THE BOGOMOLOV–MIYAOKA–YAU INEQUALITY FOR LOG CANONICAL SURFACES

Adrian Langer

0. Introduction

Let X be a smooth projective surface of non-negative Kodaira dimension. Bogomolov [1, Theorem 5] proved that c^2_1 ≤ 4c_2. This was improved to c^2_1 ≤ 3c_2 by Miyaoka [12, Theorem 4] and Yau [19, Theorem 4]. Equality c^2_1 = 3c_2 is attained, e.g., if the universal cover of X is a ball (if κ(X) = 2 then this is the only possibility). Further generalizations of inequalities for Chern classes for some singular surfaces with (fractional) boundary were obtained by Sakai [16, Theorem 7.6], Miyaoka [13, Theorem 1.1], Kobayashi [6, Theorem 2; 7, Theorem 12], Wahl [18, Main Theorem] and Megyesi [10, Theorem 10.14; 11, Theorem 0.1].

In [8] we introduced Chern classes of reflexive sheaves, using Wahl’s local Chern classes of vector bundles on resolutions of surface singularities. Here we apply them to obtain the following generalization of the Bogomolov–Miyaoka–Yau inequality.

Theorem 0.1. Let X be a normal projective surface defined over C . Let (X, D) be a log canonical pair with reduced boundary (i.e., D is a reduced Weil divisor). Let F be a rank 2 reflexive subsheaf of Ω_X (log D). Assume that c_1F is pseudoeffective and let c_1F = P + N be its Zariski decomposition. Then

3c_2F + 1 4 N^2 ≥ (c_1F)^2.

In this form the theorem was known only for smooth surfaces (see [13, Remark 4.18]) and it was used to obtain a higher dimensional analogue of the Bogomolov– Miyaoka–Yau inequality for smooth varieties (see [14], Theorem 1.1). Similarly, our theorem yields a similar inequality for log canonical varieties with boundary (see Theorem 5.8). Our proof of Theorem 0.1 simplifies Miyaoka’s original approach from [13] (see also [18]). In fact, it resembles Miyaoka’s first proof of this inequality for nef c_1F (see [12]).

At first one might think that the theorem is not the most general one, since analogues of the Bogomolov–Miyaoka–Yau inequality are also known for surfaces with fractional boundary (see [7, Theorem 12] and [11, Theorem 0.1]). However, our result implies all the results known previously. We introduce pull backs of logarithmic 1-forms with poles along a Q-divisor to obtain the following corollary:

1991 Mathematics Subject Classification. 14J17, 14J60, 14C17.

The author would like to thank the International Centre for Theoretical Physics in Trieste, where the main part of this paper was written. The author was partially supported by a Polish KBN grant (contract number 2P03A02216) and by a subsidy of Prof. A. Bialynicki-Birula awarded by the Foundation for Polish Science.

Typeset by AMS-TEX 1

Corollary 0.2. Let (X, D) be a log canonical surface with fractional boundary. Assume that K_X + D is pseudoeffective and let K_X + D = P + N be its Zariski decomposition. Then

3c_2(X, D) + 1 4 N^2 ≥ c^2_1(X, D) = (K_X + D)^2.

Corollary 0.2 was known (see [7, Theorem 12] for the case κ(X, D) = 2 and [11, Theorem 0.1] for the general statement). Megyesi formulated his theorem in a different way using a certain inequality ([11, Theorem 4.2]) which he called a local version of the Bogomolov–Miyaoka–Yau inequality. Here we explain that this inequality is in fact an immediate consequence of the asymptotic Riemann–Roch formula and positivity of the modified Euler characteristic (see Proposition 2.6 and Remark 5.6), recovering all Megyesi’s results.

In Section 1 we recall the definition and basic properties of Chern classes of reflexive sheaves. In Section 2 we introduce a pull back of logarithmic poles with poles along a Q -divisor and we define the Chern numbers of a surface with boundary. Then we give a short proof of the generalization of [11, Theorem 4.2]. Section 3 is devoted to a covering trick which allows us to reduce the proof of Corollary 0.2 to Theorem 0.1. In Section 4 we prove the Logarithmic Ramification Formula for log canonical surfaces. Section 5 contains the proof of Theorem 0.1 and its corollaries. In Section 6 we use local theory to compute the Chern numbers of log canonical surfaces with fractional boundary. The appendix contains a short elementary proof of Bogomolov’s instability theorem for rank 2 vector bundles.

