23rd Autumn School in Algebraic Geometry

Algebraic group actions and quotients

Wykno (Poland), September 3 - 10, 2000

LUNA’S SLICE THEOREM AND APPLICATIONS

JEAN–MARC DRÉZET

Contents

1. Introduction 1 2. Reductive groups and affine quotients 6 3. Zariski’s main theorem for G-morphisms 12 4. Étale morphisms 14 5. Étale slice theorem 25 6. G-bundles 28 7. Description of moduli spaces of semi-stable vector bundles on curves at singular points 34 8. The étale slice theorem and the local factoriality of quotients 43 References 50

1. Introduction

This course is devoted to the proof of Luna’s étale slice theorem and to the study of some of its applications. A brief description of this theorem follows in 1.1 and 1.2. Our main source is the original paper [14]. The whole proof of this result is complicated, because the hypotheses are very general. We shall sometimes make some simplifications, for example by assuming that we consider only integral varieties or connected groups.

Luna’s étale slice theorem is useful for the local study of good quotients by reductive groups. We will give here three applications. We will first give some general results on quotients by reductive groups. The second application is the local study of the moduli spaces of semi-stable vector bundles on curves, following a paper of Y. Laszlo [10]. There are also applications of Luna’s theorem to the study of moduli spaces of semi-stable bundles on surfaces (cf. for example [20]). In the third application we will study the factoriality of the local rings of the points of some quotients. Luna’s theorem will allow us to study the factoriality of the completions of 1

these rings. This will give a counterexample, showing that some local properties of quotients cannot be derived from Luna’s theorem.

In this paper we will suppose that the ground field is the field of complex numbers. Luna’s theorem deals with affine varieties. This is why many definitions and results in this paper are given for affine varieties, although they can be sometimes generalized to other varieties.

1.1. Étales slices Let G be a reductive algebraic group acting on an affine variety X. Let π_X : X −→ X//G be the quotient morphism. In general, X//G is not an orbit space, but only the minimal identifications are made : if x, x^′ ∈ X, we have π_X (x) = π_X (x^′) if and only if the closures of the orbits Gx, Gx^′ meet. The étale slice theorem is a tool for the local study of X//G. Let x ∈ X be a closed point such that Gx is closed, G_x its stabilizer in G, which is also reductive. Let V ⊂ X be a G_x-invariant locally closed affine subvariety containing x. The multiplication morphism μ : G × V � X (g, v) � � gv is G_x-invariant if the action of G_x on G × V is defined by : h.(g, v) = (gh^{−1}, hv). Let G ×_{Gx} V = (G × V )//G_x. Then μ induces a morphism ψ : G ×_{Gx} V −→ X. We say that V is an étale slice if ψ is strongly étale. This means that

(i) ψ is étale, and its image is a saturated open subset U of X. (ii) ψ_{/G} : (G ×_{Gx} V )//G ≃ V//G_x −→ U//G is étale. (iii) ψ and the quotient morphism G ×_{Gx} V → V//G_x induce an isomorphism G ×_{Gx} V ≃ U ×_{U//G} (V//G_x). Luna’s slice étale theorem asserts that an étale slice exists. The existence of a V satisfying only (i) and (ii) is known as ’weak Luna’s étale slice theorem’.

Let π_V : V → V//G_x be the quotient morphism. The first consequence of (ii) is that ^O_{πX (x)} and ^O_{πV (x)} are isomorphic. So if we are interested only in the study of completions of the local rings of quotients, we can replace X and G by V and G_x respectively.

Property (iii) gives supplementary relations between the G-orbits in X near x and the G_x-orbits in V . More precisely, (iii) implies that for every closed point v ∈ V//G_x, if u = ψ_{/G}(v) then we have a canonical isomorphism G ×_{Gx} π^{−1}_V (v) ≃ π^{−1}_X (u).

1.2. Étale slice theorem for smooth varieties Suppose that X is smooth at x. Then we can furthermore suppose that

(iv) V is smooth, and the inclusion V ⊂ X induces an isomorphism σ : T_xV ≃ N_x, where N_x is the normal space to the orbit G_x in X.

(v) There exists a G_x-invariant morphism ϕ : V → N_x such that T ϕ_x = σ, which is strongly étale.

This implies that we can replace the study of X around Gx with the study of N_x around 0, which is generally much simpler.

1.3. General plan of the paper Chapter 2 – Reductive groups and affine quotients.

We give here some basic definitions and results. We define algebraic reductive groups, categorical and good quotients, and list almost without proofs some of their properties.

Chapter 3 – Zariski’s main theorem for G-morphisms.

We prove here theorem 3.3 which is used in the proof of Luna’s theorem.

Chapter 4 – Étale morphisms.

in 4.1 we give a review of definitions and results concerning étale morphisms. In 4.2 we define and study fiber bundles, principal bundles and extensions of group actions. These notions are used in the statement and the proof of Luna’s theorem. In 4.3 we study some properties of quotients by finite groups. This will throw a light on a very abstract algebraic lemma in [14].

In 4.4 we give some results on étale G-morphisms, which are important steps in the proof of Luna’s theorem.

Chapter 5 – Étale slice theorem.

We give here the proof of Luna’s étale slice theorem in the general case and prove also the supplementary results when X is smooth. In 5.2 we give the first applications of Luna’s theorem.

Chapter 6 – G-bundles.

In 6.1 we define and study G-bundles. In particular we prove the descent lemma, which is used in chapter 8.

In 6.2 we give a second application of Luna’s theorem : the study of models. Let G be a reductive group acting on a smooth affine variety X. Let x ∈ X be a closed point such that the orbit Gx is closed. Let N be the normal bundle of Gx. It is a G-bundle and its isomorphism class is called a model. We deduce in particular from Luna’s theorem that there are only finitely many models associated to X. The proofs of this section are not difficult and left as exercises.

Chapter 7 – Description of moduli spaces of semi-stable vector bundles on curves at singular points.

In 7.1 we define (semi-)stable vector bundles on a smooth irreducible projective curve, and in 7.2 we recall the construction of their moduli spaces as good quotients of open subsets of Quot-schemes by reductive groups. Almost all the results of these sections are given without proofs.

In 7.4 we give some applications of Luna’s theorem to the study of singular points of the moduli spaces. We use the description of moduli spaces as quotient varieties given in the preceeding sections.

Chapter 8 – The étale slice theorem and the local factoriality of quotients.

In 8.1 we recall some results on locally factorial varieties. Let G be a reductive group acting on a smooth affine variety X. Then under some hypotheses, we prove that X//G is locally factorial if and only if for every character λ of G, and every closed point x of X such that Gx is closed, λ is trivial on the stabilizer of x.

Let π_X : X → X//G be the quotient morphism. Let u ∈ X//G and x ∈ π^{−1}(u) be such that Gx is closed. Using Luna’s theorem, we can also prove that if ^O_u is factorial then the only character of G_x is the trivial one.

This proves that in general, if G_x is not trivial, ^O_u will not be factorial, even if O_u is. Hence in such cases we have no hope to prove the factoriality of O_u by using the good description of its completion given by Luna’s theorem.

This phenomenon is illustrated by an example in 8.3. Let V be a non zero finite dimensional vector space, q ≥ 2 an integer. Let S(V, q) be the variety of sequences (M_1, . . . , M_q), M_i ∈ End(V ). On this variety there is an obvious action of GL(V )

(g, (M_1, . . . , M_q)) � � (gM_1g^{−1}, . . . , gM_qg^{−1})

which is in fact an action of PGL(V ). Let M(V, q) = S(V, q)// PGL(V ). We prove that M(V, q) is locally factorial whereas the completions of the local rings of its singular points may be non factorial.

1.4. Prerequisites and references For basic results of algebraic geometry, see [7].

For basic results on reductive groups and algebraic quotients, see [19], [18]. Some results of algebra that will be used here can be found in [22], [15], [21], [4]. Some results on étale morphisms are taken from [6], [7].

The study of semi-stable vector bundles on curves and of their moduli spaces is done in [12], [23].

1.5. Notations and recall of some basic results 1.5.1. Notations If X is an affine variety, A(X) will denote the ring of regular functions on X, and C (X) its field of rational functions.

If x ∈ X , m_x will denote the maximal ideal of O_x.

1.5.2. Finite and quasi-finite morphisms Let X, Y be algebraic varieties.

Definition 1.1. 1 - A morphism f : X → Y is called finite if the A(Y )-module A(X) is finitely generated.

2 - A morphism f : X → Y is called quasi-finite if its fibers are finite.

Proposition 1.2. 1 - A finite morphism is quasi-finite and closed.

2 - A morphism X → Y is quasi-finite if and only if for every closed point y ∈ Y , A(X)/(A(X).m_y) is finite dimensional over C .

1.5.3. Finiteness of integral closure Theorem 1.3. Let A be an integral domain which is a finitely generated C -algebra. Let K be the quotient field of A, and L a finite algebraic extension of K. Then the integral closure of A in L is a finitely generated A-module, and is also a finitely generated C -algebra. (see [22], Ch. V, 4, theorem 9, [4], theorem 4.14).

Corollary 1.4. Let B be an integral domain which is a finitely generated C -algebra. Let K be the quotient field of B, A ⊂ B a finitely generated C -subalgebra and K^′ ⊂ K its quotient field. Suppose that K is a finite extension of K^′. Then the integral closure of A in B is a finitely generated A-module, and is also a finitely generated C -algebra.

2. Reductive groups and affine quotients

2.1. Algebraic actions of algebraic groups 2.1.1. Actions on algebraic varieties Definition 2.1. An algebraic group is a closed subgroup of GL_n(k).

Definition 2.2. A left action (ar more concisely an action) of an algebraic group on an algebraic variety X is a morphism G × X � X (g, x) � � gx such that for all g, g^′ ∈ G, x ∈ X we have g(g^′x) = (gg^′)x, and ex = x (where e denotes the identity element of G).

Right actions are defined similarly in an obvious way. In any case we say that X is a G-variety. If x ∈ X, the stabilizer G_x of x is the closed subgroup of G consisting of g such that gx = x.. The orbit of x is the subset {gx | g ∈ G}. Let ψ : G × X � X × X (gx, x) � � gx A subset Y ⊂ X is called G−invariant if gY ⊂ Y for every g ∈ G.

Definition 2.3. The action of G on X is called

closed if all the orbits of the action of G are closed. proper if ψ is proper.

free if ψ is a closed immersion.

Definition 2.4. Let X, X^′ be algebraic varieties with an action of G. A G-morphism from X to X^′ is a morphism f : X → X^′ such that f(gx) = gf(x) for all g ∈ G, x ∈ X. A G-isomorphism X → X^′ is a G-morphism which is an isomorphism of algebraic varieties.

Let Z be an algebraic variety, X a G-variety and f : X → Z a morphism, We say that f is Ginvariant if it is a G-morphism when we consider the trivial action of G on Z, i.e if f(gx) = f(x) for every x ∈ X.

2.1.2. Actions of algebraic groups on C -algebras Definition 2.5. Let G be an algebraic group and R a C -algebra. 1 - An action of G on R is a map G × R � R (g, r) � � r^g such that

(i) r^{gg′} = (r^g)^{g′} , r^e = r for all g, g^′ ∈ G, r ∈ R.

(ii) For all g ∈ G the map r → r^g is a C -algebra automorphism of R. 2 - This action is called rational if every element of R is contained in a finite dimensional G-invariant linear subspace of R.

If G acts on R, R^G will denote the subalgebra of G-invariant elements of R.

Example : If G acts on an algebraic variety X then there is a natural action of G on A(X), given by (g, ϕ) � � (x � � ϕ^g(x) = ϕ(gx)) The natural action of G on A(X) is a rational action (cf. [19], lemma 3.1).

Definition 2.6. Let G be an algebraic group. A rational representation of G is a morphism of groups G → GL(V ), where V is a finite dimensional vector space. It induces an action of G on V .

Lemma 2.7. Let G be an algebraic group acting on an algebraic variety X, and W a finite dimensional C -subspace of A(X). Then (i) W is contained in a finite dimensional G-invariant C -subspace of A(X). (ii) If W is G-invariant then the action of G on W is given by a rational representation. (cf. [19], lemma 3.1 ).

2.2. Reductive groups (see [12], chap. 6, [18] and [19]).

Definition 2.8. An algebraic group G is called

(i) reductive if the radical of G (i.e. its maximal connected solvable normal subgroup) is a torus.

(ii) linearly reductive if every rational representation of G is completely reducible. (iii) geometrically reductive if whenever G → GL(V ) is a rational representation and v ∈ V^G, v ≠ 0, then for some r > 0 there is a f ∈ (S^rV^∗)^G such that f(v) ≠ 0.

These 3 properties are equivalent (this is true for fields of characteristic 0). In non zero characteristic, (i) and (iii) are equivalent and are implied by (ii) (cf. [18]). Property (i) is mainly used to verify that some groups are reductive, and the other properties are useful to build algebraic quotients by G. Property (ii) is equivalent to the following : if V is a rational representation of G, and V^′ is a G-invariant linear subspace of V , then there exists a complementary G-invariant linear subspace of V .

For example, if G contains a subgroup K that is compact (for the usual topology), and Zariski dense, then it can be proved that G is reductive.

Definition 2.9. Let V be a rational representation of G. Then there is a G-invariant linear subspace W ⊂ V such that V ≃ V^G ⊕ W (as representations). The projection R_V : V −→ V^G is called a Reynolds operator.

This map R = R_V has the following properties :

(i) R is G-invariant. (ii) R ∘ R = R . (iii) Im(R) = V^G.

Conversely, if R : V → V^G is an operator such that (i), (ii) and (iii) are satisfied, then it can be proved that R = R_V .

More generally the Reynolds operator can be defined for every linear action of a reductive group G on a vector space V if for every v ∈ V there exists a finite dimensional G-invariant linear subspace of V containing v. In particular this is the case if V = A(X), where X is a G-variety (cf. lemma 2.7). So we have a well defined and unique Reynolds operator A(X) → A(X)^G . The Reynolds operator is functorial : this means that if we have linear actions of G on vector spaces V , W (such that each of them is the union of finite dimensional G-invariant linear subspaces), and if f : V → W is a linear G-invariant map, then f commutes with the Reynolds operators, i.e the following diagram is commutative :

V^f � R_V � W R_W � V^G f_{|V G} � W^G

Theorem 2.10. (Nagata’s theorem). Let G be a reductive algebraic group acting on a finitely generated C -algebra. Then the C -algebra R^G is finitely generated.

