Birational Geometry of Symplectic 4-folds

Jan Wierzba

May 21, 2002

Abstract: We prove the ¤op conjecture for smooth symplectic 4-folds. As an application we show that any birational map between smooth symplectic 4-folds is a composition of £nitely many Mukai ¤ops. This answers a problem posed by Mukai in 1988. We also give an interpretation of these results in terms of cones of movable and ample divisors.

1 Introduction

This paper is concerned with the birational geometry of complex projective smooth symplectic varieties of dimension 4, which we from now on shall simply call symplectic 4-folds.

An example of a birational transformation of a symplectic 4-folds is a Mukai ¤op. It is obtained by blowing up a P^2 and blowing it down ”in the other direction”. This process actually works for any P^2 inside a symplectic 4-fold, but the resulting space X^′ is not necessarily algebraic, let alone projective. To ensure the latter it is sometimes necessary to simultaneously ¤op several disjoint P^2’s. This happens when several P^2’s are covered by curves in the same ray. We shall call a birational transformation between two symplectic 4-folds that ¤ops precisely the locus of one ray a projective Mukai ¤op.

The results of this paper roughly state that the birational geometry of symplectic 4-folds is governed by Mukai ¤ops. The £rst result states that the ¤op conjecture [KMM, 5-1-10, 5-1-13] holds for symplectic 4-folds.

A divisor D on a symplectic 4-fold X is called small extremal, if D is effective and the locus of negative curves ⋃ (C.D)<0 C ⊂ X is of codimension at least 2.

Theorem 1. Let X_1 be a symplectic 4-fold and let D_1 be a small extremal divisor on X_1. There exists a £nite sequence of projective Mukai ¤ops

X_1 � X_2 � · · · � X_n

such that the strict transform D_n ⊂ X_n of D_1 is nef.

In order to prove the theorem we £rst construct a sequence of Mukai ¤ops by employing the classi£cation of small contractions of symplectic 4-folds [WW] and by showing that the resulting spaces are projective varieties again. Then easy geometric arguments show that this process must stop after £nitely many steps.

A direct consequence of Theorem 1 is the following result. It answers a problem posed by S. Mukai in 1988 [M, Problem 14].

Theorem 2. Any birational transformation X � X^′ of two symplectic 4-folds can be factorised into a £nite sequence of projective Mukai ¤ops

X = X_0 � X_1 � . . . � X_n = X^′.

Another interpretation of Theorem 1 is in terms of certain cones. The existence and termination of ¤ops implies that the movable cone has a locally £nite cover by ample cones of birational models. This has been worked out for Calabi-Yau 3-folds in [K]. For the Horrocks-Mumford quintic, which is are examples of a Calabi-Yau 3-fold, [F] has studied the movable cone in detail including an explicit veri£cation of the theorem for this example.

We brie¤y outline the results for symplectic 4-folds. For a symplectic 4-fold X we denote by Amp(X) and Mov(X) the (open) cones of ample and movable divisors respectively. Let ϕ : X � X^′ be a birational transformation of symplectic 4-folds which is not an automorphism. By taking strict transformations we get a map ϕ^∗ : N^1(X) → N^1(X^′). Since ϕ is necessarily an isomorphism in codimension 1, the map ϕ^∗ is an isomorphism. It is easy to see that

ϕ^∗(Mov(X^′)) = Mov(X), ϕ^∗(Amp(X^′)) ∩ Amp(X) = 0.

Therefore Mov(X) has a partial decomposition into ample cones of birational symplectic 4-folds. Theorem 1 now implies that the ample cones £ll out the movable cone. Indeed, any movable divisor D on X is small extremal and by Theorem 1 there is a birational transformation ϕ : X → X^′ such that the strict transform D^′ is nef and therefore in Amp(X), the closure of the ample cone.

To end this introduction we shall also mention related work by D. Burns, Y. Hu and T. Luo [BHL], which addresses the same problems as this paper. However, we feel that in [BHL] the issues of projectivity and of termination of ¤ops are not adequately addressed in order to complete the proofs.

Acknowledgements. The author wants to thank J. Wiśniewski, L. E. Sola Conde and C. L. Wang for useful discussions. His particular thanks are to M. Fryers who drew the authors attention to the consideration of cones. This work was partly carried out while the author was enjoying a post-doc EAGER fellowship at the University in Warsaw, Poland, and partly during a stay as a visiting assistant professor at the National Center for Theoretical Sciences in Hsinchu, Taiwan. The author wishes to express his thanks for the £nancial support and the stimulating atmosphere at both host institutions.