Notation and Definitions.

A Q-divisor D = ∑ d_iD_i, where D_i are distinct integral Weil divisors and 0 ≤ d_i ≤ 1, is called a boundary divisor. The boundary divisor D is called fractional if for every i either d_i = 1 or 1/(1 − d_i) is an integer. D is called reduced if all d_i = 1.

A pair (X, D) consisting of a normal variety X and an effective Q-divisor D such that ⌈D⌉ is a reduced divisor is called a variety with boundary. We will assume that either X is a surface or D is a Q-Cartier divisor. This assumption allow us to define the pull back of D under a generically finite dominant map.

The singular locus Sing(X, D) of the pair (X, D) is the set of points of X where either X or Supp D = ∑ D_i is singular.

For the definitions of the Zariski decomposition, log canonical and Kawamata log terminal singularities we refer the reader to [5, 0.2 and 7.3].

We write Ŝ^nF(D) to denote (S^nF ⊗ O(D))^{∗∗}.

1. Chern classes and their properties

In this section we define Chern classes of reflexive sheaves on normal surfaces. The definition is slightly different from that given in [8] and follows [9].

Let (X, x) be a germ of a normal surface singularity and f: (X̃, E) → (X, x) a good resolution of (X, x) (i.e., we assume that the exceptional curve E has only normal crossings).

Definition 1.1. ([17, (3.1)]) For a vector bundle F on X̃ we define the modified Euler characteristic

χ(x, F) = dim ((f_∗F)^{∗∗}/f_∗F) + dim R^1f_∗F.

Definition 1.2. ([17, (2.1)]) Let F be a rank 2 vector bundle on (X̃, E). (1) The first Chern class c_1(x, F) is an f-exceptional Q -divisor whose intersection with any f-exceptional divisor F is equal to the degree of F|_F . (2) The second Chern class of F is defined by

c_2(x, F) = inf { c_1(x, L_1) · c_1(x, L_2) deg g } , where the infimum is taken over all generically finite, proper maps g: (Y, F ) → (X̃, E), F = g^{−1}(E), such that there exists a filtration of g^∗F with line bundles L_i as quotients.

Wahl’s Conjecture 1.3. (the local asymptotic Riemann–Roch formula for rank 2 vector bundles; [17, Main Conjecture]) If F is a rank 2 vector bundle on (X̃, E) then χ(x, S^nF) = − n^3 6 (c_1(x, F)^2 − c_2(x, F)) + O(n^2).

Wahl’s conjecture is proved for a quotient singularity (see [8, Theorem 5.1]) and for a simply elliptic singularity or its quotient (see [8, Corollary 7.5]). To prove it for all log canonical surface singularities it would be sufficient to prove it for cusps (see [8, Theorem 4.20]). Note also that Wahl’s conjecture holds for logarithmic 1-forms Ω_{X̃} (log E) on good resolutions (X̃, E) → (X, x) of cusps (see Corollary 4.3 and [17, Proposition 2.13]) and hence of all log canonical surface singularities.

To avoid proving Wahl’s conjecture we introduce the following definition: Definition 1.4. ([9, Definition 2.2]) Let F be a rank 2 vector bundle on (X̃, E). We define the second RR Chern class of F by

c^′_2(x, F) = 1 4 c_1(x, F)^2 + 3 4 lim inf n→∞ χ(x, S^{2n}F(−n det F)) n^3 . If Wahl’s conjecture holds for F then c^′_2(x, F) = c_2(x, F) (see [8, Corollary 4.19]). Our second Chern class, although its definition is somewhat artificial, is well behaved and sufficient for most applications (see, e.g., [9]). For example, it is “natural” under pull backs:

Theorem 1.5. (see [8, Theorems 4.14 and 4.20]) Consider the following commutative diagram (Ỹ , F )^g−−−−→ (Y, y) π̃ π (X̃, E)^f−−−−→ (X, x) where π is a finite proper holomorphic map and f, g are good resolutions of singularities. Let E be a vector bundle on (X̃, E) and set F = π̃^∗E. Then

χ(y, S^{2n}F(−n det F)) = deg π · χ(x, S^{2n}E(−n det E)) + O(n^2).