(see [19], thm. 3.4).

2.3. Algebraic quotients Definition 2.11. Let G be an algebraic group acting on an algebraic variety X. a categorical quotient of X by G is a pair (Y, π), where Y is an algebraic variety and π : X → Y a Ginvariant morphism such that for every algebraic variety Z, if f : X → Z is a G-invariant morphism then there is a unique morphism f : Y → Z such that the following diagram is commutative : X^π � f � � � � Y f � � � � Z In this case we say also that Y is a categorical quotient of X by G.

We say that (Y, π) is a universal categorical quotient if the following holds : Let Y^′ be an algebraic variety and Y^′ → Y a morphism. Consider the obvious action of G on X ×_Y Y^′. If p_2 denotes the projection X ×_Y Y^′ → Y^′, then (Y^′, p_2) is a categorical quotient of X ×_Y Y^′ by G. In this case we say also that Y is a universal categorical quotient of X by G.

It is easy to see that categorical quotients are unique in an obvious way.

Let G be an algebraic group acting on algebraic varieties X and X^′, and f : X → X^′ a Gmorphism. Suppose that there are categorical quotients (Y, π), (Y^′, π^′) of X by G, X^′ by G respectively. Then there is a unique morphism f_{/G} : Y → Y^′ such that the following diagram is commutative :

X^f � π � X^′ π^′ � Y^{f/G} � Y^′ Definition 2.12. Let G be an algebraic group acting on an algebraic variety X. A good quotient of X by G is a pair (Y, π), where Y is an algebraic variety and π : X → Y a morphism such that

(i) π is G-invariant.

(ii) π is affine and surjective.

(iii) If U ⊂ Y is open then the natural map A(U) −→ A(π^{−1}(U))^G is an isomorphism.

(iv) If W_1, W_2 are disjoint closed G-invariant subsets of X, then π(W_1) and π(W_2) are disjoint closed subsets of X.

A good quotient is a categorical quotient.

We will often say that Y is a good quotient of X by G and use the following notation : Y = X//G.

Lemma 2.13. Let G be an algebraic group acting on an algebraic variety X, and suppose that a good quotient (X//G, π) of X by G exists. Then for every closed point y ∈ X//G, π^{−1}(y) contains a unique closed orbit.

Proof. Since π^{−1}(y) is G-invariant, it is the union of all the orbits of its points, and contains an orbit Γ whose dimension is minimal. We will see that Γ is closed. Suppose it is not. The closure Γ of Γ is also G-invariant, and so is Γ\Γ. It follows that this non empty set contains orbits whose dimension is smaller than that of Γ. This contradicts the definition of Γ and proves that it is closed.

If two orbits Γ_1, Γ_2 are distinct and closed, then they are disjoint, and it follows from the condition (iv) of definition 2.12 that π(Γ_1) ≠ π(Γ_2). Hence π^{−1}(y) cannot contain more than one closed orbit. □

The preceeding lemma implies the following description of X//G : its closed points are the closed orbits of the closed points of X.

If y ∈ X//G is a closed point, we will denote by T (y) the unique closed orbit in π^{−1}(y).

Lemma 2.14. Let G be an algebraic group acting on algebraic varieties X, Y and ϕ : X → Y a finite G-morphism. Then for every x ∈ X, Gx is closed in X if and only if Gϕ(x) is closed in Y .

Proof. If Gx is closed, then Gϕ(x) is closed too, because ϕ is closed (cf. 1.5). Conversely, suppose that Gϕ(x) is closed. Suppose that Gx is not closed. Then there exists in Gx a closed orbit Gx_0 such that dim(Gx_0) < dim(Gx). Now we have Gϕ(x_0) = ϕ(Gx_0) ⊂ ϕ(Gx) ⊂ ϕ(Gx) = Gϕ(x) = Gϕ(x). It follows that Gϕ(x_0) = Gϕ(x). But this is impossible, because dim(Gϕ(x_0)) = dim(Gx_0), dim(Gϕ(x)) = dim(Gx) (because ϕ is finite) and dim(Gx_0) < dim(Gx). Hence Gx is closed. □

Let U be a G-invariant subset of X. We say that U is saturated if whenever x ∈ U and y ∈ X are such that Gx ∩ Gy ≠ ∅, then y ∈ U. A saturated subset is G-invariant. For example, if S is a set of G-invariant regular functions of X, then the set of points when all the elements of S vanish (resp. are non zero) is saturated. In particular, if f ∈ A(X)^G then X_f is saturated. If a good quotient π : X → X//G exists, then U is saturated if and only if U = π^{−1}(π(U)).

Proposition 2.15. Let G be an algebraic group acting on an algebraic variety X, and suppose that a good quotient (X//G, π) of X by G exists. Then

X reduced =⇒ X//G reduced X connected =⇒ X//G connected X irreducible =⇒ X//G irreducible X normal =⇒ X//G normal .

Theorem 2.16. Let G be a reductive group acting on an affine variety X. Then a good quotient of X by G exists, and X//G is affine. Moreover it is a universal categorical quotient. (cf. [19], theorem 3.5, [18]). It follows from the definition of a good quotient that we have X//G ≃ Spec(A(X)^G). Of course the preceeding theorem is a consequence of theorem 2.10. It follows that if Y is an affine variety and Y → X//G a morphism, then we have a canonical isomorphism (given by the projection on Y ) (X ×_{X//G} Y )//G ≃ Y. We will note π_X : X → X//G the quotient morphism.

Definition 2.17. Let G be an algebraic group acting on an algebraic variety X. a geometric quotient of X by G is a good quotient (Y, π) such that for x_1, x_2 ∈ X, π(x_1) = π(x_2) if and only if Gx_1 = Gx_2.

So a good quotient of X by G is geometric if and only all the orbits of the closed points of X are closed. For a geometric quotient (Y, π) of X by G we will use the notation Y = X/G, since in this case Y is an orbit space.

Proposition 2.18. Let G be a reductive algebraic group acting on an affine variety X, and let Y be a G-invariant closed subvariety of X. Then π_X (Y ) is closed and the restriction of π_X Y −→ π_X (Y ) is a good quotient. In other words, we have π_X (Y ) = Y//G. Proof. Let I ⊂ A(X) be the ideal of Y . We have only to prove that A(X)^G/(I ∩ A(X)^G) ≃ (A(X)/I)^G. Since I is G-invariant, the quotient map A(X) → A(X)/I sends A(X)^G to (A(X)/I)^G. Let p : A(X)^G −→ (A(X)/I)^G be the induced morphism. Its kernel is I ∩ A(X)^G. We need only to prove that p is surjective. This follows from the commutative diagram

A(X)^{RA(X)} � � A(X)^G p � A(X)/I^{RA(X)/I} � (A(X)/I)^G and the fact that the Reynolds operator R_{A(X)/I} is surjective. □

2.4. Stabilizers Proposition 2.19. Let G be a reductive algebraic group acting on an affine variety X, and x a closed point of X such that the orbit Gx is closed. Then the isotropy group G_x is reductive. (see [16], and [14] for two proofs)

3. Zariski’s main theorem for G-morphisms

3.1. Zariski’s main theorem Theorem 3.1. Let f : X → Y be a birational projective morphism of integral algebraic varieties, with Y normal. Then for every y ∈ Y , f^{−1}(y) is connected.

(cf. [7], III.12) This theorem is called Zariski’s main theorem. We deduce immediately the following consequence :

Corollary 3.2. Let X, Y be affine irreducible normal varieties, ϕ : X → Y a birational quasi-finite morphism. Then ϕ is an open immersion.

We will prove in this chapter a similar result for G-morphisms.

3.2. Zariski’s main theorem for G-morphisms Theorem 3.3. Let X, Y be affine varieties, G a reductive group acting on X and Y , and ϕ : X → Y a quasi-finite G-morphism. Then 1 - There exists an affine G-variety Z, an open immersion i : X → Z which is a G-morphism, and a finite G-morphism ψ : Z → Y , such that ψ ∘ i = ϕ.

2 - Suppose that the image by ϕ of a closed orbit of X is closed, and that ϕ_{/G} : X//G → Y//G is finite. Then ϕ is finite.

Proof. Let ϕ^∗ : A(Y ) → A(X) be the morphism induced by ϕ, I = ker(ϕ^∗), and Y_0 the closed subvariety of Y corresponding to the ideal I. Then f(X) ⊂ Y_0. By replacing Y with Y_0 we can suppose that ϕ^∗ is injective, and A(Y ) can be viewed as a subalgebra of A(X).

Lemma 3.4. There exists integral affine G-varieties X^′, Y^′ containing X, Y respectively as closed subvarieties, such that :

(i) The action of G on X, Y is induced by its action on X^′, Y^′ respectively. (ii) There exists a dominant quasi-finite morphism ϕ : X^′ → Y^′, inducing ϕ : X → Y . (iii) X^′ is normal.

We now prove theorem 3.3, 1-, assuming that lemma 3.4 is true. Let B^′ be the integral closure of A(Y^′) in A(X^′). Then B^′ is a finitely generated C -algebra (cf. 1.5.3) (here we use the fact that X^′ is integral). Let B be the image of B^′ in A(X). Let Z^′ = Spec(B^′), Z = Spec(B). Then Z^′ is normal.

Let i^′ : X^′ → Z^′ be the morphism induced by B^′ ⊂ A(X^′), and ψ^′ : Z^′ → Y^′ the one induced by A(Y^′) ⊂ B^′.

Let’s prove first that i^′ is an open immersion. By corollary 3.2, we need only to prove that i^′ is quasi-finite and birational. Since ϕ^′ = ψ^′ ∘ i^′ and ϕ^′ is quasi-finite, i^′ is also quasi-finite. Now we will prove that i^′ is birational. This is equivalent to the fact that C (X^′ ) = C (Z^′ ). It is enough to prove that A(X^′) ⊂ C (Z^′ ). Let α ∈ A(X^′). Then since C (X^′ ) and C (Y^′) have the same transcendance degree (the dimension of X^′ and Y^′), α is integral over C (Y^′), i.e. we have a relation α^n + λ_{n−1}α^{n−1} + · · · + λ_1α + λ_0 = 0 with λ_i ∈ C (Y^′), 0 ≤ i < n. Let λ_i = a_i b_i for 0 ≤ i < n, with a_i, b_i ∈ A(Y^′), and b = ∏ 0≤i<n bi. Then the preceeding relation implies that

bα is integral over A(Y^′). From the definition of B^′ it follows that bα ∈ B^′, hence α ∈ C (Z^′ ). Next we prove that ψ^′ is finite. This is because B^′ is finitely generated and all of its elements are integral over A(Y^′), therefore B^′ is a finitely generated A(Y^′)-module (cf. 1.5.3). Let i : X → Z be the morphism induced by B ⊂ A(X), and ψ : Z → Y the one induced by A(Y ) ⊂ B. Then i is an open immersion, and ψ is finite (this follows from the facts that i^′ is an open immersion and ψ^′ is finite). Hence the first part of theorem 3.3 is proved. The proof of 2- is similar.

Proof of lemma 3.4. By lemma 2.7, since A(X) is a finitely generated C -algebra, there exists a finite dimensional (over C ) G-invariant subspace W of A(X) that generates the C -algebra A(X). Let S(W ) be the symmetric algebra of W , with the action of G induced by its action on G. We have thus a C -algebra G-morphism ρ : S(W ) −→ A(X) which is surjective. Let X^{′′} = Spec(S(W )) and I = ker(ρ). Then X can be viewed as a closed sub-G-variety of X^{′′}. Let V ⊂ S(W ) be a finite dimensional C -subspace containing a system of generators of the ideal I and whose image in A(X) is contained in A(Y ) and contains a set of generators of this C -algebra. By lemma 2.7 there exists a finite dimensional G-invariant C - subspace V_0 of S(W ) containing V . Let A_0 be the G-invariant C -subalgebra of S(W ) generated by V_0, and Y^′ = Spec(A_0). Then ρ maps A_0 on A(Y ), so we can view Y as a closed sub- G-variety of Y^′. The inclusion A_0 ⊂ S(W ) defines a dominant G-morphism ϕ^{′′} : X^{′′} → Y^′ inducing ϕ.

Let y ∈ Y , m_y the ideal of y in Y , and m^′_y its ideal in Y^′. We will prove that

ρ^{−1}(A(X)m_y) = A(X^{′′})m^′_y.

It is clear that ρ(m^′_y) ⊂ m_y, hence A(X^{′′})m^′_y ⊂ ρ^{−1}(A(X)m_y). Conversely, let f ∈ ρ^{−1}(A(X)m_y). Then since ρ(A(X^{′′})) = A(X) and ρ(m^′_y) = m_y, there exists g ∈ A(X^{′′})m^′_y such that ρ(f) = ρ(g), i.e. f − g ∈ I. Now, m^′_y being a maximal ideal, we have I ⊂ m^′_y ⊂ A(X^{′′})m^′_y, hence f ∈ A(X^{′′})m^′_y, and ρ^{−1}(A(X)m_y) = A(X^{′′})m^′_y. It follows that ρ induces an isomorphism A(X^{′′})/A(X^{′′})m^′_y ≃ A(X)/A(X)m_y. Since ϕ is quasi-finite, A(X)/A(X)m_y is a finite dimensional C -vector space, and so is A(X^{′′})/A(X^{′′})m^′_y, and this implies that ϕ^{′′−1}(y) is finite. Let

X^′ = {x^{′′} ∈ X^{′′} | ϕ^{′′−1}(ϕ^{′′}(x^{′′})) is finite}.

Then X^′ is open in X^{′′} and G-invariant, and we have just seen that it contains X.

Let π : X^{′′} → X^{′′}//G be the quotient morphism. It follows from the definition of a good quotient that π^{′′}(X) and π^{′′}(X^{′′}\X^′) are disjoint closed subsets of X^{′′}//G. Hence there exists a h ∈ A(X^{′′}//G) that vanishes on X^{′′}\X, and does not vanish at any point of X. Let X^′ ⊂ X^{′′} be the complement of the zero locus of h ∘ π. It is an affine open G-invariant subset of X^{′′} that contains X, and ϕ^′ = ϕ^{′′}_{|X}′ : X^′ → Y^′ is quasi-finite. This proves lemma 3.4 and theorem 3.3. □

3.3. Remark : If X is integral it is easy from the preceeding proof that we can take Z = Spec(C), where C is the integral closure of the image of A(Y ) in A(X), the morphisms ψ and i being induced by the inclusions of rings.

