Linearization Problems

Mariusz Koras and Peter Russell^1 Abstract In the paper we give a survey of known results on The Linearization Problem, both the local and global one. We pay special attention to reductive group actions on three dimensional affine space and, in particular, to the (in dimension 3) hardest case, torus actions.

1. Local linearization

Let k be an algebraically closed field. We recall that an algebraic group is called linearly reductive if and only if all its representations are direct sums of simple representations. Let a linearly reductive algebraic group G acts on a smooth algebraic variety X and let p ∈ X^G. We have the induced linear action on the tangent space T_pX. A. Bialynicki-Birula proved the following ”local etale linearization theorem”

1.1 Theorem([BB1]):There exists an open G-invariant neighborhood U of p and an etale Ginvariant morphism φ : U → T_pX, φ(p) = 0.

Proof (different from the original one). By Sumihiro’s Theorem [Sum] there exists an open quasi-affine G-invariant neighborhood W of p. Let ψ_1, · · · , ψ_n be a system of local parameters at p, with all functions defined on W . Let ψ : W → T_pX be given by ψ(x) = (ψ_1(x), · · · , ψ_n(x)). We may assume that dψ(p) : T_pX → T_pX is the identity. Let x ∈ W . Consider the function ψ_x(g) = g(ψ(g^{−1}x)), ψ_x : G → T_pX. Let φ(x) = R(ψ_x) where R denotes the Reynolds operator on G (see 1.2). Then φ : W → T_pX is G-invariant and dφ(p) : T_pX → T_pX is the identity map. Hence φ is etale at p.We put U = {x ∈ W : φ is etale at x}.

1.2 Reynolds operator

Consider the action of G on k[G], the algebra of regular functions, by translations: g(f)(h) = f(g^{−1}h). It is well known that k[G] is a union of finite dimensional G-modules. Let A be the subspace of G-invariant functions, i.e. A consists of constant functions. Since G is linearly reductive there exists a G-invariant subspace B such that k[G] = A ⊕ B. The Reynolds operator on G is the projection of k[G] onto A. This is an analogue of the Haar measure on a compact group.

1.3 Corollary: The fixed point set X^G is smooth.

Indeed , X^G is locally etale isomorphic to the fixed point space in the tangent space .

1.4.There exists a holomorphic version of the local linearization.

Theorem([K1]): Let G be a connected reductive complex Lie group that acts analytically on a compact Kähler manifold Y . Let p ∈ Y^G. Then there exists an open G-invariant neighborhood U of p and a G-equivariant analytic isomorphism φ : U → φ(U) ⊂ T_pX, φ(p) = 0.

1The first author is supported by Polish grant KBN and by Institute of Math. of Polish Academy of Science. The second author is supported by NSERC Canada

The idea of the proof : Let K be the maximal connected compact subgroup of G. We may find a K-invariant open coordinate neighborhood V of p. We consider the map V → T_pX given by the coordinates and apply the averaging trick just as in the proof of Theorem 1.1, using the Haar measure on K in place of the Reynolds operator. Taking a smaller V if necessary we may assume that there exist local coordinates on V such that K acts linearly with respect to them. Hence we obtain a K-equivariant isomorphism α : V → φ(V ) ⊂ T_pX. Now we want to extend that map to to a G-equivariant map GV → T_pX. We put φ(gx) = g(α(x)) for gx ∈ GV . This definition is correct if the following holds: for every y ∈ Y the set Gy ∩ V is connected. The main result of [K1] says that we may find arbitrarily small V which satisfy this property.

1.5. Corollary: Let G be a reductive, connected complex algebraic group. Suppose that G acts algebraically on a smooth algebraic variety X. Let p ∈ X^G and let φ : U → T_pX be the map constructed as in the proof of Theorem 1.1. Then there exists a G-invariant subset W , p ∈ W , open in the analytic topology such that φ : W → φ(W ) is an analytic isomorphism.

2. Global linearization

Let k be field. We denote by k^{[n]} the polynomial ring in n variables over k and by A^n_k affine n-space over k. Despite tremendous efforts to elucidate its structure, the group A_n = Aut_k k^{[n]} (or Aut_kA^n_k ) remains mysterious.

2.1 Key problem: Find “normal forms” for actions of algebraic groups G on A^n_k .

2.2 Examples of groups G we have in mind are

(i) finite groups, (ii) multiplicative groups k^∗, (k^∗)^r, (iii) linearly reductive groups, (iv) additive groups k^+, (k^+)^r, (v) unipotent groups (e.g., upper triangular, all eigenvalues 1).

2.3 We note that (ii) ⇒ (iii) and (i) ⇒ (iii) if |G| is prime to char k. Also (iv) ⇒ (v).

Moreover

2.4 If we choose coordinates, i.e. write k^{[n]} = k[x_1, · · · , x_n], then SL_n ⊂ GL_n ⊂ Af_n ⊂ A_n are defined. (Af_n is the group of affine transformations.) If char k = 0, SL_n and GL_n satisfy (iii).

We also define the triangular group 2.5 Δ_n ⊂ A_n as the group of transformations x_i → α_ix_i + φ_i(x_1, · · · , x_{i−1}), α_i ∈ k^∗, φ_i a polynomial.

2.6.Linearization Problem: Let the algebraic group G act on A^n_k . Does there exist a system of algebraic coordinates on A^n_k such that G acts by means of linear transformations in these coordinates?

A different choice of coordinates leads to conjugation in A_n. Hence the problem of linearization is the problem of whether a given algebraic subgroup of A_n can be conjugated into GL_n. 3. The situation is well understood in dimension 2. (Dimension 1 is left as an exercise.) 3.1 Automorphism Theorem (Jung [J], Van der Kulk [VdK], Nagata [N]):

A_2 is an amalgamated product A_2 = Af_2 ∗_{LΔ2} Δ_2, LΔ_2 = Af_2 ∩ Δ_2.

We have the following general theorem about amalgamated products.

3.2 Theorem (Serre [Se]): Any subgroup H ⊂ A ∗_U Δ, U = A ∩ Δ, H of bounded length, is conjugate to a subgroup of A or Δ.

