Problem Set 4

Problem 1. Prove that every single y-summable function f is "uniformly integrable”, i.e. for all
€ > 0 there exists § > 0 such that

[ 1sian <
A
whenever p(A) < 4.

Problem 2. Prove that every nonnegative y-measurable function is p-integrable.

Problem 3. Prove that the Borel o-algebra on R™ is equal to the product of n Borel o-algebras
on R.

Problem 4. Prove that the product measure is (indeed) a measure.

Problem 5. Prove that A" is regular for n € N (particularly for n = 1). Prove that it is Borel,
Borel regular and Radon.

Problem 6 (Cavalieri). Let f be a p-measurable function and let 1 < p < +o0.
(a) Prove that the function |f|P is p-summable iff the function
t P p({ s [f(2)] > 1))
is Al-summable on [0, +00).

(b) Prove that
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Hint: Fubini.

Problem 7. Let i be a Borel measure on R? and let A be a Borel set with pu(A) < +occ. Prove
that

/ (z—y)?d(ux p) < +oo = / |z| dp < +o0.
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