4. Étale morphisms

4.1. Étale morphisms Definition 4.1. Let X, Y be algebraic varieties, f : X → Y a morphism and x ∈ X. The morphism f is called unramified at x if we have m_{f(x)}.O_x = m_x, and étale at x if it is flat at x and unramified at x.

We say that f is unramified (resp. étale) if it is unramified (resp. étale) at every point. if x ∈ X, an étale neighbourhood of x is an étale morphism of algebraic varieties f : Z → X such that there exists z ∈ Z such that f(z) = x.

Proposition 4.2. Let f : X → Y be a morphism of algebraic varieties. 1 - Let x ∈ X. Then the following properties are equivalent :

(i) f is étale at x.

(ii) f is flat at x and Ω_{X/Y} = 0 at x.

(iii) The natural map ^O_{f(x)} → ^O_x is an isomorphism.

2 - The set of points of X where f is unramified (resp. étale) is open.

(see [7], [6]).

If Let f : X → Y be a morphism of algebraic varieties, with X, Y irreducible. If f is unramified at some point then dim(X) ≤ dim(Y ). If f is étale at some point of X then we have dim(X) = dim(Y ). Conversely, if dim(X) = dim(Y ) and f is unramified, it is not always true that f is étale. For example, let Y be a reduced irreducible curve, y an ordinary double point of Y , and f : X = ~Y → Y the normalization of Y . If x ∈ ~Y is above y, then ^O_y is isomorphic to k[[X, Y ]]/(XY ), ^O_x is isomorphic to k[[X]], and f^∗ : ^O_y → ^O_x is the obvious morphism. Hence f^∗ cannot be an isomorphism. However f is unramified and dim(X) = dim(Y ).

Proposition 4.3. (i) An open immersion is étale.

(ii) The composition of two étale morphisms is étale.

(iii) If X → Y is étale, and T → Y is any morphism of algebraic varieties, then the projection X ×_Y T → T is étale.

(iv) If X → Y , X^′ → Y^′ are étale, and Y → T , Y^′ → T morphisms, the the cartesian product X ×_T X^′ → Y ×_T Y^′ is étale.

(v) If f : X → Y , g : Y → Z are morphisms of algebraic varieties such that g and g ∘ f are étale, then f is also étale.

(vi) If f : X → Y is a morphism of algebraic varieties, x ∈ X is such that X is smooth at x and Y smooth at f(x), then f is étale at x if and only if the tangent map T_xf : T_xX → T_{f(x)}Y is an isomorphism.

(vii) If X → Y is étale and x ∈ X, then X is smooth at x if and only if Y is smooth at f(x).

(see [6]).

Theorem 4.4. Let f : X → Y be a morphism of algebraic varieties and x ∈ X. Then

(i) If f is étale at x, O_x is normal if and only if O_{f(x)} is.

(ii) If O_{f(x)} is normal, f is étale at x if and only it is unramified at x and O_{f(x)} → O_x is injective.

([6], Exposé 1, théorème 9.5, p. 17).

Definition 4.5. Let X, Y be algebraic varieties, f : X → Y a morphism. Then f is called an étale covering if it is étale and finite.

Proposition 4.6. Let f : X → Y be an étale morphism, Y being connected. Then for every closed point y ∈ Y , f^{−1}(y) contains only a finite number of points, and f is an étale covering if and only if this number does not depend on y. It is an isomorphism if and only if this number is 1.

Let f : X → Y be an étale covering, with Y connected. The number of points of the inverse image of a point of Y is called the degree of f.

4.2. Fiber bundles 4.2.1. Fibrations Definition 4.7. Let E, B, F be algebraic varieties. A morphism π : E → B is called a fibration with total space E, basis B and fiber F if there exists a surjective étale morphism ϕ : B^′ → B and an isomorphism σ : F × B^′ → E ×_B B^′ such that the following diagram is commutative F × B^{′ σ} � � � � � E ×_B B^′ � � � B^′ (the maps to B^′ being the projections).

We have a commutative diagram

E ×_B B^{′ p} � � E � B^{′ ϕ} � B where p is the first projection, which is étale (cf. prop. 4.3, (iii)) like ϕ. So the new morphism E ×_B B^′ → B^′ is a kind of étale modification of E → B.

Remark : the preceeding definition is equivalent to the following : π is a fibration with total space E, basis B and fiber F if for every b ∈ B, there exists an étale neighbourhood ψ : U → B of b and an isomorphism σ : F × U → E ×_B U such that the diagram analogous to the preceeding one is commutative. This is because if f : U → B, f^′ : U^′ → B are étale morphisms, then the sum f ∐ f^′ : U ∐ U^′ → B is also étale.

Definition 4.8. Let G be a reductive algebraic group acting on affine varieties X and F . The quotient morphism X → X//G is called a fibration with fiber F if there exists an affine variety Z, an étale surjective morphism Z → X//G and a G-isomorphism F × Z ≃ X ×_{X//G} Z such that the following diagram is commutative

F × Z^≃ � � � � � X ×_{X//G} Z � � � � Z If F = G, we say that X (or X → X//G) is a principal G-bundle.

Recall that the second projection induces a canonical isomorphism (X ×_{X//G} Z)//G ≃ Z.

The quotient morphism X ×_{X//G} Z −→ Z is then an étale modification of X → X//G. It is easy to see that if X is a principal G-bundle, then G acts freely on X.

Let G be a reductive group acting on an affine variety Y , and X → X//G a principal G-bundle. Consider the product action of G on the affine variety X × Y , and the projection X × Y → X is a G-morphism. It is easy to see that the quotient morphism (X × Y )//G → X//G is a fibration with fiber Y .

4.2.2. Extension of group actions Let G be a reductive group, H ⊂ G a closed reductive subgroup. Then H acts on G in the following way H × G � G (h, g) � � gh^{−1} and G is a principal H-bundle.

Suppose that H acts on an affine variety Y . Then the preceeding action of H on G and its action on Y induce an action of H on the product G × Y in such a way that G × Y is a principal H-bundle. Let G ×_H Y = (G × Y )//H. There is an obvious action of G on G ×_H Y . We will say that G ×_H Y is obtained from Y by extending the action of H to G.

If (g, y) ∈ G × Y , we will denote by (g, y) the image of (g, y) in G ×_H Y .

Proposition 4.9. Let X = G ×_H Y . Then 1 - The projection G × Y → Y induces an isomorphism X//G ≃ Y//H. 2 - For every u ∈ X//G = Y//H, we have a canonical isomorphism π^{−1}_X (u) ≃ G ×_H π^{−1}_Y (u).

3 - Let y ∈ Y , g ∈ G, u = (g, y) ∈ X. Then G_u = gG_yg^{−1}.

4 - Let X^′ ⊂ X be a closed G-invariant subvariety. Then there exists a closed H-invariant subvariety such that X^′ = G ×_H Y^′.

5 - The closed orbits of X are the subvarieties G ×_H Hy, where Hy is a closed orbit of Y . 6 - If y ∈ Y , and y is the image of (e, y) in X, then we have a canonical isomorphism T X_y ≃ (T_eG ⊕ T_yY )/T_eH, where the inclusion T_eH ⊂ T_eG ⊕ T_yY comes from the tangent map at e of the morphism H � G × Y h � � (h^{−1}, hx) Moreover if Y is smooth at y, then X is smooth at y.

Proof. To prove 1- we consider the morphism ϕ : Y � G × Y y � � (e, y) and ϕ = π_X ∘ π_{G×Y} ∘ ϕ : Y → X//G. It is clear that ϕ is H-invariant, and that the induced morphism Y//H → X//G is the inverse of the morphism X//G → Y//H induced by the projection G × Y → Y .

Assertion 2- and 3- are straightforward.

Now we prove 4-. Let Z = π^{−1}_{G×Y} (X^′) ⊂ G × Y . It is a G-invariant closed subvariety, hence of the form Z = G × Y^′, where Y^′ is a H-invariant closed subvariety of Y . Now X^′ is isomorphic to G ×_H Y^′, by proposition 2.18.

Assertion 5- is an easy consequence of the preceeding ones, and 6- comes from the fact that G × Y is a principal H-bundle. □

4.3. Quotients by finite groups Let G be a finite group acting on a normal connected variety X. A finite group is reductive, so there exists a good quotient of X by G which in this case is a geometric quotient, since the orbits are closed. Let π : X −→ X/G be the quotient morphism. We will suppose that G acts faithfully, i.e that the only element of G that acts trivially is e (the identity element of G).

Proposition 4.10. The extension C (X) of C (X/G) is finite and Galois, with Galois group isomorphic to G .

Proof. Since the orbits of π are finite and π is surjective, we have dim(X) = dim(X/G) and C (X) is finite over C (X/G).

Let f ∈ C (X). Then the polynomial P_f = ∏ g∈G(T − f^g) has coefficients in C (X)^G ⊂ C (X/G), vanishes at f and has all its roots in C (X). It follows that C (X) is a Galois extension of C (X/G). Let G be the Galois group of C (X) over C (X/G). Let α be a primitive element of C (X) over C (X/G) (i.e. C (X) = C (X/G)(α), cf. [9], VII, 6). The action of G on X induces a canonical morphism i : G → G which is injective, because G acts faithfully. On the other hand we have C (X) ≃ C (X/G)[T ]/(P_α ). Let σ ∈ G. Then σα is a root of P_α, therefore there exists g ∈ G such that σα = α^g. It follows that σ = i(g) and i is surjective. □

Proposition 4.11. Let x ∈ X. Then π is étale at x if and only if G_x is trivial. Proof. Suppose that G_x is trivial. We will prove that π is étale at x. From the definition of a good quotient we have O_{π(x)} ⊂ O_x. Since X is normal, the quotient X//G is also normal (cf. prop. 2.15). By theorem 4.4 it follows that we need only to prove that π is unramified at x. Let u ∈ m_x/m^2_x be such that u ≠ 0. Then there exists f ∈ A(X) such that its image in m_x/m^2_x is u, and that does not vanish at any point of Gx distinct of x. Let ϕ = ∏ g∈G f^g. Then ϕ in G-invariant, and can be considered as an element of A(X/G). The image of ϕ in m_x/m^2_x is a non-zero multiple of u. It follows from Nakayama’s lemma that the morphism O_x.m_y → m_x is surjective. Hence f is unramified at x. Suppose now that G_x is not trivial. Let g ∈ G_x, g ≠ e. Let ν : O_x −→ O_x, ν_2 : m_x/m^2_x −→ m_x/m^2_x be the morphisms induced by the multiplication by g. We will prove that ν_2 is not the identity. For this we will show that if ν_2 = Id, then for every n ≥ 2, the morphism induced by ν ν_n : m_x/m^n_x −→ m_x/m^n_x is also the identity. This clearly implies that ν is the identity and that g acts trivially on X. But this is impossible because G acts faithfully.

Suppose that ν_2 is the identity. We prove that ν_n = Id by induction on n. This is true for n = 2. Suppose that it is true for n. Let x_1, . . . , x_p ∈ m_x be such that their images in m_x/m^2_x form a basis of this vector space. We will note also x_i the image of x_i in m_x/m^q_x, for every q ≥ 2. To prove that ν_{n+1} = Id, it suffices to show that ν_{n+1}(x_i) = x_i for 1 ≤ i ≤ p. Since ν_n is the identity, we can write in m_x/m^{n+1}_x ν_{n+1}(x_i) = x_i + P_i(x_1, . . . , x_p) for 1 ≤ i ≤ p, P_i being a homogeneous polynomial of degree n. Since G is finite, there exists an integer m ≥ 2 such that g^m = e. It follows that ν ∘ · · · ∘ ν (m times) is the identity, and so is ν_{n+1} ∘ · · · ∘ ν_{n+1}. We have ν_{n+1} ∘ · · · ∘ ν_{n+1}(x_i) = x_i + mP_i(x_1, . . . , x_p) = x_i, hence P_i(x_1, . . . , x_p) = 0, and ν_{n+1} = Id. Let μ_g : X −→ X be the multiplication by g. Then T (μ_g)_x =^tν_2 : T X_x −→ T X_x is not the identity. We have T (π_X )_x ∘ T (μ_g)_x = T (π_X )_x, hence T (π_X )_x is not injective and π_X is not étale at x. □

Let H ⊂ G be a subgroup. Then π is H-invariant, so it induces a morphism π_{G,H} : X//H −→ X//G. Let π_H denote the quotient morphism X → X//H.

Proposition 4.12. Let x ∈ X. Then π_{G,H} is étale at π_H (x) if and only if G_x ⊂ H.

Proof. If H is a normal subgroup, it is a consequence of proposition 4.11, since in this case π_{G,H} : X//H −→ X//G is the good quotient of X//H by G/H. In the general case, the proof is similar to that of proposition 4.11. □

Now we give the algebraic version of proposition 4.12, as given in [14].

Proposition 4.13. Let B be a C -algebra of finite type, integral and integrally closed, L its field of fractions, K^′ a finite Galois extension of L with Galois group G, A^′ the integral closure of B in K^′, m^′ a maximal ideal in A^′, n = B ∩ m^′. Let H ⊂ G be a subgroup, K the fixed field of H, A the integral closure of B in K, and m = A ∩ m^′. Then A_m is étale on B_n if and only if the decomposition group of m^′ is contained in H.

Proof. Let X = Spec(A), Y = Spec(B), Z = Spec(A^′).

Then it is easy to see that X = Z/H, Y = Z/G, and that the inclusion B ⊂ A induces the canonical morphism Z/H → Z/G. Let z be the closed point of Z corresponding to m^′. Then the image x (resp. y) of z in Z/H (resp. Z/G) corresponds to m (resp. n). Proposition 4.13 is then only a translation of proposition 4.12. □

4.4. Étale G-morphisms 4.4.1. Strongly étale morphisms

Let G be an algebraic group acting on affine varieties X and Y . Let ϕ : X → Y be a Gmorphism.

Definition 4.14. We say that ϕ is strongly étale if : (i) ϕ_{/G} : X//G → Y//G is étale. (ii) ϕ and the quotient morphism π_X : X → X//G induce a G-isomorphism X ≃ Y ×_{Y //G} (X//G).

Proposition 4.15. Let ϕ : X → Y be a strongly étale G-morphism. Then

1 - ϕ is étale and surjective.