As an immediate consequence of 3.1 and 3.2 one finds (see [Wr]) 3.3 Theorem: Every algebraic subgroup of A_2 is conjugate to a subgroup of Af_2 or Δ_2. 3.3.1 Corollary: Actions of linearly reductive groups on A^2_k, in particular of k^∗ and of finite groups G, |G| prime to char k, are linearizable.

3.3.2 In positive characteristic we have the following instructive example ([KP]): char k = 2, G = SL_2. For g = ( a b c d ) , x = ( x_1 x_2 ) we put g^{(2)} = ( a^2 b^2 c^2 d^2 ) and define

an action of G on A^2_k by g · x = g^{(2)}x + ( ab cd ) . This action has no fixpoint and cannot be linearized.

3.3.3 Corollary: (k^+)^r actions on A^2_k are conjugate to Δ_2-actions.

4. We now assume n ≥ 3 and (unless otherwise specified) k algebraically closed of characteristic 0. We begin with the following instructive 4.1 Example (Bass [Ba]): On k[x, y, z] consider the k^+-action

η_t : x → x y → y + tz^2x z → z t ∈ k^+

Consider also the automorphism ε : x → x + z^{−1}y^2 y → y z → z of k(z)[x, y]. It is easy to verify that φ_t = εη_tε^{−1} ∈ A_3 (denominators cancel). Hence φ_t defines a G = k^+-action on A^3_k = X. We calculate that the fixpoint set X^G is the zero locus of zx + y^2, and it follows that φ_t is not conjugate to a triangular action since for triangular actions the fixed point set is of the form Z × A^1_k, where Z is union of lines or points; in particular it is smooth. The classification of k^+-actions is far from complete even for n = 3, and a very active area of research. (See [DF], [Fr] for a small sample.)

Let us now consider an action of a reductive group G on X = A^n_k . We then have

4.2 X^G ⊂ X

↘ ↓ X//G Here X^G is the set of fixpoints and X//G is the “categorical quotient”, an affine variety that parametrizes the closed orbits of the action. Its ring of regular functions is the ring of regular G-invariant functions on X.

4.3 Definition: We call the action fixpointed if and only if X^G = X//G, i.e. the only closed orbits are the fixpoints, and hence every orbit has a fixpoint in its closure.

The following was proved by Kambayashi-Russell for G = (k^∗)^r [KaR] and in general by Bass-Haboush [BH1].

4.4 Theorem: For a fixpointed action of G on X, X → X//G = X^G is a vectorbundle with linear action of G on the fibres.

Remark . In case k = C it follows from 1.5 that there exists a covering of X by G-invariant coordinate subsets open in the analytic topology on which G acts linearly. It follows that the map X → X^G, x → Gx ∩ X^G, is a locally ( in the analytic topology) trivial vector bundle with a representation of G as the fibre. One can show that it is locally trivial in the Zariski topology.

Note that X//G = X^G is a retract of X = A^n_k . We have the famous result of Quillen [Q] and Suslin [S] on the Serre-conjecture

4.5 Theorem: Vectorbundles over a retract of A^n_k are trivial,

Hence

4.6 Theorem: In the situation of 4.4

(i) X ≃_e X^G × V , where V is a (linear) representation of G, (ii) the action is linearizable ⇔ X^G ≃ A^m_k for some m.

Here “≃_e” stands for equivariantly isomorphic.

The problem appearing in 4.6(ii), known as the cancellation problem, is quite unsolved for m ≥ 3. The solution is relatively straightforward for m = 1. For m = 2 it is difficult and was given by Miyanishi-Sugie [MS] and Fujita [F1].

4.7 Cancellation Theorem: If Y × A^d_k ≃ A^{d+2}_k ,

then Y ≃ A^2_k.

Sketch of the proof. We have the projection A^{d+2}_k → Y . Hence we have a dominant map H → Y for a generic plane H ⊂ A^{d+2}_k . It follows that the logarithmic Kodaira dimension k(Y ) equals −∞. The famous result of Miyanishi-Sugie [MS] and Fujita[F1] now implies that Y contains a cylinderlike open subset, i.e. a set isomorphic to C × A^1_k, C a curve. Thus we obtain a rational map f : Y → C with A^1_k as the generic fibre. Suppose that the map f is not defined at a point q. Then q belongs to the closure of the generic fibre f^{−1}(c) and that closure is a complete curve contained in Y . But Y is affine. Therefore f is regular on Y . Since Y is rational the curve C is also rational. It is clear that P ic(Y ) = 0 and that invertible functions on Y are constant. From that we infer easily that C ≃ A^1_k and that every fibre of f is irreducible and has multiplicity 1. It is well known fact that the total space of an A^1_k fibration over A^1_k is isomorphic to A^2_k.

So we find

4.8 Theorem: Fixpointed actions on X = A^n_k of a reductive group G are linearizable if dimX^G ≤ 2.

5. Research into actions on X = A^n_k of a (connected) reductive group G had long centered on a conjecture of Kambayashi [Ka], suggesting that such actions are linearizable. There were some further positive results.

5.1 Theorem (Kraft-Popov [KP], Panjushev [P]): Actions of a semi-simple group G on A^3_k and A^4_k are linearizable.

5.2 Theorem (Bialynicki-Birula [BB2]): Actions of (k^∗)^r on A^n_k are linearizable for r ≥ n − 1.

So a quite new flavour was added to this field when Schwarz [Sc] discovered counterexamples to the conjecture by constructing non trivial G-vectorbundles over X.

5.3 Definition: By saying p : E → X is a G-vectorbundle over X we mean:

(i) E is a vectorbundle;

(ii) E, X are G-spaces and p is G-equivariant;

(iii) for x ∈ X, g ∈ G and y = gx, the map on fibres

g_x : E_x → E_y

is linear.

Just as for vectorbundles, the usual constructions of linear algebra work for G-vectorbundles. We call (equivariantly) trivial the G-vectorbundles of the form X × W → X, where W is a representation of G and we act diagonally on X × W . The starting point now is

5.4 Theorem: (Bass-Haboush [BH2]): Let G be reductive.

(i) G-vectorbundles over a (linear) representation V (= X) of G are (equivariantly) stably trivial.

