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a blow-up

Consider C? with coordinates (z1, z2,y) and action of C*
with weights (1,1, —1), thatis X : C* x C? — C? given by
the formula

At)(z1,29,y) = (t - 21,1 29,1 - y)

This is the same as to take C|x1, x2, y] with Z grading
assigning to variables grades (1,1, —1).

The ring of invariants is

C[$17$27?J]C* = Clyz1,yx2) C Cla1, 22,y

=
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a blow-up L

Throw away the orbits which converge to O when ¢ — oo,
l.e. consider the restriction of the action to

C3 \ {z1 = 22 = 0} (what will happen if we remove those
which converge to 0 when ¢t — 07?)

This set has an affine cover consisting of
U; = C3\ {z; =0} fori = 1, 2, where

Uz' = SpeC C[CUl, L2,Y, '1:@_1]
We see that

C[Jihil?z;y,%_l]cc* = Clza/x1, yr1]

L C[Jihil?z;y,fz_l]cc* = Clz1/x2, yxs]
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a blow-up

We have the inclusion

Cla1, x2,y]" = Clyx1,yx2) C Clry, 22,9, 2

If
—1](C

1

Vi = SpecClz1, 72,y, 7

then 1, and V5 glue over

*

Spec C|x1, x2, ¥, ($1$2)_1]C

to the blow up of C? = Spec Clyz1, yx2] at (0, 0).

=
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resolution of A, L

Again, take C? with coordinates (x1, z2,y) and now action
with weights (1,1, —2). The ring of invariants C[z1, 22, y]©
IS now generated by z; = :z:%y, 29 = x%y, 73 = 1122y WIth

relation z1 20 = 23.



resolution of A,

As before throw away the orbits which converge to O
when ¢t — oo, I.e. consider the restriction of the action to
C3\ {z1 =22 =0}

Take the cover consisting of U; = C3 \ {x; = 0} for

i =1, 2, where

Uz' = SpeC C[CUl, L2,Y, '1:@_1]
We see that

C[.Tl, £2,Y, wl_l]cc* — C[$2/$17 y;lj%]

L C[:Cl,lEQ,y,ZEQ_l](C* — (C[:Cl/QZQ,yZC%]
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resolution of A,

Again, we have the inclusion

—1]C*

1

Clx1, 22,y = Clya1,yx2] C Clry, x2,y, 2

and if V; = Spec Clz1, 72, y,z; 1]¢ then V4 and V4 glue over

Spec Clz1, xa,y, (x122) 1 to the resolution of
{2122 = Z%} C C3.

Excercise: do the same for weights (1,1, —n).
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toric view

The monomials (characters) invariant with respect to the

C* action are lattice points in M = 73 which are in the
kernel M of the map (ay,a2,b) — a1 +as —n - b.

Those element of M with positive coordinates in M

(positive octant) form a semigroup spanned by (i,n — i, 1)
where i =0,...n.

This way we find out that

*

L(C[:Cl, z2,y]Y ~ Clz, ... ,2n)/(2izj — zrzs for i+ 5 =1+ s)

\Y
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toric view

Dually, consider the linear map N = Z3 — N = 72 given
by the matrix

0 n 1
—1 1 0

It Is surjective and its kernel is (1,1, —n).



toric view

Dually, consider the linear map N = Z3 — N = 72 given
by the matrix

0 n 1
—1 1 0

It Is surjective and its kernel is (1,1, —n).

Take the fan $* consisting of all faces of the positive
octant . It is mapped to the cone (and of its fan)

oc=R>q- (O, —1) + R>q - (n, 1)
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toric view

Dually, consider the linear map N = Z3 — N = 72 given
by the matrix

0 n 1
—1 1 0

It Is surjective and its kernel is (1,1, —n). If we remove
“the interior” of * and its face

R>g-(1,0,0) + R>¢ - (0,1,0) then the resulting fan maps to
the fan obtained by dividing ¢ by the ray R>q(1,0):

=
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toric view, general

Take an exact sequence of lattices
0— P — N N—0

Let M be the dual of N with the positive octant o, we
consider the polynomial algebra C[M N &+ with
monomials %, u € M and the affine space

A = Spec C[M N5t].