2 - For every u ∈ X//G, ϕ induces an isomorphism π^{−1}_X (u) ≃ π^{−1}_Y (ϕ_{/G}(u)). 3 - For every x ∈ X, the restriction of ϕ to Gx is injective, and Gx is closed if and only Gϕ(x) is closed.

Proof. Immediate from the definition of a strongly étale G-morphism. □

4.4.2. Properties of étale G-morphisms

Let G be a reductive algebraic group acting on algebraic varieties X, Y , π_X : X → X//G, π_Y : Y → Y//G the quotient morphisms. Let θ : X → Y be a G-morphism, u ∈ X//G, x ∈ T (u) (recall that T (u) is the unique closed orbit in π^{−1}_X (u), cf. lemma 2.13), and y = θ(x) ∈ Y . Proposition 4.16. If X and Y are normal, θ is finite, θ étale at x, and θ_{|T (u)} injective, then θ_{/G} is étale at u.

Proof. Here we give the proof for when G is connected and X, Y irreducible. For the complete proof, see [14].

Then since θ is étale at x, θ^∗ : O_y → O_x is injective, and we can consider A(Y ) as a subring of A(X) and C (Y ) as a subfield of C (X). Let K be a finite Galois extension of C (Y ) that contains C (X) (this is possible because C (X) is a finite extension of C (Y )), with Galois group G. Let H be the subgroup of G corresponding to C (X) (i.e. K^H = C (X)). Let C be the integral closure of A(Y ) in K, C^′ the integral closure of A(Y )^G in K. Then C and C^′ are finitely generated C -algebras (cf. 1.5.3). Let Z = Spec(C), Z^′ = Spec(C^′).

Then C and C^′ are G-invariant. We will prove that

(i) Z/G = Y , (ii) Z^′/G = Y//G , (iii) Z/H = X , (iv) Z^′/H = X//G . proof of (i). This is clear from the definition of Galois extensions.

proof of (ii). We have to show that A(Y )^G = A(Z^′)^G . We have A(Y )^G ⊂ C^′ = A(Z^′) (cf. definition of C^′). On the other hand, the elements of A(Y )^G are G-invariant (because they are in A(Y )) , therefore A(Y )^G ⊂ A(Z^′)^G . Conversely, A(Z^′)^G is integral over A(Y )^G (because A(Z^′) is), and we have A(Z^′)^G ⊂ K^G = C (Y ). Hence, A(Y ) being integrally closed, we have A(Z^′)^G ⊂ A(Y ). It is now enough to prove that A(Y )^G is integrally closed in A(Y ). Let f ∈ A(Y ) and a_1, . . . , a_n ∈ A(Y )^G be such that

f^n + a_1f^{n−1} + · · · + a_1f + a_0 = 0. Then, for every g ∈ G we have (f^g)^n + a_1(f^g)^{n−1} + · · · + a_1f^g + a_0 = 0.

Since the polynomial X^n + a_1X^{n−1} + · · · + a_{n−1}X + a_n has a finite number of roots in K it follows that the orbit Gf is finite, and since G is connected, we have f ∈ A(Y )^G. Hence A(Y )^G is integrally closed in A(Y ).

proof of (iii). This comes from the well known correspondence between subgroups of G and subfields of K containing C (Y ).

proof of (iv). Similar to the proof of (ii).

The situation can be described with the following diagram : Z � π_H � Z^′ � Z/H = X^{πX} � θ � Z^′/H = X//G θ_{/G} � Z/G = Y^{πY} � Z^′/G = Y//G where the morphism Z → Z^′ comes from the inclusion C^′ ⊂ C. Let z ∈ Z over x ∈ X, z^′ ∈ Z^′ the image of z in Z^′. Then the image of z^′ in X//G = Z^′/H is u. Since θ is étale at x, proposition 4.12 implies that G_z ⊂ H. We must prove that θ_{/G} is étale at u = π_X (x). By proposition 4.12 this is equivalent to G_z′ ⊂ H.

Let σ ∈ G_z′ . Then it is clear that θ(π_H(σz)) = y (because Y = Z/G), and that π_X (π_H(σz)) = u. From lemma 2.14 and the facts that θ is finite and Gx is closed, we deduce that Gy and Gπ_H(σz) are closed too. Since Gx is the only closed orbit over u, we have π_H(σz) ∈ Gx. Since θ_{|Gx} is injective, we have π_H(σz) = x = π_H(z). Since X = Z/H, there exists τ ∈ H such that τz = σz. Hence τ^{−1}σ ∈ G_z ⊂ H and σ ∈ H. □

Proposition 4.17. Suppose that θ is étale at x, X normal at x, θ(Gx) closed and θ_{|Gx} injective. Then there exists an affine open subset U^′ ⊂ X//G containing u such that, if U = π^{−1}_X (U^′), the following properties hold :

(i) θ_{|U} and (θ_{/G})_{|U} ′ are étale.

(ii) The open subsets V = θ(U) and V^′ = (θ_{/G})(U^′) are affine, and V = π^{−1}_Y (V^′). (iii) θ_{|U} : U → V sends closed orbits in U to closed orbits in V .

Proof. We suppose that G is connected. The sets of normal points of X and Y are open and Ginvariant, and contain respectively Gx and θ(Gx). Hence there exist f ∈ k[X]^G and g ∈ k[Y ]^G such that X_f and Y_g are normal and contain respectively T (u) and T (θ(u)). By replacing X and Y by the saturated open subsets X_f ∩ θ^{−1}(Y_g) and Y_g respectively, we can assume that X and Y are normal. We can also in the same way suppose that X//G and Y//G are irreducible and that the fibers of θ are finite.

Now we use theorem 3.3 to factorize θ. There exists an affine G-variety Z, an open immersion i : X → Z which is a G-morphism, and a finite G-morphism ψ : Z → Y , such that ψ ∘ i = θ. Then Gx is closed in Z : since θ(Gx) is closed, T = ψ^{−1}(θ(Gx)) is also closed. If O is an orbit in T , we have dim(O) ≥ dim(θ(Gx)) = dim(Gx). Since ψ is finite, we have dim(O) ≤ dim(Gx), hence dim(O) = dim(Gx) = dim(T ). It follows that T contains a finite number of orbits that have the same dimension as Gx. Hence Gx, being a component of T , is closed.

Now ψ is étale at x, and finite. To apply lemma 4.16 to it we need to verify that Z is normal. This follows from 3.3, if we take for A(Z) the integral closure of the image of A(Y ) in A(X). Hence ψ_{/G} is étale at i_G(u). We can find a f ∈ A(Z)^G ⊂ A(X)^G such that

- We have Z_f = X_f (i.e. f vanishes on Z_f \X_f ).

- The restrictions of ψ and ψ_{/G} to X_f and (X//G)_f respectively are étale.

This follows from the fact that the set of points z of Z such that z ∉ X_f or ψ_z is not étale at z is closed, G-invariant, and does not meet the closed orbit T (u). Hence there exists an element of A(Z)^G that vanishes on the first closed subset and not on Gx. In the same way there exists g ∈ A(Y )^G such that θ(Gx) ⊂ Y_g ⊂ θ(X_f ) (this follows from the fact that the restriction of θ to X_f is open). Let U^′ = (X//G)_f ∩ (θ_{/G})^{−1}((Y//G)_g). Now we will verify that U^′ has all the properties required by proposition 4.17. We have V^′ = (Y//G)_g, U = X_f ∩ θ^{−1}(Y_g), V = Y_g.

The first and third equalities come from the fact that Y_g ⊂ θ(X_f ) and the second is straightforward.

Now we prove that the properties (i), (ii) and (iii) are satisfied. Property (i) is immediate from the definition of f, and (ii) also. To prove (iii), let x ∈ U be such that Gx is closed in U. Then Gx is also closed in Z : this comes from the fact that U is saturated in Z. Since ψ is finite it is closed, and ψ(Gx) = θ(Gx) is closed in Y . □

Proposition 4.18. Suppose that θ is étale at x, that X is normal at x, that the orbit Gθ(x) is closed and that θ_{|Gx} is injective. Then there exists an affine open subset U ∈ X containing x such that the following properties are satisfied :

(i) U is saturated (cf. 2.3).

(ii) V = θ(U) is an affine open saturated subset of Y . (iii) The restriction of θ : U → V is strongly étale.

Proof. If we take the same U as in lemma 4.17 then properties (i), (ii), are satisfied, θ_{|U} is étale, and so is the quotient morphism θ_{/G} : π_X (U) ≃ U//G −→ π_Y (V ) ≃ V//G. We have only to prove that the G-morphism χ : U −→ V ×_{V //G} U//G induced by θ : U → V and the quotient morphism π_U : U → U//G is an isomorphism. First we prove that ( V ×_{V //G} U//G ) //G ≃ U//G. Let Z = V ×_{V //G} U//G. The composition U^{(θ,πU )} � V ×V //G U//G^{p2} � U//G (where p_2 is the second projection) is equal to π_U . Hence taking quotients we obtain that the composition U//G −→ Z//G −→ U//G is the identity. We have only to prove that the composition λ Z//G −→ U//G −→ Z//G is the identity. We have, for u ∈ U, v ∈ V such that θ_{/G}(π_U (u)) = π_V (v), λ(π_Z (v, π_U (u))) = π_Z (θ(u), π_U (u)).

But since π_V (v) = π_V (θ(u)), the closures of the G-orbits of v and θ(u) meet. Hence the closures of the G-orbits of (v, π_U (u)) and (θ(u), π_U (u)) in Z meet, which proves that λ is the identity. It is clear that since θ sends closed orbits in U to closed orbits in V , χ sends closed orbits in U to closed orbits in Z. Hence, by theorem 3.3, 2, χ is finite.

Now we prove that χ is étale. If we identify V with V ×_{V //G} V//G, then we have θ = (I_V × θ_{/G}) ∘ χ. It follows that χ is étale, from proposition 4.3, and the fact that θ and I_V × θ_{/G} are étale. It follows that χ is an étale covering. We have π_Z ∘ χ = π_U , hence π_U (χ^{−1}(χ(Gx))) = π_Z ∘ χ(χ^{−1}(χ(Gx))) = π_Z (χ(Gx)) = π_U (Gx), and since Gx is closed, we have χ^{−1}(χ(Gx)) = Gx. Since θ_{|Gx} and θ = (I_V × θ_{/G}) ∘ χ, χ_{|Gx} is also injective. It follows that the inverse images (by χ) of the elements of χ(Gx) can contain only one element. Therefore χ is of degree 1 and is an isomorphism from proposition 4.6. □

Proposition 4.19. Let Y^′ ⊂ Y be a G-invariant closed subvariety. Let X^′ = Y^′ ×_Y X, and θ^′ = I_Y ′ × θ : X^′ = Y^′ ×_Y X −→ Y^′ ×_Y Y = Y^′.

Suppose that θ and θ_{/G} are étale and that θ × π_X : X −→ Y ×_{Y //G} (X//G) is a G-isomorphism. Then θ^′ and θ^′_{/G} are étale and θ^′ × π_X′ : X^′ −→ Y^′ ×_Y ′_{//G} (X^′//G) is a G-isomorphism.

Proof. By proposition 4.6, θ^′ is étale. We have

X^′ ≃ Y^′ ×_Y ( Y ×_{Y //G} (X//G) ) ≃ (Y^′ ×_Y Y ) ×_{Y //G} (X//G) ≃ Y^′ ×_{Y //G} (X//G), hence X^′//G ≃ (Y^′//G) ×_{Y //G} (X//G), and θ^′_{/G} = I_Y ′_{//G} × θ_{/G} : X^′//G = (Y^′//G) ×_{Y //G} (X//G) −→ (Y^′//G) ×_{Y //G} (Y//G) = Y^′//G is étale. We have X^′ ≃ Y^′ ×_{Y //G} (X//G) ≃ ( Y^′ ×_Y ′_{//G} (Y^′//G) ) ×_{Y //G} (X//G) ≃ Y^′ ×_Y ′_{//G} ( (Y^′//G) ×_{Y //G} (X//G) ) ≃ Y^′ ×_Y ′_{//G} (X^′//G). □

5. Étale slice theorem

5.1. The main results Lemma 5.1. Let G be a reductive algebraic group acting on an affine variety X. Let x ∈ X and suppose that X is smooth at x, and that the isotropy group G_x of x is reductive. Then there exists a morphism ϕ : X → T_xX such that

1. ϕ is G_x-invariant. 2. ϕ is étale at x. 3. ϕ(x) = 0.

Proof. Let m ⊂ A(X) be the maximal ideal corresponding to x. Then the quotient map d : m → m/m^2 = (T_xX)^∗ is G_x-invariant. Let V be a finite dimensional linear subspace of m_x such that d_{|V} is surjective, and V^′ a finite dimensional G_x-invariant linear subspace of m_x containing V . Since G_x is reductive, m/m^2 and V^′ can be decomposed in direct sums of irreducible representations of G_x. It follows that there exists a G_x-invariant linear subspace W of A(X) such that d_{|W} : W → (T_xX)^∗ is a G_x-isomorphism. Let α = d^{−1}_{|W} : (T_xX)^∗ −→ W. Then we can extend α to S(α) : S((T_xX)^∗) −→ S(W ) (where for a vector space E, S(E) is the symetric algebra of E : S(E) = ⨁ n≥0 S^nE). Using the

canonical morphism S(W ) → A(X), we obtain a morphism of C -algebras f : S((T_xX)^∗) −→ A(X) that corresponds to a morphism of algebraic varieties ϕ : X → T_xX. Now it is clear that conditions 1- and 3- are satisfied. It is easy to verify that the tangent map T_xf is an isomorphism, and 2- is a consequence of proposition 4.3, (vi). □

Lemma 5.2. Let G be a reductive algebraic group acting on an affine variety X. Then there exists a smooth affine G-variety X_0 such that X is G-isomorphic to a closed G-invariant subvariety of X_0.

Proof. Let f_1, . . . , f_n be generators of the C -algebra A(X). From lemma 2.7 it follows that there exists a finite dimensional G-invariant linear subspace W of A(X) containing f_1, . . . , f_n. Let S(W ) be the symetric algebra of W , and S(W ) −→ A(X) the G-morphism of C -algebras induced from the inclusion W ⊂ A(X). This morphism is surjective, so we can take X_0 = Spec(S(W )). □

Theorem 5.3. (Luna’s étale slice theorem). Let G be a reductive algebraic group acting on an affine variety X. Let x ∈ X be such that the orbit Gx is closed. Then there exists a locally closed subvariety V of X such that

(i) V is affine and contains x. (ii) V is G_x-invariant.