(ii) A non-trivial G-vectorbundle E over V gives a non-linearizable k^∗×G-action on E ≃ A^m_k .

Proof of (ii). As a variety E is isomorphic to an affine space. We have an action of Ĝ = k^∗ × G on E, where k^∗ acts by scalar multiplication on the fibres of E. Suppose that the Ĝ-action on E is linearizable. Thus there exists a Ĝ-equivariant isomorphism F : E → A^m_k , where Ĝ acts linearly on A^m_k . We identify V with the zero section of E. Clearly V is the fixed point set of the k^∗-action on E and also V is Ĝ-invariant. The set F (V ) is also Ĝ-invariant. Therefore, since Ĝ is reductive, there exists a Ĝ-invariant linear subspace W of A^m_k such that A^m_k = F (V ) ⊕ W . Take x ∈ V . It is clear that the fibre E_x is the set all points z ∈ E such that x ∈ k^∗z. Since the tangent representations of Ĝ at y and at F (y) are isomorphic for every y ∈ V , k^∗ acts on W by scalar multiplication. Therefore {u ∈ A^m_k : F (x) ∈ Ĝu} = F (x) × W . It follows that F maps E_x onto F (x) × W . Since F |_{Ex} is equivariant with respect to the scalar multiplication by k^∗, it is a linear map. The statement follows.

Let V_i denotes the irreducible representation of SL_2(C) of dimension i + 1 ( V_i is the space of homogeneous forms of degree i in two variables). In [Sc] G.Schwarz proved the following

5.5.Proposition: For every i ≥ 3 there exist infinitely many non-isomorphic SL_2-vector bundles E on V_2 whose zero fibre E_0 is SL_2-isomorphic to V_i.

Hence, by Theorem 5.4, there are nonlinerizable C^∗ × SL_2-actions on C^n for every n ≥ 7. Schwarz also showed that the induced SL_2-actions are also nonlinearizable (n ≠ 8).

5.5 Examples of non-trivial G-vectorbundles, and hence of non-linearizable G-actions on A^n_k , were constructed (among others) by

(1) Schwarz [Sc] for the orthogonal group O_2, n = 4;

(2) Masuda, Moser-Jauslin, Petrie [MM-JP1] for certain finite groups (e.g. G dihedral of order ≥ 10, n = 4).

(3) Moser-Jauslin,Freudenburg [MF] for S_3 ,n = 4.

(4) Knop [Kn], for any non-commutative connected G, for suitable n.

All examples of non-linearizable actions of reductive groups known so far are of this type. The next result shows that the restriction to non-commutative G in 5.5(4) is essential.

5.6 Theorem ([MM-JP2]): For commutative reductive G, all G-vectorbundles over a represenation of G are trivial.

For completeness let us also mention

5.7 Theorem (Derksen, Kutschebauch [DK]): For reductive G, all holomorphic G-vectorbundles over a representation of G are holomorphically trivial

6. Torus actions

. Torus actions ((k^∗)^r-actions) on A^n_k , though group-theoretically very simple, pose rather surprising difficulties of a geometric nature, the difficulties seeming to increase rapidly with the codimension s = n − r. In view of 5.2, the case s = 2 is to be considered first. Since we use some topological arguments , we assume that k = C .

6.1. Suppose that a r- dimensional torus T = C^∗ × · · · × C^∗ acts algebraically on a smooth algebraic variety X. Let p ∈ X^T be a fixed point. The tangent action of T on T_pX can be diagnolized, i.e. in some coordinate system T acts as follows:

(t_1, · · · , t_r)(x_1, · · · , x_n) = (t^{a11}_1 · · · t^{ar1}_r x_1, · · · , t^{a1n}_1 · · · t^{arn}_r x_n) where the a_{ij} are integers. The vectors (a_{1i}, · · · , a_{ri}), i = 1, · · · , n are called the weights of the action at p. The weights do not depend on a choice of coordinate system on T_pX and they do not change along a connected components of the set X^T . The weights depend on a choice of coordinates on T .

6.2. Lemma: Let a torus T acts on an affine variety X . There exist infinitely many prime numbers p such that X^T = (C^n)^{ωp} , where ω_p is a subgroup of T of order p.

Proof. It is well known that one can embed X equivariantly into an affine space with a linear T -action. Hence we may assume that X = C^n and that T acts linearly. Let a_i = (a_{1i}, · · · , a_{ri}), i = 1, · · · , n be the weights (at 0) of the action. We may assume that a_i ≠ 0 ⇔ i > s. There exists an integral vector (1, N_2, · · · , N_r) such that b_{1i} = a_{1i} + a_{2i}N_2 + · · · + a_{ri}N_r ≠ 0 for i > s. Now consider the new system of coordinates (u_1, · · · , u_r) on T given by t_1 = u_1, t_2 = u^{N2}_1 u_2, · · · , t_r = u^{Nr}_1 u_r. The weights of the action with respect to the new coordinates are b_i = (b_{1i}, · · · , b_{ri}), where b_{1i} is as above. Now let p be a prime such that p does not divide any b_{1i}, i = 1, · · · , s. Let ω_p be the subgroup of T generated by (ε, 1, · · · , 1) where ε is a p − th root of 1. Then (C^n)^T = (C^n)^{ωp} .

6.3.Proposition: Let a torus T = C^∗ × · · · × C^∗ acts algebraically on an Q-acyclic smooth irreducible affine variety X. Then the fixed point set X^T is nonempty and connected. Moreover X^T is Z/pZ-acyclic for infinitely many primes p.

Proof. Suppose that X^T =Ø. Then every orbit of T is closed in X and is isomorphic to a torus T^′ . By the Luna Slice Theorem [Lu], X is an union of disjoint, locally closed subsets and each of them has a structure of a locally (in the analytic topology) trivial torus fibration. Hence the Euler characteristic χ of each of them equals 0 which gives χ(X) = 0 ; contradiction. Let ω_p be as in the lemma 6.2. We may assume that X is Z/pZ-acyclic since we have infinitely many choices for p and the Z-homology groups of X are finitely generated. By Floyd’s theorem ([Fl],thm.4.4), ∑ i≥0 h_i(X^{ωp} ) ≤ ∑ i≥0 h_i(X) = 1, where h_i(W ) denotes the dimension over Z/pZ of the i − th homology group with coefficients in Z/pZ of a space W . From that h_0(X^T ) = 1 and h_i(X^T ) = 0 for i ≥ 1. The proposition is proved.