=
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toric view, general L

Torus Tp = PV ® C* acts on C[A/Zﬂ o] as follows
A @ t(y%) =ty
The ring of invariants can be computed as follows
C[M N5t =C[M N5t

and it yields a toric variety with big torus Ty = N @ C*
associated to the cone 7 (o)

=
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resolution of A, L

Take a torus (C*)™ and let it act on Clz1,y1, .. ., Yn, T2]
with weights forming the matrix (n + 2) x n:

1 -2 1 0 0 0 0
0 1 -2 1 0 0 0
A=
0 0 0 0 1 -2 1

The semigroup ker AN o™ is generated by
(0,1,2,....,n+1),(n+1,n,...,1,0)and (1,1,...,1) hence

Clz1,y1, - Yn, $2](C* = Clz1, 20, w| /(2122 — w”“)

=



resolution of A,

The quotient can be described by the surjective map of
lattices N = Z""? — N = Z? given by the matrix

1 11 --- 1 1
o1 2 --- n n+1

B =

Note that B- A" = 0 or, more precisely, B' is the kernel
of A. Once the images of rays are known then the fan is

determined

=
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2129 = W1W9o, A ﬂOp

Now we pass to higher dimensions: consider C* action
on C* with coordinates x1, z2, y1, y2 given by formula

At)(x1,22,Y1,Y2) = (t$1,t£€27t_1y1,t_1y2)

The ring of invariants is generated by z;; = x;y; for
i, 7 =1, 2 with relation z19291 = 211222 Which yields the
guadric cone singularity.

— p6



2129 = W1W9o, A ﬂOp

Removing orbits which converge to 0 when ¢t — oo yields
a quotient with affine covering consisting of

Spec Clza/x1, 21y1, 21y2) @nd Spec Clz1/x2, 22y1, T2y2).
These are two copies of C? which glue (via the obvious
relations) to the total space of O(—1) @ O(—1) over P!.

Note that z's and y’s are in symmetric position. That is,
removing orbits which converge to oo when ¢t — oo yields
a quotient with affine covering consisting of

Spec Cly2/y1, z1y1, x2y1] and Spec Cly1 /y2, £1y2, T2y2].

=
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2129 = W1W9o, A ﬂOp L

The toric picture is as follows (2 dim section of 3 dim fan):

N

Which are two projections of the 4 dim cone
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2129 = W1W9o, A ﬂOp

Determining which is the front and which is the rear of
ﬂ> IS done by a choice of a honzero vector ug In the

lattice P = M /M which tells you which orbits you want to

remove. In general: fix ug € P = ]\/Z/M take ug € M,

Uy, — ug and for v € m(o1) C Ny set

Du, (V) 1= sup{p(v) : v € o N1 (v)}, assumed # co.
Then ¢, Is piecewise linear and convex so we can
define a fan X with support on =(c™) by the linear pieces

of ¢,,,: then X (3) admits a line bundle associated to this
function.

=
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212925 = w?, more flops

Consider the action of (C*)? on C° with coordinates
(21,2, T3, Y1, Y2, y3) given by the matrix of weights

‘0011 -2 0 0
A=|l101 0 -2 0
110 0 0 -2

The ring of invariants is generated by z; = z9y2ys3,
29 = T5Y1Y2, 23 = T5y1y2 and w = z1zew3y1y2y3 With the
relation z;z023 = w?.

=
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212923 = w2, more flops

Let us consider a basis (fi, f2, f3, €1, €2, e3) of N. The
associated map 7 : N — N — 0 is given by the matrix

2000 11
B=|020101
002110

where N is the lattice of index 2 in Z3.

=



212925 = w?, more flops L

There are several ways of defining the fan of the GIT
guotient (here its intersection with a hyperplane containg

Images of f;’s as vertices of the outer triangle and
Images of ¢;’s as o)




212925 = w?, more flops L

There are several ways of defining the fan of the GIT
guotient (here its intersection with a hyperplane containg

Images of f;’s as vertices of the outer triangle and
Images of ¢;’s as o)




212925 = w?, more flops L

The convexity condition for ug € P says

ug(2e; — fj — fr) > 0, for i # 5 # k # 4, iIf we want the
images of the rays of o7 in the fan X. This defines two
dual cones Mov C Pg of admissible uy’s and Ess C Py of
conditions defining them.

Now case A\ requires up(e; +e; — e — fr) > 0 for
i # 7 # k # 1 S0 we can take ug = (0,0,0,1,1,1). On the

other hand, to get A\ we take uo With

up(e2 +e3 —e1 — f1) <0, up(2e2 — f1 — f3) >0,

uo(2e3 — f1 — f2) > 0, hence we use uyp = (1.5,0,0,1,1,1).

See Example 1 at
l./vww.mimuw.edu.pllearekw/java/PragmaticZOlOJavaView.htmI
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http://www.mimuw.edu.pl/~jarekw/java/Pragmatic2010JavaView.html

212925 = w?, explicit resolution L

Look again at AN and remember that this is a projection
of o%. The faces of o1 which are not seen at this picture
are the sets of unstable points, there are six components
of them: {z; = y; = 0} are related to faces (f;,e;) and

{x; = z; = 0} come from (f;, f;), for i # j.

The set of semistable points is covered by four invariant
affine sets: C®\ {1223 = 0}, C®\ {y12023 = 0},
CO\ {x1y203 = 0}, CO\ {z129y3 = 0}.