(iii) The image of the G-morphism ψ : G ×_{Gx} V → X induced by the action of G on X is a saturated open subset U of X.

(iv) The restriction of ψ : G ×_{Gx} V → U is strongly étale.

Proof. Suppose first that X is smooth at x. Since Gx is closed, the group G_x is reductive (prop. 2.19). Hence we can apply lemma 5.1 : there exists a G_x-morphism ϕ : X → T_xX, étale at x and such that ϕ(x) = 0. Since G_x is reductive, there exists a G_x-invariant linear subspace N ⊂ T_xX such that T_xX = T_xGx ⊕ N. Let Y = ϕ^{−1}(N). It is a closed G_x-invariant subvariety of X containing x and it is smooth at x. Let x ∈ G ×_{Gx} Y be the image of (e, x). Then G ×_{Gx} Y is smooth at x and the multiplication G ×_{Gx} Y → X is étale at x. This comes from the description of the tangent space of G ×_{Gx} Y at x (cf. prop. 4.9).

We can then apply lemma 4.18 to the morphism G ×_{Gx} Y → X and the theorem follows immediately.

In the general case, we embed X as a closed G-subvariety of a smooth affine G-variety X_0. The theorem is then true for X_0, and using proposition 4.19 one sees easily that this implies that it is true also for X. □

Note that (iii) implies that for every x^′ ∈ V , ψ induces an isomorphism

G ×_{Gx} π^{−1}_V (π_V (x^′)) ≃ π^{−1}_X (π_X (x^′)).

Therefore the restriction of ψ to every closed orbit is injective.

There is a more precise version of this theorem when X is smooth at x :

Theorem 5.4. (Luna’s étale slice theorem at smooth points). Let G be a reductive algebraic group acting on an affine variety X. Let x ∈ X be such that X is smooth at x and the orbit Gx is closed. Then there exists a locally closed smooth subvariety V of X such that the properties (i) to (iv) of theorem 5.3, and an étale G_x-invariant morphism ϕ : V → T_xV such that ϕ(x) = 0, T ϕ_x = Id, such that

(v) We have T_xX = T_x(Gx) ⊕ T_xV .

(vi) The image of ϕ is a saturated open subset W of T_xV . (vii) The restriction of ϕ : V → W is a strongly étale G_x-morphism.

Proof. This follows easily from the proof of theorem 5.3. □

In this case we have thus two strongly étale morphisms G ×_{Gx} V ψ � � � �_ϕ � � � � U W ⊂ G ×G_x Nx where N_x denotes the normal space to Gx at x.

5.2. First applications to the study of quotients Proposition 5.5. Let G be a reductive group acting on an affine variety X. Let x ∈ X be such that Gx is closed. Then there exists a saturated open subset U ⊂ X containing x such that for every x^′ ∈ U such that Gx^′ is closed, G_x′ is the conjugate of a subgroup of G_x.

Proof. Take for U the U of theorem 5.3. Then ψ^{−1}(Gx^′) is a finite set of closed G-orbits in G ×_{Gx} V . Let y = (g_0, v) ∈ ψ^{−1}(x^′) (with g_0 ∈ G, v ∈ V ). Then by proposition 4.9, G_xv is a closed orbit of V and G_y = g_0G_vg^{−1}_0 . By assertion (iv) of theorem 5.3, ψ induces an isomorphism G.(g_0, v) ≃ Gx^′. It follows that G_x′ = g_0G_vg^{−1}_0 . □

Corollary 5.6. Let G be a reductive group acting on an affine variety X. Let χ be a character of G. Let U_χ be the subset of X//G of points u such that there exists x ∈ π^{−1}_X (u) such that Gx is closed and χ is trivial on G_x. Then U_χ is open.

The following propositions are easy consequences of theorem 5.4 :

Proposition 5.7. Let G be a reductive group acting on an affine variety X. Let X_0 ⊂ X be the set of points x such that Gx is closed and G_x is trivial. Then X_0 is a saturated open subset of X, and it is a principal bundle. Moreover, if x ∈ X_0 is a smooth point, then π_X (x_0) is a smooth point of X//G.

Proposition 5.8. Let G be a reductive group acting on an affine smooth variety X. Then X^G is smooth.

6. G-bundles

6.1. G-bundles and the descent lemma Let G be a reductive group acting on an algebraic variety X. Suppose that there exists a good quotient π_X : X → X//G.

6.1.1. G-bundles and G-line bundles Definition 6.1. A G-vector bundle (or G-bundle) on X is an algebraic vector bundle E on X with a linear action of G over the action on X. A G-line bundle on X is a G-bundle of rank 1.

More precisely this means that for every x ∈ X and g ∈ G, we have g.E_x = E_{gx}, and the multiplication by g induces a linear isomorphism E_x ≃ E_{gx}. If F is an algebraic vector bundle on X//G there is an obvious natural structure of G-bundle on π^∗_X (F ). In particular, if V is a finite dimensional vector space, then X × V is a G-vector bundle, which is called trivial.

Two G-bundles E, E^′ are called isomorphic if there exists an isomorphism of vector bundles E ≃ E^′ which is a G-morphism.

Let X^′ be another algebraic variety with an action of G, and f : X^′ → X a G-morphism. Let E be a G-bundle on X. Then we define in an obvious way the G-bundle f^∗(E) on X^′. If χ is a character of G, we define the G-line bundle L_χ on X associated to χ as follows: the underlying line bundle is O_X = X × C and the action of G is G × X × C � X × C (g, x, t) � � (gx, χ(g)t) In some particular cases all G-line bundles are of this type :

Proposition 6.2. Suppose that X is connected, P ic(X) is trivial and that one of the following conditions is satisfied :

(1) Every invertible regular function on G is the product of a character and of a constant. (2) Every regular function X → C^∗ is constant.

Then every G-line bundle on X is isomorphic to some L_χ, where χ is a character of G. Proof. Let L be a G-line bundle on X. Since P ic(X) is trivial, the underlying line bundle of L is X × C , and the structure of G-bundle of L comes from a morphism θ : C × X −→ C^∗ such that (∗) θ(gg^′, x) = θ(g, g^′x)θ(g^′, x) for every g, g^′ ∈ G, x ∈ X. The action of G on L is G × X × C � X × C (g, x, t) � � (gx, θ(g, x)t) Suppose that we are in case (1) of the proposition. Then for every x ∈ X there exists a character λ_x of G and a_x ∈ C^∗ such that θ(g, x) = a_xλ_x(g) for every g ∈ G. From (∗) we deduce that a_xλ_x(gg^′) = a_g′_xλ_g′_x(g)a_xλ_x(g^′) and it follows that λ_x(g) = a_g′_xλ_g′_x(g).

Taking g = e in the preceeding equality, we obtain a_g′_x = 1. Hence all a_x = 1 for every x ∈ X. Now the group of characters of G is countable (cf. [1], prop. 10.7), hence for every g ∈ G, the regular function X � C^∗ x � � λ_x(g)

takes only countably many values. Hence it is constant, i.e. λ_x(g) is independant of x : λ_x = λ_0 for every x ∈ X. It follows that L = L_{λ0} .

Suppose now that we are in case (2). It follows that θ(g, x) depends only on g : θ(g, x) = λ(g). From (∗) we deduce immediately that λ is a character and that L = L_λ. □

For example, we are in case (2) of proposition 6.2 if X is a vector space.

Lemma 6.3. Let U ⊂ X be a G-invariant open subset such that codim_X (X\U) ≥ 2. Suppose that X is normal. Then

(i) If E, E^′ are two G-bundles on X whose restrictions to U are isomorphic, then E and E^′ are isomorphic.

(ii) Every G-bundle on U can be extended to a G-bundle on X.

Proof. Let f : E_{|U} −→ E^′_{|U} be an isomorphism. Since X is normal, it can be extended to an isomorphism between the underlying algebraic vector bundles E, E^′. By continuity, it is clear that this isomorphism is also an isomorphism of G-bundles. This proves (i).

Now we prove (ii). Let E be a G-bundle on U. Since X is normal, the underlying vector bundle can be extended to an algebraic vector bundle E^′ on X. Since codim_X (X\U) ≥ 2 the multiplication G × E → E can be extended to G × E^′ → E^′, and by continuity it is easy to check that this defines a G-bundle structure on E^′ whose restriction to U is E. This proves (ii). □

Proposition 6.4. Let E be a G-vector bundle on X. Suppose that X is affine. Then for every section s of E, there exists a G-invariant finite dimensional linear subspace W of H^0(X, E) such that s ∈ W . Proof. Let σ : G × X � E (g, x) � � gs(g^{−1}x) Let p_X : G × X → X be the projection. Then since H^0(G × X, p^∗_X (E)) = A(G) ⊗ H^0(X, E) there exists an integer n > 0 and ϕ_1, . . . , ϕ_n ∈ A(G), ψ_1, . . . , ψ_n ∈ H^0(X, E) such that s = n∑ i=1 ϕ_i ⊗ ψ_i. Let V ⊂ H^0(X, E) the linear subspace generated by ψ_1, . . . , ψ_n. Then Gs ⊂ V . We can take for W the linear subspace spanned by Gs. □

It follows that there exists a Reynolds operator H^0(X, E) → H^0(X, E)^G.

6.1.2. G-bundles, extension of group actions and homogeneous spaces Let H ⊂ G be a reductive subgroup. Let Y be an algebraic variety with an action of H, and F a H-bundle on Y . Consider the action of H on G × Y used to construct G ×_H Y (cf. 4.2). Then the projection p_Y : G × Y −→ Y is a H-morphism, so we obtain the H-bundle p^∗_y(F ) on G ×_H Y . On this bundle there is also a trivial structure of G-bundle, compatible with its structure of H-bundle. Since G × Y is a principal H-bundle, p^∗_y(F ) descends to G ×_H Y and defines a G-bundle F_G on G ×_H Y . For every g ∈ G, y ∈ Y , we have a canonical isomorphism F_{G,(g,y)} ≃ F_y such that if h ∈ H we have a commutative diagram F_{G,(g,y)} ≃ � F_{G,(gh−1,hy)} ≃ � F_y^{×h} � F_{hy} It is easy to see that every G-bundle on G ×_H Y can be obtained in this way. Here we will call homogeneous spaces the G-varieties which are isomorphic to some G/H where H ⊂ G is a reductive subgroup.

Let N be a vector space with a linear action of H. Then G ×_H N has a natural structure of G-bundle over G/H. This is a particular case of the preceeding construction : take the variety

∗ (with one point) with the trivial action of H. Then N can be viewed as a H-bundle on ∗, and we have G/H ≃ G ×_H ∗, G ×_H N ≃ N_G. Every G-bundle on G/H is of this type. Let x ∈ X be a closed point such that Gx is closed. Then gx ≃ G/G_x is an homogeneous space. Suppose that X is smooth at x (hence along Gx). Let N(x) denote the normal bundle to Gx. This is an example of G-bundle on G/G_x.

Let H ⊂ G be a reductive subgroup and y ∈ Y such that Hy is closed. Suppose that X = G ×_H Y , and let x = (e, y) ∈ X. Then Gx is closed and G_x = H_y. We have canonical isomorphisms G ×_H Hy ≃ Gx, N(x) ≃ N(y)_H .

6.1.3. Descent lemma Definition 6.5. We say that a G-bundle E on X descends to X//G if there exists an algebraic vector bundle F on X//G such that the G-bundles E and π^∗_X (F ) are isomorphic.

Lemma 6.6. Let E be a G-bundle on X. Then E descends to X//G if and only if for every z ∈ X//G there exists an affine open neighbourhood U of z in X//G such that E_{|π}−1_{(U)} is trivial.

Proof. If E descends to F , we can take for U an open affine neighbourhood of z such that F_{|U} is trivial.

Conversely, suppose that for every z ∈ X//G there exists an affine open neighbourhood U of z in X//G such that E_{|π}−1_{(U)} is trivial. We can suppose that X is connected. Let r be the rank of E. Let (U_i)_{i∈I} be an affine open cover of X//G such that E_{|π}−1_{(Ui)} is trivial for every i ∈ I. Then for every i ∈ I there exists a G-isomorphism f_i : E_{|π}−1_{(Ui)} ≃ O_π−1_{(Ui)} ⊗ C^r . Let g_{ij} = f_j ∘ f^{−1}_i : O_π−1_{(Ui∩Uj )} ⊗ C^r ≃ O_π−1_{(Ui∩Uj )} ⊗ C^r . The g_{ij} can be viewed as r × r matrices of G-invariant functions on U_i ∩ U_j . These functions descend to X//G and define isomorphisms g_{ij} : O_{Ui∩Uj} ⊗ C^r ≃ O_{Ui∩Uj} ⊗ C^r . Let F be the vector bundle on X//G defined by the cocycle (g_{ij}). Then it is easy to see that E ≃ π^∗(F ). □

Proposition 6.7. If π_X is a geometric quotient and G acts freely on X, then every G-bundle on X descends to X//G

(cf. [11], prop. 4). This result can be generalized :

Theorem 6.8. Let E be a G-bundle on X. Then E descends to X//G if and only if for every closed point x ∈ X such that the orbit Gx is closed, the stabilizer G_x of x acts trivially on E_x.

(see [3], théorème 2.3. For the case where Z is not integral, cf. [13], lemme 1.4).

Proof. If E descends to X//G it is clear that G_x acts trivially on E_x.

Conversely, suppose that for every closed point x ∈ X such that the orbit Gx is closed, G_x acts trivially on E_x. From lemma 6.6, we have only to show that for every z ∈ X//G, there exists an affine open neighbourhood U of z such that E_{|π}−1_{(U)} is trivial. Let x ∈ X such that x ∈ π^{−1}(z) and that Gx is closed.

We first prove that E_{|Gx} is trivial. Let u_1, . . . , u_r be a basis of E_x, ϕ : G � Gx g � � gx γ_i : G � E|Gx g � � gu_i for 1 ≤ i ≤ r. Then we have a commutative diagram G^{γi} � ϕ � � � � � E_{|Gx} � � � Gx Since G_x acts trivially on E_x this diagram induces the following commutative one G/G_x^{γi} � ψ � � � � E_{|Gx} � � � Gx where ψ is an isomorphism. We obtain σ_i = γ_i ∘ ψ^{−1} : Gx −→ E_{|Gx}, which is a G-invariant section of E_{|Gx}. These sections define a G-isomorphism O_{Gx} ⊗ C^r ≃ E_{|Gx}, showing that E_{|Gx} is trivial.