2 Existence of projective Mukai Flops

Proposition 2.1. Let X be a symplectic 4-fold and let D ⊂ X be an effective divisor. Let 1 ≫ ε > 0 such that (X, εD) is KLT. Let R ∈ NE(X) be an (X, εD)-extremal ray such that its locus E = ⋃ [C]∈R C

is at most 2-dimensional.

(i) E is a disjoint union of £nitely many copies of P^2.

(ii) There exists a projective Mukai ¤op X � X^′ which ¤ops precisely the components of E.

(iii) Let E^′ ⊂ X^′ be the union of the ¤opped P^2’s. Then the strict transform D^′ ⊂ X^′ of D is positive on all curves in E^′.

Proof. Let c_R : X → Y be the contraction of R. The c_R-exceptional set is precisely E. Therefore c_R is a small contraction. Let E_i be a connected component of E. Let c_R : X → Y obtained from c_R : X → Y by passing to the category of analytic spaces and by shrinking Y to a small neighbourhood around c_R(E_i). Then c_R : X → Y is a projective small contraction of an analytic symplectic 4- fold. The classi£cation theorem [WW, Thm 1] implies that E_i ∼= P^2. Therefore E is a disjoint union of £nitely many copies of P^2.

(ii) Let π : Z = Bl_E X → X be the blow up of E. Let E = E_1 ∪ · · · ∪ E_r be the decomposition into irreducible components. For all i, let G_i = π^{−1} (E_i). Since E_i ∼= P^2 and H^0(P^2, Ω^2_{P2} ) = 0, it follows that E_i is lagrangian, i.e. N^∨_{Ei/X} ∼= T_{Ei} . Therefore G_i ∼= P_P2 (T_P2 ), i.e. G_i is the ¤ag variety F_{1,2} which classi£es complete ¤ags in C^3. The restriction of π to α_i = π|_{Gi} : G_i → E_i associates to a ¤ag {0 ⊊ V_1 ⊊ V_2 ⊊ C^3} the point in P^2 representing the line V_1 in C^3. There is another projection β_i : G_i → E^∨_i ∼= P^2 to the dual of E_i, which takes a ¤ag {0 ⊊ V_1 ⊊ V_2 ⊊ C^3} to the line in E_i which represents V_2 in C^3. Let A_i ∼= P^1 be a £bre of α_i and let B_i ∼= P^1 be a £bre of β_i.

Claim 2.2. F = ∑ i R_+[B_i] is an extremal face in NE(Z/X).

Proof. Let [C] ∈ NE(Z/Y ), where C ⊂ Z is an irreducible curve. Then C lies in the exceptional locus of π, i.e. for some i we have C ⊂ G_i. Then it is well known that C =_{num,Gi} λA_i + μB_i for some positive integers λ and μ and therefore C =_{num,X} λA_i + μB_i. This shows that NE(Z/Y ) = ∑ i R_+[A_i] + R_+[B_i]. Since K_Z = ∑ i G_i and K_{Gi} = K_Z |_{Gi} + G_i|_{Gi} it follows that K_Z |_{Gi} =^1_2 K_{Gi} . Since A_i and B_i are £bres of a P^1-£bration of G_i, it follows that (K_{Gi} .A_i) = (K_{Gi} .B_i) = −2. Therefore for any curve C ⊂ G_i we have (K_Z .C)_Z =^1_2 (K_{Gi} .C) < 0. This shows that NE(Z/Y )_{K≥0} = (0). Now the cone theorem implies that NE(Z/Y ) is rational polyhedral.

It remains to show that F ⊂ NE(Z/Y ) is a face. Suppose M = ∑ i λ_i[A_i] + μ_i[B_i] ∈ F . By de£nition of F we have M = ∑ i κ_i[B_i]. Let H ⊂ X be an ample divisor and H = π^∗H. Then for all i we have (H.A_i) = 0 and (H.B_i) > 0. Then

(H.M) = ∑ i μ_i(H.B_i) = ∑ i κ_i(H.B_i).