=



212925 = w?, explicit resolution L

The inner cone in A\ is the Image of (e, ea, €3> hence itis
related to the Tp invariant subalgebra of C[z:*!, ;] which
IS generated by w/z; = (y;/xi)xjzi for i # j # k # . Note
that z; = (w/z;) - (w/z) so the maximal ideal in

Clz1, 22, 23, w] /(212023 — w?) extends to the ideal of three
lines {w/z; = w/z; = 0}.

An outer cone In ﬁ IS the image of (fi, 62, es) hence itis
related to Tp invariants of Clzq, 25", x3, yi™, yo, y3]

generated by w/zy = (y2/w2)x123, w/ 23 = (y3/a3)w122 And
z1/w = x1/(y1z223). What Is the extension of the maximal

Lideal NOW?
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embedded resolution ofA

A blow-up of C? at the origin can be described in terms of
an action of C* of C* = (2}, 2}, x5, %/) with weights
(1,1,1,—1), the coordinates of C° are then z; = z’y/. Take

zero set of 2120 — 23; its irreducible inverse is 2 zf, — a;g?.

1
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embedded resolution ofA

Take the map Clz7, x5, 25, y'] — Clz1, 22, y], Where the

latter variables have grades (1, 1, —2) such that

(2}, by, b, y') — (2%, 23, 2122, y). Its image is the even

graded part of Clz1, z2,y] and its kernel is (z) 2}, — a;gf)

thus Clx), 25, x5, ¢'] / (2] xf — wgz) C Clx1,z2,y] and both
have the same Proj.

However the former one is not quite what we want!
We want to get a functorial object, the Cox ring.

=
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the Cox ring, 1st view

Let V' C C™ be an affine variety with coordinate ring A.
Suppose that it admits a resolution of singularities

V' — V and assume that Pic(v/V) Is a lattice with a basis
L1,...,L,. The Coxring of V — V is an A-algebra

121\ — @F(O(mlLl + -t mrLr))

with Z" grading. We will consider good singularities for
which V' — V will be crepant.

=

\% -p.10



the Cox ring, 1st view L

In our situation (take this as an assumption, if you want):
o A is finitely generated C-algebra with (C*)" action
o A is the ring of invariants of A under the induced
(C*)" action
e all crepant (good) resolutions of VV are GIT quotients
of Spec A

a the toric case works nicely: take o C Ny a (pointed)
cone with generators of rays lying on an affine
hyperplane, no lattice points lying below that
hyperplane and the points on that hyperlane being

L vertices of a unimodular triangulation
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Atiyah flop, Mukai flop L

Take C* action on C" x C? with coordinates (z;,y;) and
weights 1 for z;'s and —1 for y;'s. The quotient is toric
singularity associated to cone spanned by s vectors ¢;
and r vectors f; in the lattice of rank r + s — 1 with one
relation ) e; = > f;. If r = s this admits two crepant
resolutions associated to two unimodular triangulations:
one in which we omit consecutive ¢;’s, the other in which
we omit f;'s. Find the affine pieces of covering, they

should be of type Spec C|z;/z1, z1y;].

Verify it by looking at the cone over Segre embedding of
]P>r—1 > ]Pn“—l.

=
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Atiyah flop, Mukal flop

Consider the quadric hypersurface {>. x;y; = 0} C (C")?
which is invariant with respect to the C* action. Take the
symplectic form w = ) _.(dx; A dy;) and evaluate it on the
vector field > . (z;0,, — v:0,,) Which Is tangent to the C*
action. The resultis ) _.(z;dy; + y;dz;), the derivative of
the defining equation.

This implies that w descends to a symplectic form on the
guotient(s). See it in local coordinates.

Another view: standard symplectic form on the cotangent
bundle od P 1.

This way for » > 1 we get the only isolated singularity
h/ith symplectic resolution.
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more symplectic resolutions L

See Example 1A at

www.mimuw.edu.pl/~jarekw/java/Pragmatic2010JavaView.html


http://www.mimuw.edu.pl/~jarekw/java/Pragmatic2010JavaView.html

resolution of D, L

Take a hyperplane section of the singularity z; 2923 = w?
defined by the relation z; + zo + 23 = 0. The lift-up of this
hyperplane to the resolution discussed above has one
singular point of type A; because

w w w w w w

21+290+23=—" —+ —+ — 4+ — - —
21 <9 Z1 X3 292 23

(Check that there are no other singular points in other
affine sets of the covering.)

=
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resolution of D, L

We can do the embedded resolution but this will not yield
the Cox ring.



problems L

For the start, let us consider two classes of quotient
singularities:
e surface Du Val or A — D — E singularities:
o " 4yt 22 =0
e 2" 4yt + 22 =0
o 24P+ 22 =0,y + P +22 =0, 2+ +22=0
e 4-dimensional quotient symplectic singularities:
wreath product of A — D — E and Z»

\Y -p.14



problems L

e find the Cox ring of these singularities

a find the structure of of Mov and its division by
flopping classes

—p.14
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