Let V be an affine open neighbourhood of z, and

R : H^0(π^{−1}(V ), E) −→ H^0(π^{−1}(V ), E)^G, R^′ : H^0(Gx, E) −→ H^0(Gx, E)^G the Reynolds operators (cf. prop. 6.4). Let σ = (σ_1, . . . , σ_r) : O_{Gx} ⊗ C^r −→ E_{|Gx} be a G-isomorphism. We can extend it to a morphism (σ_1, . . . , σ_r) : O_π−1_{(V )} ⊗ C^r −→ E_{|π}−1_{(V )}.

Then α = (R(σ_1), . . . , R(σ_r)) : O_π−1_{(V )} ⊗ C^r −→ E_{|π}−1_{(V )}.

is a morphism of G-bundles. By functoriality of the Reynolds operators, we have R(σ_i)_{|Gx} = R^′(σ_i) = σ_i for 1 ≤ i ≤ r.

Let W ⊂ π^{−1}(V ) be the open subset of points y such that α_y is an isomorphism. It suffices now to show that there exists an open affine neighbourhood U of z such that π^{−1}(U) ⊂ W . This is an easy consequence of the fact that π^{−1}(V )\W and Gx are disjoint G-invariant closed subvarieties of π^{−1}(V ). □

Let H ⊂ G be a reductive subgroup. Let Y be an algebraic variety with an action of H, and F a H-bundle on Y . Let u = (g, y) ∈ G ×_H Y . Then we have G_u = gH_yg^{−1} and it is easy to check that G_u acts trivially on E_{G,u} if and only if H_y acts trivially on E_y. From this and from the descent lemma it follows immediately that E_G descends to (G ×_H Y )//G = Y//H if and only E descends to Y//H and the corresponding bundles on Y//H are of course the same.

6.2. Models and principal models The results of this section are left as exercises (for some proofs, see [14]).

Definition 6.9. A model is a G-bundle over an homogeneous space. Two models E, F over G/H, G/K respectively are isomorphic if there exists g_0 ∈ G such that g^{−1}_0 Hg_0 = K, and that the G-bundles E and ϕ^∗(F ) on G/H are isomorphic, where ϕ : G/H → G/K is the isomorphism induced by the automorphism of G g � � g^{−1}_0 gg_0

Let X be a smooth connected G-variety. Let x ∈ X be a closed point such that Gx is closed. Then N(x) is a model (cf. 6.1.2). If x^′ ∈ Gx, then N(x) and N(x^′) are isomorphic.

Let N (G) denote the set of isomorphism classes of models, and let μ_X : X//G −→ N be the mapping that associates to u the isomorphism class of N(x) where x ∈ X is such that Gx is the unique closed orbit of π^{−1}_X (u).

Proposition 6.10. The image of μ_X is finite, and for every λ ∈ Im(μ_X ), μ^{−1}(λ) is a locally closed smooth subvariety of X.

Hint : This can be proved by induction on dim(X).

Suppose that G acts linearly on a finite dimensional vector space E. Let E_G be the kernel of the Reynolds operator E → E^G. It is the unique complementary G-invariant subspace of E^G. We have a canonical isomorphism E//G ≃ E^G × E_G//G.

Definition 6.11. Let G/H, G/K be homogeneous spaces. We say that G/H is bigger than G/K if some conjugate of H is contained in K. We obtain in this way an order relation on the set of homogeneous spaces (i.e. the set of reductive subgroups of G).

Proposition 6.12. Let u ∈ X//G, x ∈ π^{−1}(u) be such that Gx is closed, N_x the normal space to Gx at x. Then the following conditions are equivalent :

(i) μ^{−1}_X (N(x)) is open.

(ii) Gx is maximal in the set of closed orbits of X. (iii) π^{−1}_{Nx} (π_{Nx} (0)) = (N_x)_{Gx} . (iv) π_X is smooth at x.

If the conditions of the preceeding proposition are satisfied, we say that N(x) is the principal model of X. Of course this notion is interesting only if there is no open G-invariant subset of X on which G acts freely.

7. Description of moduli spaces of semi-stable vector bundles on curves at singular points

Let X be a projective smooth irreducible algebraic curve of genus g ≥ 2. Some results of 7.1, 7.2 and 7.3 are given without proof (see [12], [23], [3]).

7.1. Semi-stable vector bundles on curves If E is an algebraic vector bundle of rank r > 0 and degree d on X, the rational number μ(E) = d r is called the slope of E.

A subsheaf (or a subbundle) F of E is called proper if F ≠ 0 and F ≠ E. We say that E is simple if the only endomorphisms of E are the homotheties. Recall that if E, F are algebraic vector bundles on X, then an extension of F by E is an exact sequence of vector bundles on X 0 −→ E −→ E −→ F −→ 0. The vector bundle E in the middle is also called an extension of F by E.

Definition 7.1. Let E be an algebraic (non-zero) vector bundle on X. Then E is called semistable (resp. stable) if for every proper subbundle F ⊂ E we have μ(F ) ≤ μ(E) (resp. μ(F ) < μ(E) )

If E is semi-stable (resp. stable) and F ⊂ E is a proper subsheaf, then F is locally free and μ(F ) ≤ μ(E) (resp. μ(F ) < μ(E)), so in the definition we can replace subbundle by subsheaf.

Proposition 7.2. Let E, F be semi-stable vector bundles on X.

1 - If μ(F ) < μ(E) then Hom(E, F ) = {0}.

2 - If E, F are stable, μ(E) = μ(F ), and Hom(E, F ) ≠ {0} then E and F are isomorphic.

3 - If E is stable then E is simple.

4 - If μ(F ) = μ(E), then any extension of F by E is a semi-stable vector bundle of the same slope as E and F .

5 - If μ(F ) = μ(E), and f : E → F is a morphism, then f is of constant rank, and ker(f), coker(f) are semi-stable vector bundles which have the same slope as E and F if they are non zero.

Definition 7.3. An algebraic vector bundle E on X is called polystable if it is isomorphic to a direct sum of stable bundles of the same slope.

Proposition 7.4. Let E be a polystable vector bundle on X. Then

1 - There exist positive integers m_1, . . . , m_p and stable vector bundles E_1, . . . , E_p on X such that

(i) μ(E_i) = μ(E) for 1 ≤ i ≤ p.

(ii) if 1 ≤ i < j ≤ p then E_i and E_j are not isomorphic. (iii) E ≃ ⨁ 1≤i≤p E_i ⊗ C^{mi} .

2 - If the integers n_1, . . . , n_q and the stable bundles F_1, . . . , F_q have the same properties, then p = q and there exists a permutation σ of {1, . . . , p} such that n_i = m_{σ(i)}, F_i ≃ E_{σ(i)} for 1 ≤ i ≤ p.

Using proposition 7.2, it is easy to see that is μ is a rational number, then the category C(μ) of semi-stable vector bundles on X of slope μ, together with the morphisms between them, is an abelian, artinian category. The stable bundles of slope μ are the simple objects in this category, i.e. they don’t have proper subbundles of slope μ. Therefore we have the Jordan-Hölder theorem for C(μ) :

Proposition 7.5. Let E be a semi-stable vector bundle on X. Then there exists a filtration of E by subbundles 0 = E_0 ⊂ E_1 ⊂ · · · ⊂ E_{p−1} ⊂ E_p = E such that for 1 ≤ i ≤ p, E_i/E_{i−1} is stable, and μ(E_i/E_{i−1}) = μ(E).

Moreover, the isomorphism class of the polystable vector bundle ⨁ 1≤i≤p E_i/E_{i−1} depends only

on E.

Let Gr(E) = ⨁ 1≤i≤p E_i/E_{i−1} . If E, F are semi-stable vector bundles on X, we say that they

are S-equivalent if Gr(E) ≃ Gr(F ). Note that if E is stable, E and F are S-equivalent if and only if they are isomorphic.

7.2. Moduli spaces of semi-stable vector bundles

Let r, d be integers, with r ≥ 1.

Definition 7.6. Let S be an algebraic variety. A family of vector bundles of rank r and degree d parametrized by S is a vector bundle F on X × S such that for every closed point s ∈ S, the vector bundle F_s (restriction of F to X = X × {s}) is of rank r and degree d. We say that F is a family of semi-stable (resp. stable) vector bundles on X if for every closed point s ∈ S, F_s is semi-stable (resp. stable).

Two families E, F of vector bundles parametrized by S are isomorphic if there exists a line bundle L on S such that F ≃ E ⊗ p^∗_S (L) (where p_S denotes the projection X × S → S).

If f : T → S is a morphism of algebraic varieties and F a family of vector bundles of rank r and degree d on X parametrized by S, let f^♯(F) = (I_X × f)^∗(F) which is a family of vector bundles of rank r and degree d on X parametrized by T .

Proposition 7.7. Let S be an algebraic variety and F a family of vector bundles of rank r and degree d on X parametrized by S. Then the subset of S(C ) of points s such that F_s is semi-stable (resp. stable) is Zariski open.

We now define the contravariant functor M(r, d) from the category of algebraic varieties to the category of sets. If S is an algebraic variety, M(r, d)(S) is the set of isomorphism classes of families of semi-stable vector bundles of rank r and degree d on X parametrized by S. If f : T → S is a morphism of algebraic varieties, then M(r, d)(f) = f^♯ : M(r, d)(S) −→ M(r, d)(T ). We define in the same way the contravariant functor M^s(r, d) by considering families of stable bundles of rank r and degree d on X.

Let S(r, d) be the set of S-equivalence classes of semi-stable vector bundles of rank r and degree d on X.

Theorem 7.8. There exists a coarse moduli space M(r, d) for the functor M(r, d). It is an integral projective algebraic variety of dimension r^2(g − 1) + 1. There is a canonical bijection M(r, d) ≃ S(r, d). The subset M^s(r, d) of M(r, d) corresponding to stable bundles is a dense open subset. If r and d are coprime, M(r, d) is a fine moduli space.

Let’s recall what means ’a coarse moduli space’ : there is a morphism of functors M(r, d) −→ Mor(−, M(r, d)) such that for any algebraic variety N and every morphism of functors M(r, d) → Mor(−, N), there is a unique morphism f : M(r, d) → N such that the following diagram is commutative: M(r, d) � � � � � Mor(−, M(r, d)) f � Mor(−, N) So to each family F of semi-stable bundles of rank r and degree d on X parametrized by an algebraic variety S one associates a morphism S → M(r, d) such that for every closed point s ∈ S, f(s) is the point of M(r, d) corresponding to the S-equivalence class of F_s. The coarse moduli space M(r, d) is unique up to isomorphism.

Suppose now that r and d are coprime. Then semi-stable vector bundles of rank r and degree d are actually stable, and the closed points of M(r, d) are the isomorphism classes of stable vector bundles of rank r and degree d on X. In this case M(r, d) represents the functor M(r, d). So there exists a universal vector bundle E on X × M(r, d), i.e. for every closed point s ∈ S, the isomorphism class of E_s corresponds to s. For every family F of stable bundles of rank r and degree d on X parametrized by an algebraic variety S, if f : S → M(r, d) is the the associated morphism, then the two families F and f^♯(E) are isomorphic.

We now give some properties of these moduli spaces :

Theorem 7.9. 1 - Except when g = 2, r = 2 and d is even, the singular locus of M(r, d) is exactly the subvariety corresponding to semi-stable non stable vector bundles.

2 - The variety M(r, d) is locally factorial, hence normal.

7.3. Construction of moduli spaces of semi-stable vector bundles Let r, d be integers with r ≥ 1. We will build M(r, d) as a good quotient of a smooth variety on which a reductive group acts. The construction uses Quot-schemes (cf. [5], [8], [12]).

7.3.1. Quot-schemes

Let L be a line bundle of degree 1 on X. Consider the polynomial P (T ) = rT + d + r(1 − g). If E is a vector bundle of rank r and degree d on X we have χ(E ⊗ L^n) = P (n) (Riemann- Roch’s theorem). Let n be an integer, and p = P (n).

Let Quot_X (L^{−n} ⊗ C^p , P ) be the Quot-scheme of quotients of L^{−n} ⊗ C^p with Hilbert polynomial P . We will give a short description of this variety.

A family of quotients of L^{−n} ⊗ C^p with Hilbert polynomial P parametrized by an algebraic variety S is a surjective morphism of coherent sheaves on X × S Φ : p^♯_S (L^{−n} ⊗ C_p ) −→ F where F is flat on S, such that for every closed point s of S, F_s is a sheaf of rank r and degree d on X. Two such families p^♯_S(L^{−n} ⊗ C^p ) → F and p^♯_S (L^{−n} ⊗ C^p ) → F^′ are called isomorphic if there exists an isomorphism α : F → F^′ such that the following diagram is commutative

p^♯_S (L^{−n} ⊗ C^p ) � � F α � p^♯_S (L^{−n} ⊗ C^p ) � � F^′

If f : Z → S is a morphism of algebraic varieties and Φ : p^♯_S (L^{−n} ⊗ C^p ) → F is a family of quotients of L^{−n} ⊗ C^p with Hilbert polynomial P parametrized by S, then f^∗(Φ) : p^♯_Z (L^{−n} ⊗ C^p ) → f^∗(F) is a family of quotients of L^{−n} ⊗ C^p with Hilbert polynomial P parametrized by Z. In this way we define an obvious functor F from the category of algebraic varieties to the category of sets that associates to S the set of isomorphism classes of families of quotients of L^{−n} ⊗ C^p with Hilbert polynomial P parametrized by S. This functor is representable, by the projective variety Q = Quot_X (L^{−n} ⊗ C^p , P ). Precisely this means the following : on X × Q there is a universal family of quotients, i.e. a family of quotients Φ_0 : p^♯_Q(L^{−n} ⊗ C^p ) → F_0 such that for every algebraic variety S and family Φ of quotients of L^{−n} ⊗ C^p with Hilbert polynomial P parametrized by S, there exists a unique morphism S → Q such that Φ ≃ f^∗(Φ_0).

The closed points of Quot_X (L^{−n} ⊗ C^p , P ) are the isomorphism classes of quotients L^{−n} ⊗ C^p → F with F of rank r and degree d.