The following (modest looking) result was established recently, with contributions by many researchers. It draws on a considerable part of the repertoire of methods and results in “affine algebraic geometry” established over the last three decades. See [KKM-LR], [KR1], [KR2], [KR3], [Kr], [KaR].

6.4 Theorem: T = C^∗ actions on X = C^3 are linearizable.

We describe the major steps in the proof. We consider three cases according to the dimension of the fixpoint set. Let q be a fixed point and let a_1, a_2, a_3 be the weights of the action at q.

I. a_i ≥ 0, i = 1, 2, 3. Then the action is fixpointed and dim X^T ≤ 2 (dim X^T = number of i such that a_i = 0). We are done by 4.8.

II. a_1 = 0, a_2 < 0, a_3 > 0.

We can embed X equivariantly as a closed subvariety of C^n for some n with T acting linearly on C^n. In C^n we have linear subspaces (C^n)^+ and (C^n)^− on which T acts diagonally with non-negative and non-positive weights respectively, and

(C^n)^+ ∩ (C^n)^− = (C^n)^T Let Y = X^T . We define Y^+ = (C^n)^+ ∩ X and Y^− = (C^n)^−. More directly Y^+ = {x ∈ X : lim_{t→0} tx ∈ Y }. Similarly one defines Y^−. Thus Y^+ and Y^− are closed subvarieties in X. It follows from 1.1 that they are locally trivial (even in the Zariski topology) fibrations over Y with C^1 as a fibre. By 6.3, Y is Q-acyclic ; it follows that Y ≃ C^1. Hence Y^+ and Y^− are isomorphic to the plane C^2. Let F = 0 be the equation of Y^+. From 1.5 it follows that F is semi-invariant of weight a_2, i.e. F (tx) = t^{a2} F (x) for every x ∈ X. Let G = 0 be the equation of Y^−. G is semi-invariant of weight a_3. Let H_s denotes the s-level of a function H, i.e. H_s = {x ∈ X : H(x) = s}. We have F_0 ∩ G_0 = Y . By the Abhyankar-Moh-Suzuki (AMS) Theorem [AM] (see 7.5), L = F_1 ∩ G_0 ≃ C^1. It is clear that F_1 is ω_{a2} -invariant, where ω_{a2} is the cyclic subgroup of T of order a_2. It is also clear that X//T ≃ F_1//ω_{a2} . The quotient X//T is smooth, it has logarithmic Kodaira dimension −∞, invertible functions on it are constant and it is not difficult to show that P ic(X//T ) = 0. All that implies that X//T ≃ C^2 , see 4.7. The image of L under the quotient map α : F_1 → F_1//ω_{a2} = C^2 is a coordinate line by the AMS Theorem. Hence the complement of α(L) is isomorphic to C^1 × C^∗ . Since α is unramified outside L, the complement of L in F_1 is also isomorphic to C^1 × C^∗ . It follows that F_1 is isomorphic to C^2.

Now consider the linear action on C^3 defined by t(x, y, z) = (x, t^{a2} , t^{a3} ). Choose an ω_{a2} - equivariant isomorphism φ : F_1 → C × {1} × C. We extend φ to C^∗-equivariant isomorphism ϕ : X − F_0 → C^3 − {x = 0}, putting ϕ(z) = t^{−1}φ(tz), where t is such that tz ∈ F_1. Since φ is ω_{a2} equivariant, this definition does not depend on the choice of t. Using local analytic coordinates (see 1.5) one shows easily that ϕ extends to an equivariant isomorphism X → C^3.

III. a_1 < 0, a_2, a_3 > 0 (the ”hyperbolic” case).

We have the following fundamental result

6.4.1 Theorem([KR3]): S = X//T ≃ T_qX//T ≃ C^2/ω_{a1} .

The proof is long and technical. The following characterization of a quotient of the plane by a cyclic group action is used

6.4.2 Theorem([K2]): Let Z be an affine, normal surface with exactly one fixed point x_0 whose analytic type is that of the origin in C^2/ω_a. Assume that k(Z), the logarithmic Kodaira dimension of Z, equals −∞, that Z − x_0 is not of logarithmic general type, i.e. k(Z − x_0) < 2, and that Z is topologically contractible. Then Z is isomorphic to C^2/ω_a.

It is not hard to prove that S is contractible. From the Kawamata Addition Theorem it follows that k(S) = −∞ (one can use also the fact that for generic plane H in C^3 we have a dominant map H → S ). The problem is to show that the smooth locus of S is not of general type. That fact is proved in [KR3]. In case k(Z − x_0) = −∞, the proof of 6.4.2 uses a fundamental results of Miyanishi-Tsunoda [MT1], [MT2].

Theorem 6.4.1 is the crucial step in the proof of 6.4. However linearization does not follow from it as easily as it was mistakenly stated in [KR4] . In fact the mistake led us to investigation a more general class of C^∗-varieties.

6.4.3 Definition: A smooth, contractible, affine variety X of dimension 3 with a hyperbolic T -action is called an LQ-variety if X//T ≃ T_qX/T , where q is the unique (by 6.3) fixpoint for T. A complete description of all LQ-varieties is given in [KR2]. They all are hypersurfaces in C^4 invariant with respect to a linear action of T . Also the defining equations are of some special type.

6.4.4 Remark: LQ-varieties are Z-acyclic. Hence, in view of [F2], they are factorial and invertible functions on them are constant.