Therefore ∑ i(μ_i − κ_i)(H.B_i) = 0. Since (G_j.A_i) = (G_j.B_i) = −δ_{i,j} we get (G_j.M) = −λ_i − μ_i = −κ_i. Therefore we obtain ∑ i λ_i(B_i.H) = 0.

Since for all i we have (B_i.H) > 0 and λ_i ≥ 0 it follows that all λ_i = 0. This shows that F ⊂ NE(Z/Y ) is an extremal face.

Now continue the proof of the Proposition. Let π^′ : Z → X^′ be the contraction of F . Then by construction π^′|_{Gi} = β_i : G_i → E^∨_i . Locally at all irreducible components E_i the birational transform π^′ ∘ π^{−1} : X � X^′ is an analytic Mukai ¤op. Since π^′ ∘ π^{−1} ¤ops precisely the ray R and since X^′ is projective, it follows that π^′ ∘ π^{−1} is a projective Mukai ¤op. This shows (ii).

Let E^′_i = π^′(G_i) and E^′ = π^′(G). Then π^∗D −π^{′∗}D^′ = ∑ a_iD_i for some integers a_i. Since (G_i.B_j) = −δ_{i,j} we have

−a_i = ((π^∗D − π^{′∗}D^′).B_i) = (D.π(B)) − (D^′.π^′(B_i)) = (D.π(B_i)) < 0.

Therefore

(D^′.π^′(A_j )) = (π^{′∗}D^′.A_j) = ∑ i a_i(G_i.A_j) + π(A).D = a_j > 0.

Since all E^′_i are isomorphic to P^2, all curves on E^′_i are up to numerical equivalence just multiples of π^′(A_i). Therefore we have just seen that D^′ is positive on all curves in E^′.

3 Proof of Theorem 1

We construct a sequence of projective Mukai ¤ops inductively as follows. Suppose we have already constructed

X_1^{ϕ 1}� X_2^{ϕ 2}� · · ·^{ϕ i−1}� X_i.

Let D_i ⊂ X_i be the strict transform of D_1 ⊂ X_1. Since D_1 is small extremal and since X_i is isomorphic to X_1 in codimension 1, it follows that D_i is small extremal. We are done if D_i is nef. Suppose D_i is not nef. For suf£ciently small ε > 0, the pair (X_i, εD_i) is KLT and since D_i is not nef, we can £nd an (X_i, εD_i)-extremal ray R. Since D_i is small extremal, the locus of R in X_i does not contain a divisor. Therefore we can apply Proposition 2.1 to obtain a projective Mukai ¤op ϕ_i : X_i � X_{i+1} that ¤ops precisely the locus of R.

It now remains to show that after a £nite number of steps this process must terminate.

Let us introduce some new notation. For any irreducible surface S^i ⊂ X_i we can associate an irreducible surface S^{i+1} ⊂ X_{i+1} as follows. If ϕ_i : X_i � X_{i+1} is de£ned at the generic point of S^i, then we let S^{i+1} be the strict transform of S^i. Otherwise, S^i must be the center of a projective Mukai ¤op and we let S^{i+1} be the ¤opped center. Similarly we can associate a surface S^{i−1} ⊂ X_{i−1} to each S^i ⊂ X_i. By induction we can associate to S^i ⊂ X_i a surface S^j ⊂ X_j for all j ≥ 1. We say that S^j ⊂ X_j is the corresponding surface of S^i ⊂ X_i.

Lemma 3.1. A surface can be ¤opped only once. More formally: for any irreducible surface S^1 ⊂ X_1 we associate the series of corresponding surfaces S^2 ⊂ X_2, S^3 ⊂ X_3, S^4 ⊂ X_4, . . . as above. Then for at most one index i, the S^i is the center of a projective Mukai ¤op ϕ_i : X_i � X_{i+1}.

Proof. Suppose not. Let N be the set of positive integers n, such that S^n is a center of a ϕ_n : X_n � X_{n+1}. Let i, j ∈ N with i ≠ j and |i − j| minimal. Then by construction, S^{i+1} ∼= P^2 with deg_Si+1 (D_{i+1}) > 0 and S^j ∼= P^2 with deg_Sj (D_j) < 0. Since |i − j| is minimal, the map

ϕ_{j−i} ∘ · · · ∘ ϕ_{i+1} : X_{i+1} � X_j

is an isomorphism at the generic point of S^{i+1}. Therefore we get a birational map ψ : S^{i+1} � S^j and D_j|_Sj is the strict transform of D_{i+1}|_Si+1 with respect to ψ. Let C ⊂ S^{i+1} be a complete curve such that ψ is de£ned on C. Then

0 < deg_Si+1 (D_{i+1}) deg^{i+1}_S (C) = (D_{i+1}.C)_Si+1 = (D_j.ψ(C))_Sj .