There is a canonical action of GL(p) on Q : if g ∈ GL(p) and q ∈ Q is represented by the quotient ϕ : L^{−n} ⊗ C^p −→ E then gq is represented by the quotient L^{−n} ⊗ C^{p g−1} � L^{−n} ⊗ C^{p ϕ} � E Clearly if g is an homothety then the quotient that represents gq is isomorphic to the one that represents q, hence we have in this case gq = q. So we have in fact an action of PGL(p) on Q.

7.3.2. Construction of moduli spaces Proposition 7.10. There exists an integer n_0 such that for n ≥ n_0 and every semi-stable vector bundle E on X of rank r and degree d we have 1 - E(n) is generated by its global sections. 2 - h^1(E ⊗ L^n) = 0 .

Suppose that n ≥ n_0, and let Q = Quot_X (L^{−n} ⊗ C^p , P ), with p = P (n), and universal morphism Φ_0 : p^♯_Q(L^{−n} ⊗ C^p ) −→ F_0.

Let R^{ss} be the open subset of Q whose closed points are the q such that

(i) F_{0q} is locally free and semi-stable.

(ii) Φ_0 induces an isomorphism C^p ≃ H^0(F_{0q} ⊗ L^n).

Let R^s ⊂ R^{ss} be the open subset consisting of points q such that F_{0q} is stable. We will see later that R^{ss} is smooth.

It follows from (i) and (ii) that if closed points q, q^′ of R^{ss} are in the same P GL(p)-orbit if and only if F_{0q} ≃ F_{0q}′ .

Lemma 7.11. Let q ∈ R^{ss}. Then there are canonical isomorphisms GL(p)_q ≃ Aut(F_{0q}), PGL(p)_q ≃ Aut(F_{0q})/C^∗ .

Proof. This follows immediately from the identification of C^p with H^0(F_{0q} ⊗ L^n). □

Theorem 7.12. There exists an integer n_1 ≥ n_0 such that if n ≥ n_1 then there exists a good quotient R^{ss}// PGL(p) which is a coarse moduli space for semi-stable vector bundles of rank r and degree d on X.

So if n ≥ n_1, we have M(r, d) = R^{ss}// PGL(p). Let π : R^{ss} → M(r, d) be the quotient morphism. The open subset R^s of R^{ss} is saturated, its image in M(r, d) is M^s(r, d) and the restriction of π R^s → M^s(r, d) is a geometric quotient. If q ∈ R^{ss}, then q^′ ∈ π^{−1}(π(q)) if and only if Gr(F_{0q}) ≃ Gr(F_{0q}′ ).

7.3.3. Differential study of the Quot-scheme We will study here the Quot-scheme Q = Quot_X (L^{−n} ⊗ C^p , P ). Recall that we have an universal morphism on X × Q Φ_0 : p^♯_Q(L^{−n} ⊗ C^p ) −→ F_0.

Let N = ker(Φ_0), so that we have an exact sequence of coherent sheaves on X × Q

0 � N^i � p^♯_Q(L^{−n} ⊗ C^p )^{Φ0} � F0 � 0 Let q ∈ Q. Then the tangent space T_qQ is canonically isomorphic to Hom(N_q, F_{0q}), and if Ext^1(N_q, F_{0q}) = {0}, then Q is smooth at q (cf. [5], [12]). Now suppose that n ≥ n_1 and let q ∈ Q. Then we have the exact sequence 0 −→ N_q −→ L^{−n} ⊗ C^p −→ F_{0q} −→ 0 Using the fact that h^1(F_{0q} ⊗ L^n) = 0, it follows that Ext^1(N_q, F_{0q}) = {0}. Therefore R^{ss} is smooth. We have the exact sequence

0 −→ End(F_{0q}) −→ Hom(L^{−n} ⊗ C^p , F_{0q}) −→ Hom(N_q, F_{0q}) −→ Ext^1(F_{0q}, F_{0q}) −→ 0. From the definition of R^{ss}, we have a canonical isomorphism Hom(L^{−n} ⊗ C^p , F_{0q}) ≃ M(p), where M(p) denotes the vector space of p × p matrices. Let α : GL(p) � R^{ss} g � � gq Then the map Hom(L^{−n} ⊗ C^p , F_{0q}) → Hom(N_q, F_{0q}) of the preceeding exact sequence is nothing but the tangent map T_I α : M(p) = T_I GL(p) → T_qR^{ss}. On the other end, the map T_qR^{ss} = Hom(N_q, F_{0q}) → Ext^1(F_{0q}, F_{0q}) is the Kodaïra-Spencer map ω_q of the family F_0 at q. Hence the preceeding exact sequence can be written as follows :

0 � End(F0q) � M(p)^{TI α} � TqR^{ss ωq} � Ext^1(F0q, F0q) � 0

The following lemma is an easy consequence of this exact sequence and of lemma 7.11 :

Lemma 7.13. Let q ∈ R^{ss} be a closed point and N_q the normal space to GL(p)q at q. Then there is a canonical Aut(F_{0q})-isomorphism N_q ≃ Ext^1(F_{0q}, F_{0q}).

7.4. Study of singular points

(cf. [10])

Lemma 7.14. Let q ∈ R^{ss} be a closed point. Then the orbit PGL(p)q is closed if and only if F_{0q} is polystable.

Proof. The orbit PGL(p)q is closed if and only if π^{−1}(π(q)) = PGL(p)q. But π^{−1}(π(q)) consists of the points q^′ such that Gr(F_{0q}′ ) ≃ Gr(F_{0q}), and must contain exactly one closed orbit. It follows that π^{−1}(π(q)) contains exactly one closed orbit if and only if F_{0q} ≃ Gr(F_{0q}), if and only F_{0q} is polystable. □

Let E be a polystable vector bundle of rank r and degree d on X and w ∈ M(r, d) the corresponding point. Suppose that E is not stable. Then w is a singular point (except if g = 2, r = 2 and d is even). We want to study this singularity. Let E = ⨁ 1≤i≤n (E_i ⊗ C^{mi} )

with E_i stable, of the same slope as E, E_i not isomorphic to E_j if i ≠ j, m_i > 0 for 1 ≤ i ≤ n. Then we have Aut(E) ≃ ∏ 1≤i≤n GL(m_i),

Ext^1(E, E) ≃ ( ⨁ 1≤i≤n Ext^1(E_i, E_i) ) ⊕ ( ⨁ 1≤i,j≤n,i≠j ( Ext^1(E_i, E_j ) ⊗ L(C^{mi} , C^{mj} ) )) . Let q ∈ R^{ss} be such that F_{0q} ≃ E. Then the orbit PGL(p)q is closed. Let N_q be the normal space to the orbit at q. By Lemma 7.13, we have N_q ≃ Ext^1(E, E). The action of PGL(p)_q = Aut(E, E) on N_q is induced by the actions of GL(m_i) on M(m_i) by conjugation, and by the natural actions of GL(m_i), GL(m_j ) on L(C^{mi} , C^{mj} ) if i ≠ j. Let N = Ext^1(E, E)// Aut(E), and let 0 denote the image of 0 in N. Luna’s slice theorem implies that there exists an affine variety Z, z ∈ Z, and étale morphisms Z ϕ � � � ψ � � � � � M(r, d) N such that ϕ(z) = w, ψ(z) = 0. It follows that we have ring isomorphisms ^O_{M(r,d),w} ≃ ^O_{Z,z} ≃ ^O_{N,0}, and we obtain the

Corollary 7.15. the local ring ^O_{M(r,d),w} depends only on g, n, m_i, rk(E_i) and deg(E_i) for 1 ≤ i ≤ n.

7.4.1. The case n = 2, m_1 = m_2 = 1 We have then E = E_1 ⊕ E_2, Aut(E) = C^∗ × C^∗ and

Ext^1(E, E) = Ext^1(E_1, E_1) ⊕ Ext^1(E_2, E_2) ⊕ Ext^1(E_1, E_2) ⊕ Ext^1(E_2, E_1). The action of Aut(E) on Ext^1(E, E) is given by

(s, t).(u_{11}, u_{22}, u_{12}, u_{21}) = (u_{11}, u_{22}, t s u_{12}, s t u_{21}).

Let Y ⊂ Ext^1(E_1, E_2) ⊗ Ext^1(E_2, E_1) be the closed subvariety of decomposable elements. It is also the affine cone over the Segre variety

P(Ext^1(E_1, E_2)) × P(Ext^1(E_2, E_1)) ⊂ P(Ext^1(E_1, E_2) ⊗ Ext^1(E_2, E_1)). The following result is immediate :

Proposition 7.16. We have Ext^1(E, E)// Aut(E) ≃ ( Ext^1(E_1, E_1) ⊕ Ext^1(E_2, E_2) ) × Y.

Corollary 7.17. The Zariski tangent space of M(r, d) at w is Ext^1(E_1, E_1) ⊕ Ext^1(E_2, E_2) ⊕ ( Ext^1(E_1, E_2) ⊗ Ext^1(E_2, E_1) ) . Moreover the multiplicity of M(r, d) at w is ( 2r_1r_2(g − 1) − 2 r_1r_2(g − 1) − 1 ) , with r_1 = rk(E_1), r_2 = rk(E_2).

Proof. To prove this we can replace M(r, d) and w with ( Ext^1(E_1, E_1) ⊕ Ext^1(E_2, E_2) ) × Y and 0 respectively. The result follows from the description of Y as a cone : for the first assertion we use the fact that Y generates Ext^1(E_1, E_2) ⊗ Ext^1(E_2, E_1). For the second, we use the fact that the multiplicity of a cone at the origin is equal to its degree (cf. [7], [17]). □

7.4.2. The case n = 1 In this case we have E ≃ E_1 ⊗ C^{m1} and Aut(E) = PGL(r). Using Luna’s slice theorem, the multiplicity of O ⊕ O in M(2, 0) is computed in [10].

8. The étale slice theorem and the local factoriality of quotients

8.1. Local factoriality of quotients

Let Z be a smooth irreducible variety and G a reductive group acting on Z. suppose that there exists a good quotient π : Z −→ M. The variety M is normal (by prop. 2.15) but in general it is not smooth.

8.1.1. Locally factorial varieties

We will be interested in the factoriality of local rings of closed points of M. Recall that a normal variety X is called locally factorial if all the local rings of its points are unique factorization domains (in fact it is sufficient to consider only the closed points). Recall that an integral domain A is called a unique factorization domain (or a factorial ring) if every non zero element of A has a unique factorization into irreducible elements.

Proposition 8.1. Let X be a normal variety, and x ∈ X a closed point. Then O_x is an UFD if and only if for every prime divisor H ⊂ X containing x, the ideal of H in O_x is principal. Hence X is locally factorial if and only if the ideal sheaf of every prime divisor of X is locally free.

Proof. See for example [15], p. 141. □

Let Cl(X) denote the divisor class group of X (cf. [7], II, 6). Then we have a canonical morphism of groups ϕ : P ic(X) −→ Cl(X) and proposition 8.1 implies that X is locally factorial if and only if this morphism is an isomorphism. More generally, if H is a prime divisor of X. Then the point of Cl(X) corresponding to H is in Im(ϕ) if and only if I_H is locally free, i.e. H is locally principal.

Proposition 8.2. Let X be an integral algebraic variety, x ∈ X a closed point. Then if ^O_x is an UFD, then so is O_x.

This result is known as Mori’s theorem (cf. [7], V, 5, Ex. 5.8, [21]).

8.1.2. Application of the descent lemma Theorem 8.3. Suppose that there exists a saturated open subset Z_0 ⊂ Z such that :

(i) codim_Z (Z\Z_0) ≥ 2.

(ii) π_{|Z0} : Z_0 −→ π(Z_0) is a geometric quotient. (iii) G acts freely on Z_0.

Then M is locally factorial if and only if for every G-line bundle L on Z, and every closed point z ∈ Z such that Gz is closed, G_z acts trivially on L_z .

Proof. We first prove the following assertion : M is locally factorial if and only if every line bundle on π(Z_0) can be extended to a line bundle on M. We have a commutative diagram P ic(M)^ϕ � r_1 � Cl(M) r_2 � P ic(π(Z_0))^{ϕ0} � Cl(π(Z_0))

where ϕ, ϕ_0 are the canonical morphisms and r_1, r_2 the restrictions. The hypotheses imply that π(Z_0) is smooth, hence ϕ_0 is an isomorphism. Since codim_M (M\π(Z_0)) ≥ 2, r_2 is an isomorphism. We have seen that M is locally factorial if and only if ϕ is an isomorphism. The preceeding diagram implies that ϕ is an isomorphism if and only if r_1 is an isomorphism. Since M is normal, and codim_M (M\π(Z_0)) ≥ 2, r_1 is injective. The assertion follows immediately.

Now we have to prove that every line bundle on π(Z_0) can be extended to M if and only if for every G-line bundle L on Z, and closed point z ∈ Z such that Gz is closed, G_z acts trivially on L_z. Suppose that every line bundle on π(Z_0) can be extended to a line bundle on M, and let L be a G-line bundle on Z. Then L_{|Z0} descends to a line bundle L_0 on π(Z_0), by proposition 6.7. Let L be an extension of L_0 to M. Then the G-bundles π^∗(L) and L_{|π}−1_{(U)} are isomorphic on Z_0. Hence by lemma 6.3, (i), they are isomorphic. It follows that G_z acts trivially on L_z.

Conversely suppose that for every G-line bundle L on Z, and every closed point z ∈ Z such that Gz is closed, G_z acts trivially on L_z. Let L_0 be a line bundle on π(Z_0). By lemma 6.3 there exists a G-line bundle L on Z extending π^∗(L_0). By the hypothesis and the descent lemma, this bundle descends to a line bundle L on M. Then L is the desired extension of L_0. □

Using proposition 6.2 we obtain the

Theorem 8.4. Suppose that the conditions (i), (ii) and (iii) of theorem 8.3 are satisfied, that P ic(Z) is trivial and that one of the following conditions is satisfied :

(1) Every invertible regular function on G is the product of a character and of a constant.

(2) Every regular function X → C^∗ is constant.

Then M is locally factorial if and only if for every character λ of G and every z ∈ Z such that Gz is closed, λ is trivial on G_z.

In particular, if Z is a vector space and if the action of G is linear, then M is locally factorial if and only if the only character of G is the trivial one.