6.4.5 Consider an LQ-variety X. Let, as above, the weights of the T -action at the fixed point q be a_1, a_2, a_3, where a_1 < 0, a_2, a_3 > 0. Let X^+ = {x ∈ X : lim_{t→0} tx = q}. Similarly we define X^−. Then X^+ is isomorphic to C^2 and X^− is isomorphic to C^1 (see 6.4 II). Let (F, G, H) : X → T_qX ≃ C^3 be a T -equivariant map etale at q, where T acts on T_qX diagonally. By 1.5 that map is an analytic isomorphism on a T -invariant neighborhood U of q. We may assume that F, G, H are irreducible (see 6.4.4). Then F = 0 is the defining equation of X^+ and F, G, H are semi-invariants of weights a_1, a_2, a_3 respectively.

6.4.6 Lemma: Suppose F_1 = F^{−1}(1) ≃ C^2. Then X ≃ C^3 and the action is linearizable.

Proof. The action of ω_{a1} is linearizable, that is, we can choose an ω_{a1} -equivariant isomorphism φ : F_1 → C^2, where ω_{a1} acts on C^2 by t(u, w) = (t^{a2} u, t^{a3} v). Consider Y = C^1 × C^2with T -action given by t(w, u, v) = (t^{a1} w, t^{a2} u, t^{a3} v). Let W_0 = {y ∈ Y : w(y) = 0}. We define ϕ : X − F_0 → Y − W_0 as follows : for x ∈ X − F_0 we choose t ∈ T such that tx ∈ F_1 and put ϕ(x) = t^{−1}(1, φ(tx))

This is well defined since w has weight a_1 and φ is ω_{a1} -invariant. We will show that it is possible to modify φ such that ϕ extends to (an isomorphism) X → Y = C^3. By 1.5 the action on X is locally linearizable, i.e. there exists an open T -invariant neighborhood U of q and analytic coordinates ξ, η, ζ on U such that for t ∈ T t(ξ, η, ζ) = (t^{a1} ξ, t^{a2} η, t^{a3} ζ) . We have F_0 ⊂ U and F_0 is defined by ξ = 0. We may assume , therefore, that ξ = F . Now η, ζ

are analytic coordinates on the neighborhood U_1 = F_1 ∩ U of q_1 = X^− ∩ F_1 in F_1, and φ is given on U_1 by φ(η, ζ) = (φ_1(η, ζ), φ_2(η, ζ)) where φ_1 and φ_2 are power series in η, ζ with, since φ is ω_{a1} -invariant, only terms with weights of the form b + ka ≥ 0 and c + la ≥ 0 respectively.Hence for (ξ, η, ζ) ∈ U − F_0 ϕ(ξ, η, ζ) = (ξ, ∑ i,j≥0 a_{ij}ξ^kη^iζ^j, ∑ i,j≥0 b_{ij} ξ^lη^iζ^j).

with a_{ij} = 0 unless ib + jc = b + ka and b_{ij} = 0 unless ib + jc = c + la. We may assume that the linear forms of φ_1 and φ_2 are η and ζ respectively. ϕ extends to a morphism on X if k ≥ 0 and l ≥ 0 in each term present. Assume that a k < 0 appears and let k_0 be the smallest such. Then i_0 = 0 since (i_0 − 1)b + j_0c < 0, and j_0c = b + k_0a. Hence φ_1(η, ζ) = a_{0j0} ζ^{j0} + ~φ_1(η, ζ) where the lowest pure power of ζ appearing in ~φ_1 has exponent larger than j_0. The same is then true for φ^′_1 = φ_1 − a_{0j0} φ_2^{j0} . Since φ^′ = (φ^′_1, φ^′_2), φ^′_2 = φ_2, is again an ω_{a1} -equivariant isomorphism, we can assure, repeating this process, that a_{0j0} ≠ 0 implies jc − b = ka ≥ 0. If a_{ij} ≠ 0 for (i − 1)b + c = 0, i.e. k = 0 , then again i = 0 and we can eliminate the corresponding term as before, or i = 1 and j = 0. We may argue similarly with reversed roles for i and j. So we may assume that ϕ extends to a morhism X → Y and that ϕ(0, η, ζ) = (0, η, ζ). Then ϕ is an isomorphism.

6.4.7 Lemma: Let the torus T ≃ C^∗ acts on a smooth, irreducible affine variety W . Let W^T = {q} and suppose the weights of the action at q are a < 0, b > 0. Let W^+ and W^− be defined as in 6.4.5. Let f = 0 be a defining equation of W^+. Suppose that W is R-acyclic and that for every z ∈ W − (W^+ ∪ W^−) the isotropy group T_z is trivial. Then all the curves f_s = f^{−1}(s) are isomorphic to the line C^1.

Proof. Let W^′ = W/ω_a. W^′ is smooth since the fixed point set of ω_a has codimension 1 in W . ω_a acts trivially on the cohomology of W since it is contained in a continuous group of transformations. Hence W^′ is R-acyclic. Let q^′ be the fixed point of the induced action on W^′. T acts on W^′ with the weights −1, b. Let f^′ be the induced function on W^′. W^{′+} is isomorphic to C^1. Using the duality H_i(W^′, W^′ − W^{′+}; R) ≃ H^{4−i}_c (W^{′+}) ≃ H_{i−2}(W^{′+}) ≃ H_{i−2}(C^1) we compute H_i(W^′ − W^{′+}) = 0 for i > 0 and H_1(W^′ − W^{′+}) = R. Since f^′ is semi-invariant of weight −1, we have W^′ − W^{′+} ≃ f^′_1 × C^∗. From the Künneth formula we obtain that f^′_1 is R-acyclic. It follows that f^′_1 ≃ C^1. Now the quotient map f_1 → f^′_1 is totally ramified at the point f_1 ∩ W^− and unramified elsewhere. Therefore f_1 is isomorphic to a line as well.

6.4.8. Corollary: Under the assumptions of Lemma 6.4.7, W ≃ C^2.

6.4.9 Lemma: Suppose that GCD(a_1, a_2) = GCD(a_1, a_2) = 1. Then X^{ωa1} = X^−. Also T acts with trivial isotropy on X − (X^+ ∪ X^−).