Since S^{i+1} ∼= P^2 the curve C is not contracted under ψ. Therefore

(D_j.ψ(C))_Sj = deg_Sj (D_j) deg_Sj (ψ(C)) < 0.

Contradiction.

Lemma 3.2. For some n > 0, the divisor D_n ⊂ X_n is nef.

Proof. Suppose not. Then for each positive integer i we £nd an surface S_i ∼= P^2 ⊂ X_i, such that deg_{Si} (D_i) < 0. Let T_i ⊂ X_1 be corresponding surface to S_i in X_1. By the last lemma, all T_i are different. Moreover, the map ϕ_{i−1} ∘ · · · ∘ ϕ_1 : X_1 � X_i is an isomorphism at the generic point of T_i. Therefore we get a birational map T_i � S_i. Since deg_{Si} (D_i) < 0, it follows that T_i is covered by D_1-negative curves. By assumption, D_1 is small extremal and therefore the locus of D_1-negative curves can only contain a £nite number of surfaces.

This £nishes the proof of Theorem 1.

4 Proof of Theorem 2

Proposition 4.1. Let ϕ : X � X^′ be a birational transformation of symplectic 4- folds. Let H^′ ⊂ X^′ be an ample divisor and let H ⊂ X be its strict transform. (i) ϕ is an isomorphism in codimension 1. (ii) H is small extremal.

(iii) If H is nef, then ϕ is an isomorphism.

Proof. (i) The map ϕ is de£ned on an open subset U ⊂ X whose complement has at least codimension 2. Since K_X is trivial and X^′ is smooth, it follows that ϕ must be an isomorphism on U.

(ii) Let C ⊂ X be an irreducible curve, such that ϕ is de£ned on its generic point η_C . Since mH^′ is very ample for m ≫ 0, some element G^′ ∈ |mH^′| does not contain ϕ(η_C ) and therefore its strict transform G ⊂ X does not contain C. Therefore 0 ≤ (C.G)_X = m(C.H)_X . We conclude that the locus of H-negative curves is contained in X \ U, which by (i) is of codimension at least 2. (iii) Since H^′ is ample it follows that H is big. Since H is nef, it follows from [KMM, 3-2-1] that |mH| is basepoint free for m ≫ 0. Therefore ϕ is a morphism. Since K_X is trivial and X^′ is smooth, it must be an isomorphism.

Proof of Theorem 2. Let ϕ : X � X^′ be a birational transformation of symplectic 4-folds. Let H^′ ⊂ X^′ be an ample divisor and let H ⊂ X be its strict transform. By Proposition 4.1.ii, H is small extremal. We now apply Theorem 1 to conclude that there is a £nite sequence of projective Mukai ¤ops

ψ : X = X_0 � X_1 � · · · � X_n,

such that the strict transform H_n ⊂ X_n of H is nef. Now Proposition 4.1.iii implies that the birational transform ϕ ∘ ψ^{−1} : X_n � X^′ is an isomorphism.

References

[BHL] Burns, D.; Hu, Y. and Luo, T.: Hyperkähler manifolds and birational transformations in dimension 4, alg-geom/0004154.

[F] Fryers, M.: The movable fan of the Horrocks-Mumford quintic, alg-geom/0102055.

[K] Kawamata, Y.: Crepant blowing-up of 3-dimensional canonical singularities and its application to degeneration of surfaces, Ann. Math. 127 (1988), 93–163.

[KMM] Kawamata, Y.; Matsuda, K. and Matsuki, K.: Introduction to the Minimal Model Problem. In: Oda, T. (ed.), Algebraic Geometry. Sendai Adv. Stud. Pure Math. 10, Kinokuniya–North-Holland (1987), 283–360.

[M] Mukai, S.: Moduli of Vector Bundles on K3-Surfaces, and Symplectic Manifolds, Sugaku Expositions 1 (1988), 139–174.

[WW] Wierzba, J.; Wiśniewski, J.: Small contractions of symplectic 4-folds, alggeom/0201028.