8.2. Étale slice theorem and local factoriality As in 8.1 we consider a smooth irreducible variety and a reductive group G acting on Z. We suppose that there exists a good quotient π : Z −→ M. We suppose also that there is an open saturated subset Z_0 ⊂ Z having properties (i), (ii) and (iii) of theorem 8.3.

We have seen that if M is locally factorial, then for every x ∈ M, if z ∈ π^{−1}(x) is such that Gz is closed, then every character of G is trivial on G_z (the converse being true in some cases, for example when Z is a vector space).

Let x ∈ M, z ∈ π^{−1}(x) be such that Gz is closed. We could also try to prove the factoriality of O_x by using proposition 8.2, i.e. we could try to prove that ^O_x is factorial. Let Y = T_zZ/T_z(Gz), with the obvious action of G_z. Let π_Y : Y −→ Y//G_z = N be the quotient morphism. Then by theorem 5.4, there is a canonical isomorphism ^O_x ≃ ^O_{πY (0)}. Hence if ^O_x is factorial, so is ^O_{πY (0)}, and also O_{πY (0)}, by proposition 8.2. Now this implies, using the fact that G_0 = G_z in Y , that the only character of G_z is the trivial one. Finally we obtain the

Proposition 8.5. Let x ∈ M, z ∈ π^{−1}(x) be such that Gz is closed. Then if ^O_x is factorial then the only character of G_z is the trivial one.

8.3. Moduli spaces of sequences of matrices 8.3.1. Definition and properties of the moduli spaces Let V be a finite dimensional vector space, q a positive integer. Let S(V, q) = End(V ) ⊗ C^q . We can view the elements of S(V, q) as sequences (A_1, . . . , A_q) of endomorphisms of V . On S(V, q) we have the following action of GL(V ) : GL(V ) × S(V, q) � S(V, q) (g, (A_1, . . . , A_q)) � � (gA_1g^{−1}, . . . , gA_qg^{−1}) The homotheties act trivially, so we have in fact an action of PGL(V ) on S(V, q). We call the elements of S(V, q) sequences of matrices.

There is a similar quotient problem, involving projective varieties with an action of G = SL(V ) × SL(V ). We consider S(V, q + 1) with the following action of GL(V ) × GL(V ) : (GL(V ) × GL(V )) × S(V, q + 1) � S(V, q + 1) ((g, h), (A_1, . . . , A_{q+1})) � � (hA_1g^{−1}, . . . , hA_{q+1}g^{−1})

We have an induced action of G on P = P(S(V, q + 1)). We can embed S(V, q) as a locally closed subvariety Y ⊂ P in the following way : to (A_1, . . . , A_q) one associates C .(I_V , A_1, . . . , A_q). Then U = GY is an affine open subset of P.

We need now some results of Geometric Invariant theory ([17], [19]). There is an obvious linearization of the action of G on P. The semi-stable (resp. stable) points of P correspond to elements (A_0, A_1, . . . , A_n) ∈ S(V, q + 1) such that if V^′ ⊂ V is a proper linear subspace, then we have dim ( ∑ 0≤i≤q A_i(V^′) ) ≥ dim(V^′) (resp. > ).

Now it is clear that U is contained in the set of semi-stable points of P. It is easy to check that S(V, q)// PGL(V ) ≃ U//G.

Definition 8.6. Let V , W be finite dimensional vector spaces, α = (A_1, . . . , A_q) ∈ S(V, q), β = (B_1, . . . , B_q) ∈ S(W, q). A morphism α → β is a linear map f : V → W such that for 1 ≤ i ≤ q the following diagram is commutative :

V^{Ai} � f � V f � W^{Bi} � W

It is easy to prove that the sequences of matrices with fixed length q and the morphisms between them form an abelian category S_q. If ϕ : α → β is a morphism of sequences of matrices as in definition 8.6, defined by a linear map f : V → W , we have for 1 ≤ i ≤ q A_i(ker(f)) ⊂ ker(f), B_i(Im(f)) ⊂ Im(f), and we have ker(ϕ) = (A_{1|ker(f)}, . . . , A_{q|ker(f)}) ∈ S(ker(f), q), Im(ϕ) = (B_{1|Im(f)}, . . . , B_{q|Im(f)}) ∈ S(Im(f), q), coker(ϕ) = (B_1, . . . , B_q) ∈ S(coker(f), q), where B_i is induced by B_i. The morphism ϕ is injective (resp. surjective, an isomorphism) if and only if f is.

Let α = (A_1, . . . , A_q) ∈ S(V, q). Then α is a simple object of the category S_q if and only the only linear subspaces V^′ of V such that A_i(V^′) ⊂ V^′ for 1 ≤ i ≤ q are {0} and V . Since S_q is obviously artinian we have the Jordan-Hölder decomposition of elements of S(V, q) :

Proposition 8.7. Let α = (A_1, . . . , A_q) ∈ S(V, q). Then there exists a filtration of V by linear subspaces {0} = V_0 ⊂ V_1 ⊂ · · · ⊂ V_{n−1} ⊂ V_n = V such that we have :

(i) A_i(V_j) ⊂ V_j for 1 ≤ i ≤ q, 0 ≤ j ≤ n .

(ii) Let α_j ∈ S(V_j, q) be the sequence induced by α. Then α_j/α_{j−1} is simple for 1 ≤ j ≤ n.

Moreover the isomorphism class of ⨁ 1≤j≤n α_j/α_{j−1} (as an element of S( ⨁ 1≤i≤q V_i/V_{i−1}, q)). depends

only of α.

We will note Gr(α) the isomorphism class of ⨁ 1≤j≤n α_j /α_{j−1}. The following is an easy exercise :

Proposition 8.8. Let p be a positive integer, V_1, . . . , V_p finite dimensional vector spaces, m_1, . . . , m_p positive integers and σ_i a simple sequence in S(V_i, q) for 1 ≤ i ≤ p, such that σ_i and σ_j are not isomorphic if i ≠ j. Let σ = ⨁ 1≤i≤p m_iσ_i ∈ S(V, q) with V = ⨁ 1≤i≤p (V_i ⊗ C^{mi} ). Then we have a canonical isomorphism

GL(V )_σ ≃ ∏ 1≤i≤p GL(m_i).

Proposition 8.9. Let α, β ∈ S(V, q). Then we have π_{S(V,q)}(α) = π_{S(V,q)}(β) if and only if Gr(α) = Gr(β). Moreover GL(V )α is closed if and only if α ≃ Gr(α).

Proof. Let α = (A_1, . . . , A_n) ∈ S(V, q) and V^′ ⊂ V a proper linear subspace such that A_i(V^′) ⊂ V^′ for 1 ≤ i ≤ q. Consider now a basis (e_1, . . . , e_m, e_{m+1}, . . . , e_n) such that (e_1, . . . , e_m) is a basis of V^′. We can then represent the elements of End(V ) as n × n matrices. We have A_i = ( a_i b_i 0 c_i ) , where a_i (resp. b_i, c_i) is m × m (resp. m × (n − m), (n − m) × (n − m)) matrix. Let t ∈ C^∗ and g_t = ( tI_m 0 0 I_{n−m} ) ∈ GL(V ). We have g_tA_ig^{−1}_t = ( a_i tb_i 0 c_i ) . Hence the closure of GL(V )α contains (A^′_1, . . . , A^′_q), with

A^′_i = ( a_i 0 0 c_i )

for 1 ≤ i ≤ q. It follows then easily by induction that GL(V )α contains sequences isomorphic to Gr(α). It is then clear that if α, β ∈ S(V, q) are such that Gr(α) = Gr(β), then π_{S(V,q)}(α) = π_{S(V,q)}(β)

To prove the converse we have only to show that if α is isomorphic to Gr(α), then the orbit GL(V )α is closed. Suppose that α ≃ Gr(α). Then there is a direct sum decomposition V ≃ ⨁ 1≤i≤p W_i such that α = ⨁ 1≤i≤p α_i, where α_i ∈ S(W_i, q) is simple. Let

{0} = V^0_0 ⊂ V^0 ⊂ · · · ⊂ V^0_n = V be the corresponding filtration of V (i.e. V^0_i = ⨁ 1≤j≤i W_i). Let β ∈ GL(V )α. Let D be the

variety of filtrations {0} = V_0 ⊂ V_1 ⊂ · · · ⊂ V_n = V of V by linear subspaces such that V = ⨁ 1≤i≤p V_i and dim(V_i) = dim(V^0_i ). It is a projective

variety with an obvious action of GL(V ). Let

Ψ : G � D × GL(V )α g � � (g(V^0_i ), gα)

Then since D is projective, the projection Im(Ψ) → GL(V )α is surjective. Let ((W_i), β) ∈ Im(Ψ). There exists an open neighbourhood U of (W_i) in D, and a morphism λ : U → GL(V ) such that for every u ∈ U we have λ(u)u = (V^0_i ). Using this morphism we can suppose that (W_i) = (V^0_i ) and that β ∈ Γα where Γ denotes the stabilizer of (V^0_i ). Let β_i ∈ S(V^0_i /V^0_{i−1}, q) be the sequence induced by β. Then we have β_i ∈ GL(V^0_i /V^0_{i−1})α_i. Suppose that our result is true for p = 1 (i.e. when α is simple). Then it follows that β_i is isomorphic to α_i, and by what we have seen in the beginning of the proof of this proposition this implies that α ∈ GL(V )β, hence β ∈ GL(V )α, and GL(V )α is closed.

Now we have only to prove that the orbit of a simple sequence is closed. This can be easily deduced from the fact that simple sequences correspond to stable points in P. □

8.3.2. Local factoriality of the moduli spaces Let M(V, q) = S(V, q)// PGL(V ).

Theorem 8.10. The variety M(V, q) is locally factorial.

Proof. Let Z_0 ⊂ S(V, q) be the open saturated subset consisting of simple sequences. Then one checks easily that codim_{S(V,q)}(S(V, q)\Z_0) ≥ 2 except when q = 2, dim(V ) = 3. When q = 2, dim(V ) = 3, one sees easily that M(V, q) is isomorphic to an open subset of P_5. In the other cases we can apply theorem 8.4, using the fact that PGL(V ) has no non trivial character. □

Let p be a positive integer, V_1, . . . , V_p finite dimensional vector spaces, m_1, . . . , m_p positive integers and σ_i a simple sequence in S(V_i, q) for 1 ≤ i ≤ p, such that σ_i and σ_j are not isomorphic if i ≠ j. Let σ = ⨁ 1≤i≤p m_iσ_i ∈ S(V, q) with V = ⨁ 1≤i≤p (V_i ⊗ C^{mi} ). Then we have a canonical isomorphism

PGL(V )_σ ≃ ( ∏ 1≤i≤p GL(m_i) ) /C^∗ (proposition 8.8).

We now apply proposition 8.5, and get the

Proposition 8.11. Let x ∈ M(V, q) be the point corresponding to σ. If p > 1, then ^O_x is not factorial.

References

[1] Borel, A. Introduction aux groupes arithmétiques. Hermann, Paris (1969) [2] Drézet, J.-M. Points non factoriels des variétés de modules de faisceaux semi-stables sur une courbe algébrique. J. reine angew. Math. 413 (1991), 99-126 [3] Drézet, J.-M., Narasimhan, M.S. Groupe de Picard des variétés de modules de fibrés semi-stables sur une courbe algébrique. Invent. Math. 97 (1989), 53-94 [4] Eisenbud, D. Commutative Algebra with a View Toward Algebraic Geometry. GTM 150, Springer-Verlag (1995) [5] Grothendieck, A. Techniques de construction et théorèmes d’existence en géométrie algébrique IV : les schémas de Hilbert. Séminaire Bourbaki 221 1960/61 [6] Grothendieck, A. et al. SGA 1. Revêtements Étales et Groupe Fondamental. Lect. Notes in Math. 224, Springer-Verlag (1971) [7] Hartshorne, R. Algebraic Geometry. GTM 52, Springer-Verlag (1977) [8] Huybrechts, D., Lehn, M. The Geometry of Moduli Spaces of Sheaves. Aspect of Math. E31, Vieweg (1997). [9] Lang, S. Algebra. Second ed. Addison-Wesley (1984) [10] Laszlo, Y. Local structure of the moduli space of vector bundles over curves. Comment. Math. Helvetici 71 (1996), 373-401 [11] Le Potier, J. Sur le groupe de Picard de l’espace de modules des fibrés stables sur P_2. Ann. scient. Éc. Norm.

Sup. 13 (1981), 141-155 [12] Le Potier, J. Fibrés vectoriels sur les courbes algébriques. Pub. Math. de l’Univ. Paris 7 (1995) [13] Le Potier, J. Fibré déterminant et courbes de saut sur les surfaces algébriques. Complex projective Geometry, London Math. Soc., Bergen (1989), 213-240 [14] Luna, D. Slices Étales. Bull. Soc. Math. de France 33 (1973), 81-105 [15] Matsumura, H.Commutative algebra. W.A. Benjamin Co., New-York (1970) [16] Matsushima, Y.Espaces homogènes de Stein des groupes de Lie complexes. Nagoya Math. J. 16 (1960), 205-218 [17] Mumford, D. Algebraic Geometry I, Complex Projective Varieties. Grund. der math. Wiss. 221, Springer- Verlag (1976) [18] Mumford, D., Fogarty, J. Geometric Invariant Theory. Erg. Math. 34, 2nd ed., Springer-Verlag (1982) [19] Newstead, P. Introduction to Moduli Problems and Orbit spaces. Tata Inst. of Fund. Research, Bombay.

Springer-Verlag (1978) [20] O’Grady, K. Desingularized moduli spaces of sheaves on a K3. J. reine angew. Math. 512 (1999), 49-117 [21] Samuel, P., Anneaux factoriels. Soc. Mat. de São-Paulo (1963) [22] Samuel, P., Zariski, O. Commutative Algebra (vol. I, II). GTM 28,29 Springer-Verlag (1975) [23] Seshadri, C.S. Fibrés vectoriels sur les courbes algébriques. Astérisque 96 (1982) [24] Walter, C. Variation of quotients and étale slices in geometric invariant theory. notes for a course for graduate students in Algebra and Geometry at Dyrkolbotn, Norway, Dec. 4-9, 1995

Institut de Mathématiques de Jussieu, UMR 7586 du CNRS, 175 rue du Chevaleret F-75013 Paris, France

E-mail address: drezet@math.jussieu.fr