Proof. Take a prime p dividing a_1. Then X^{ωa1} ⊂ X^{ωp} . By Floyd’s theorem [Fl],X^{ωp} is Z/pZacyclic and b_0(X^{ωp} ; Z/pZ) ≤ b_0(X; Z/pZ) = 1. Hence X^{ωp} is connected. Locally (in U as in 6.4.5) X^{ωp} is equal to X^−, as one easily computes using the local coordinates F, G, H. It follows that X^{ωp} = X^− and that X^{ωa1} = X^{ωp} = X^−. Now suppose that t_0x = x_0 for some x_0 ∈ X − (X^− ∪ X^+) and t_0 ≠ 1. We get F (t_0x_0) = t^{a1}_0 F (x_0) = F (x_0). Hence t^{a1}_0 = 1. Let a prime l divides ordt_0. Then x_0 ∈ X^{ωl} . Since l divides a_1, we have X^{ωl} = X^{a1} = X^− and x_0 ∈ X^−; contradiction.

6.4.10 Lemma: Let d = GCD(a_1, a_2), c = GCD(a_1, a_3). Suppose that d > 1 and (i) c = 1 or (ii) c > 1 and X^{ωd} ∩ X^{ωc} = X^−

Then H_0 = X^{ωd} and ω_d acts with trivial isotropy on X − H_0. Also H_0 ≃ C^2.

Proof. Let p be a prime number dividing d. Then X^{ωd} ⊂ X^{ωp} .Locally, in U, X^{ωd} ∩ U = X^{ωp} ∩ U = H_0 ∩ U. By Floyd[Fl] X^{ωp} is connected. It follows that X^{ωp} = H_0 = X^{ωd} . It also follows that for any divisor k of d, X^{ωk} = X^{ωd} . This implies that ω_d acts with trivial isotropy outside H_0. Now let z ∈ H_0 − (H^+_0 ∪ H^−_0 ) and suppose t_0z = z. Let r=ordt_0. Then r divides a_1 since F (z) ≠ 0. Let p be a prime dividing r and let K be the maximal p-subgroup of ω_r. K acts trivially on X^− = H^−_0 and on z. Since X^K is connected by Floyd’s theorem, dim(X^K) = 2. Suppose that X^K = G_0. From the local linearizability it follows that p divides a_3. By Floyd’s theorem X^{ωc} = G_0. We have a contradiction since then z belongs to X^{ωd} ∩ X^{ωc} . Therefore X^K ⊄ G_0. Thus there exists a point w such that w ∉ G_0 and ω(w) = w where ω is a generator of K. It follows that ordK divides a_2. We obtain that r divides a_2. Hence r divides d. On H_0 we have an induced action of the torus T^′ = T/ω_d with weights a_1/d, a_2/d. We just proved that T^′ acts with trivial isotropy on H_0 − (H^+_0 ∪ H^−_0 ). By Lemma 6.4.7 and Corollary 6.4.8, H_0 is isomorphic to C^2.

6.4.11 Let r be the number of connected componets of the set X^{ωa2} ∩ X^{ωa3} . We introduce the following invariant

ε = (GCD(a_1, a_2) − 1)(GCD(a_1, a_3) − 1)(r − 1)

6.4.12 Proposition: If ε = 0 then X is equivariantly isomorphic to C^3 with linear T -action.

Proof. One can see easily that the inclusion F_1 → X induces an isomorphism F_1/ω_{a1} ≃ X//T . Suppose first that GCD(a_1, a_2) = GCD(a_1, a_3) = 1. By 6.4.9, T acts with trivial isotropy on X − (X^+ ∪ X^−). In particular ω_{a1} acts with trivial isotropy on F_1 − q_1, where q_1 = X^− ∩ F_1. By 6.4.1, F_1 − q_1/ω_{a1} is isomorphic to C^2 − 0/ω_{a1} . It follows easily that F_1 is isomorphic to C^2 and we are done by 6.4.6.

Now suppose that d = GCD(a_1, a_2) > 1. Let X^′ = X/ω_d. One can show that X^′ is contractible: it is not difficult to show that X^′ is simply connected and that it has trivial

Z-homology. One can also use the general result from [KPR] which says that a quotient of contractible algebraic variety by a reductive group action is contractible. On X^′ we have an induced T^′-action with weights a_1/d, a_2/d, a_3 where T^′ = T/ω_d. Hence X^′ is an LQ-variety. H_0 is isomorphic to a plane by 6.4.8 and the quotient map X − H_0 → X^′ − H^′_0 where H^′_0 is the image of H_0 is unramified. The map H_0 → H^′_0 is an isomorphism. Suppose that X^′ is equivariantly isomorphic to C^3 with linear action of T^′. By a result of Russell[R], H^′_0 is a coordinate plane in C^3. Hence X^′ − H^′_0 ≃ C^2 × C^∗ which implies that X − H_0 ≃ C^2 × C^∗. Now it follows easily that X is T -equivariantly isomorphic to C^3 with linear T -action. Repeating this process if necessary we come to an LQ-variety X^{′′} where a torus T^{′′} acts with weights a^{′′}_1 , a^{′′}_2, a^{′′}_3 and GCD(a^{′′}_1 , a^{′′}_2) = GCD(a^{′′}_1, a^{′′}_3) = 1. Then X^{′′} is equivariantly isomorphic to C^3 with linear action of T^{′′}.

6.4.13 Theorem(S. Kaliman, L. Makar-Limanov[KM-L]): If ε > 0 then X is not isomorphic, as an algebraic variety, to C^3.

In the proof the authors made use of the Makar-Limanov invariant AK(X), the ring of regular functions on X that are invariant under all C^+-actions on X. It is interesting that their argument as well as the construction in [KR2] makes use of the Epimorphism Theorem 7.5.

That is the final step in the proof of the Theorem 6.4.

7. Remarks, open problems

7.1 We note that all X ∈ LQ are ”exotic affine spaces”, algebraic varieties diffeomorphic, but not necessarily isomorphic to an affine space. A specific, simplest example is the hypersurface

X = {(x, y, z, t) : x + x^2y + z^2 + t^3 = 0}

in C^4. Here C^∗ acts with weights 6,-6,3,2 respectively on x, y, z, t. The Makar-Limanow invariant is the ring generated over C by the function x. In this case ε = 2, r = 2 and the subgroup ω_6 acts with disconnected fixed point set (it has 2 components).

