
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