In contrast to the situation in 5.4 and 5.6 the X ∈ LQ can admit non stably trivial C^∗-vector bundles. The equivariant Grothendieck ring of X has been computed by Bell[Be]. Recently P.Murthy[Mu] proved a result which implies that all vector bundles on the above X are trivial. It is not known at the moment whether all vector bundles on an arbitrary LQ-variety are trivial.

Let us note that 5.1 and 6.4 together imply

7.2 Theorem: Actions of a connected reductive group on C^3 are linearizable.

The problem for finite groups, in particular, seems to be wide open.

7.3 Theorem 6.4.1 now has a generalization

Theorem([KR6]): Let S be an affine normal topologically contractible surface. Suppose that the logarithmic Kodaira dimension k(S) equals −∞ and that all singular points of S are quotient singularities. Then

(i) k(S − SingS) = −∞ (ii) If SingS consists of only one point then S is isomorphic to a quotient C^2/G where G is a small subgroup of GL(2; C). If SingS has more than one point then S is constructed from a Hirzebruch surface F_n by a fully described procedure (we blow up some points in F_n and remove some divisors).

7.4 It is still an open problem whether a codimesion 2 torus action, i.e. an action of (C^∗)^{n−2} on C^n, is linearizable. Koras and Russell[KR5] proved that it is linearizable provided the fixed point set has dimension greater than 0. For an action with isolated fixed point the induction argument leads to the following question :

Let Y be an LQ-variety. Can Y × C be isomorphic to C^4 unless Y is isomorphic to C^3?

If the answer is yes than we have an example of nonlinearizable action of C^∗ × C^∗ on C^4.

A closed embedding φ : A^m_k → A^n_k is called rectifiable if φ is conjugate to a linear embedding. Very little is known about rectifiability except for

7.5. AMS-Theorem(Epimorphism Theorem[AM][Su]): If char k = 0, then all embeddings

A^1_k ⊂ A^2_k

are rectifiable.

There are also very general positive results for ”small” m (n ≥ 2m + 2) [Ka], [Je], [Sr]. However, the cases n = 3, m = 2 and m = 1 are open. ( the case n = 3, m = 2 would settle linearization for C^∗-actions on C^3 without much fuss.) Let us record however

7.6 Theorem([R]): Closed embeddings of A^{n−1}_k into A^n_k that are homogeneous for a linear (k^∗)^r-action on A^n_k , r ≥ n − 2 , are rectifiable.

7.7 Asanuma [A1] has described a general method that produces a non-linearizable k^∗-action on A^{n+2}_k from a non-rectifiable closed embedding A^1 ⊂ A^n_k . This leads to the following examples.

7.7.1 As Shastri[Sh] has observed , one can realize any knot in R^3 by a polynomial map φ : R → R^3 in such a way that the extension φ_C : C → C^3 is an embedding. Asanuma[A2] has used such φ to construct R^∗-actions on R^5 that are not linearizable over R. However they are linearizable over C.

7.7.2 If char k = p > 0, there are counterexamples to the AMS-Theorem 7.5. Hence there exist non-linearizable k^∗-actions on A^4_k[A1].

7.7.3 Derksen and Kutschebauch[DK] have used holomorphic embeddings C → C^2 that are not holomorphically rectifiable to construct holomorphic C^∗-actions on C^4 that are not linearizable.

Bibliography [A1] T. Asanuma, Non-linearizable algebraic group actions on A^n, J. Algebra 166.1 (1994), 72-79.

[A2] T. Asanuma, oral communication.

[AM] S.S.Abhyankar, T.T.Moh, Embeddings of the line in the plane, J.Reine Angew.Math., 276 (1975), 148-166.

[Ba] H.Bass, A non-triangular action of G_a on A^3, J.Pure Appl.Algebra 33 (1984), 1-5. [BB1] A.S.Bialynicki-Birula, Some theorems on actions of algebraic groups Annals of Math. 98 (1973), 480-487.

[BB2] A.S.Bialynicki-Birula, Remarks on action of algebraic torus on k^n, I and II, Bull.Acad.Pol.Sci 15 (1966), 177-181 and !5 (1967), 123-125.

[Be] J. Bell, The equivariant Grothendieck groups of the Russell-Koras contractible threefolds, Canad.J. Math. 53(1) (2001), 3-32.

[BH1] H.Bass, W.Haboush, Linearizing certain reductive group actions, Trans.Amer.Math.Soc. 292 (1985), 463-482.

[BH2] H.Bass, W.Haboush, Some equivariant K-theory of affine algebraic group actions Comm.Algebra 15 (1987), 181-217.

[DF] D. Daigle, G. Freudenburg, Locally nilpotent derivations over a UFD and applications to rank 2 locally nilpotent derivations, J. Algebra, 204 (1998), 353-371.

[DK] H. Derksen, F. Kutzschebauch, Nonlinearizable holomorphic group actions, Math. Ann. 311.1 (1998), 41-53.

[Fl] E.E.Floyd, On periodic maps and the Euler characteristic of associated spaces, Trans.Am.Soc., 72(1952), 138-147.

[Fr1] G. Freudenburg, Actions of G_a on A^3 defined by homogeneous derivations, J. Pure and Appl. Algebra, 126 (1998), 169-181.

[F1] T. Fujita, On Zariski problem, Proc. Japan Acad. Ser. A. Math. Sci. 55 (1979), 106-110. [F2] T.Fujita, On the topology of non-complete algebraic surfaces, J.Fac.Sci.Univ.of Tokyo, Sec. IA, vol 29.3(1982), 503-566.

[HK] P. Heinzner, F. Kutzschebauch, An equivariant version of Grauert’s Oka principle, Invent. Math. 119 (1994), 317-346.

[Je] Z. Jelonek, The extension of regular and rational embeddings, Math. Ann. 113 (1987), 113-120.

[J] H.W.E. Jung, Über ganze birationale Transformationen der Ebene. J. Reine Angew. Math. 184 (1942), 161-174.

[Kal] S. Kaliman, Extensions of isomorphisms between affine algebraic subvarieties of k^n to automorphisms of k^n, Proc. Amer. Math. Soc. 113 (1991), 325-334.

[KM-L] S. Kaliman and L. Makar-Limanov, On the Russell-Koras contractible threefolds, J. Alg. Geom. 6.4 (1997), 671-695.

[Ka] T. Kambayashi, Automorphism group of a polynomial ring and algebraic group action on an affine space, J. Algebra 60 (1979), 439-451.

[KaR] T.Kambayashi, P.Russell, On linearizing algebraic torus actions J.Pure Appl.Algebra, 23 (1982), 243-250.

[Kn] F. Knop, Nichtlinearisierbare Operationen halbeinfacher Gruppen auf affinen Räumen, Invent. Math. 105 (1991), 217-220.

[K1] M.Koras, Linearization of reductive group actions , Group Actions and Vector Fields, Lecture Notes 956, Springer(1982).

[K2] M.Koras, A characterization of A^2/Z_a , Compositio Math. 87 (1993), 241-267. [KKM-LR] S.Kaliman, M.Koras, L.Makar-Limanow, P.Russell, C^∗-actions on C^3 are linearizable, Electronic Research Annoucements AMS, vol.3 (1997).

[Kr] H.Kraft, Algebraic group actions on affine spaces, Geometry of Today, Giornate di Geometria, Roma 1984.

[KPR] H.Kraft, T.Petrie, J.D.Randall, Quotient varieties, Adv.in Math.,74 (1989), 145-162. and [KR1] M. Koras, P. Russell, G_m actions on A^3, in: Canad. Math. Soc. Confer. Proc. vol. 6, (1986), 269-276.

[KR2] M. Koras, P. Russell, Contractible threefolds and C^∗-actions on C^3, J. Algebraic Geometry 6 (1997), 671-695.

[KR3] M. Koras, P. Russell, C^∗-actions on C^3: The smooth locus is not of hyperbolic type, J. Algebraic Geometry 8 (1999), 603-694.

[KR4] M.Koras, P.Russell, On Linearizing ”Good” C^∗-actions on C^3, Canadian Math. Soc., Conference Proceedings, Vol.10(1989).

[KR5] M.Koras, P.Russell, Codimension 2 torus action on affine n-space, Canadian Math.Soc., Conference Proceedings, Vol.10(1989).

[KR6] M.Koras, P.Russell, Contractible surfaces with quotient singularities, to appear. [KP] H. Kraft, V.L. Popov, Semisimple group actions on the three dimensional affine space are linear, Comment. Math. Helv. 60 (1985), 466-479. [Lu] D.Luna, Slices etales, Bull.Soc.Math.France, 33 (1975), 33-49.

[MF] L.Moser-Jauslin, G.Freudenburg, A nonlinearizable action of S_3 on C^4, Ann.Inst.Fourier, 52 (2002), 133-143.

[MM-JP1] M. Masuda, L. Moser-Jauslin, T. Petrie, Equivariant algebraic vector bundles over representations of reductive groups: Applications, Proc. Natl. Acad. Sci. USA 88 (1991), 9065-9066.

[MM-JP2] M. Masuda, L. Moser-Jauslin, T. Petrie, The equivariant Serre Problem for abelian groups, Topology 35.2 (1996), 329-334.

[MS] M. Miyanishi, T. Sugie, Affine surfaces containing cylinderlike open sets, J. Math. Kyoto Univ. 20 (1980), 11-42.

[MT1] M.Miyanishi, S.Tsunoda, Non-complete algebraic surfaces with logarithmic Kodaira dimension −∞ and with non-connected boundaries at infinity, Japan.J.Math., 10 (1984), 195- 242.

[MT2] M.Miyanishi, S.Tsunoda, Logarithmic del Pezzo surfaces of rank one with non-contractible boundaries at infinity, Japan.J.Math. 10 (1984), 271-319.

[Mu] M.P.Murthy, Cancellation Problem for Projective Modules Over Certain Affine Algebras, Proc. International colloquium on Algebra, Arithmetic and Geometry Mumbai 200, TIFR, Narosa Publishing 2002.

[N] M. Nagata, On automorphisms of k[X, Y ], Kinokuniya Bookstore.

[P] D.I. Panyushev, Semisimple Automorphism groups of four-dimensional affine space, Math. USSR Izvestiya 23.1 (1984), 171-183 [Q] D. Quillen, Projective modules over polynomial rings, Invent. Math. 36 (1976), 167-171. [R] P. Russell, Sufficiently homogeneous embeddings of A^{n−1} into A^n are linear, Can. J. Math. 48.6 (1996), 1286-1295.

[Sc] G.W. Schwarz, Exotic algebraic group actions, C.R. Acad. Sci. Paris 309 (1989), 89-94. [Se] J.-P. Serre, Trees, Springer Verlag, Berlin-Heidelberg-New York, 1980. [Sh] A. Shastri, Polynomial representations of knots, Tohoku Math. J.(2) 44.1 (1992), 11-17. [Sr] V. Srinivas, On the embedding dimension of an affine variety, Math. Annalen, 289 (1991), 125-132.

[Sum] H.Sumihiro, Equivariant completion, J.Math.Kyoto Univ. 14 (1974), 1-28. [S] A.A. Suslin, Projective modules over a polynomial ring are free, Soviet Math. 17 (1976), 1160-1164.

[Su] M.Suzuki, Propriétés topologiques des polynomes de deux variables complexes et automorphismes algébriques de l’espace C^2, J.Math.Soc.Japan 26 (1974), 241-257. [VdK] W.Van der Kulk, On polynomial rings in two variables, Nieuw.Arch.Wisk. 1 (1953), 33-41.

[Wr] D. Wright, Abelian subgroups of Aut_κ(κ[X, Y ]) and applications to actions on the affine plane. Ill. J. Math. 23 (1979), 579-634.

Mariusz Koras Dept. of Mathematics, Warsaw University, Warszawa ul.Banacha 2, Poland Peter Russell,Dept. of Mathematics and Statistics, McGill University,Montreal, QC, Canada and Centre Interuniversitaire en Calcul Mathématique Algébrique