In particular, c^′_2(x, F) = deg π · c^′_2(x, E).

Now we can introduce Chern classes of reflexive sheaves. If the reader is interested only in Corollary 0.2 (or believes in Wahl’s conjecture for cusps) then one can use Chern classes of reflexive sheaves defined by using Wahl’s local Chern classes (see [8, Section 3]).

Definition–Proposition 1.6. (see [9, Definition–Proposition 2.8]) Let E be a rank 2 reflexive sheaf on a normal surface X. The first Chern class c_1E of E is the class of det E in Weil X. Let f: Y → X be any good resolution of singularities and F any vector bundle on Y such that (f_∗F)^{∗∗} = E. Then the number

c_2E = c_2F − ∑ x∈Sing X c^′_2(x, F)

does not depend on the choice of f and F and we call it the second RR Chern class of E.

By Theorem 1.5 if π: Y → X is a finite map then c_2((π^∗E)^{∗∗}) = deg π ·c_2E. By Definition 1.4 we have the asymptotic Riemann–Roch formula for χ(X, Ŝ^{2n}E(−nc_1E)). By an abuse of notation we write it in the following form χ(X, Ŝ^{2n}E(−nc_1E)) = 1 3 (c^2_1E − 4c_2E)n^3 + O(n^2),

which is true if Wahl’s conjecture holds for singularities occurring on X. This does not affect any computations we do, since all we need are some asymptotic inequalities.

For further properties of the above Chern classes we refer the reader to [8], [9, Section 2] and [17].

2. Logarithmic 1-forms and their Chern classes

In this section we define the “virtual” reflexive sheaf of logarithmic 1-forms with poles in a Q-divisor.

Definition 2.1. Let X be a smooth variety (it is sufficient to assume that X is locally factorial). Let D = ∑ a_iD_i, where D_i are irreducible reduced divisors and 0 ≤ a_i ≤ 1. Any generically finite dominant morphism f: Y → X such that f^∗(a_iD_i) is a Cartier divisor for any i is called a good morphism for the pair (X, D). For example, any finite dominant morphism f between smooth varieties and such that f^∗D has integral coefficients is good for (X, D). However, this is no longer true if f is only generically finite since the divisors f^∗(a_iD_i) do not need to have integral coefficients.

Take a point y ∈ f^{−1}(Supp D) and set x = f(y). Choose a coordinate neighbourhood V_y around y and U_x around x such that (1) f(V_y) ⊂ U_x, (2) D_i is given by z_i = 0 in U_x, (3) f^∗(a_iD_i) is given by t_i = 0 in V_y.

Since a_i ≤ 1 the function f^∗(z_i)/t_i is regular on V_y.

Definition 2.2. The pull back of the O_X -module of logarithmic 1-forms of X along D to Y is defined to be the O_Y -module

f^∗Ω_X (log D) = ∑ i f^∗dz_i t_i O_Y + f^∗Ω_X .

It is easy to see that Ω_X (log D) is a well defined torsion free O_Y -submodule of f^∗Ω_X (f^∗D). If D is a simple normal crossing divisor then f^∗Ω_X (log D) is a locally free sheaf. Moreover, if D is reduced then our definition agrees with the usual pull back of logarithmic 1-forms.

Set ^f^∗Ω_X (log D) = (f^∗Ω_X (log D))^{∗∗}. In the literature there are two different definitions of Ω_X (log D) for smooth X and arbitrary D. One of them agrees with our Ω_X (log D) = (id)^∗Ω_X (log D) and the other with ^Ω_X (log D) = ^(id)^∗Ω_X (log D). Note also that the pull back in Definition 2.2 can be defined in either the algebraic or the analytic case. In this way we usually get two different sheaves. For example, in the analytic case Ω_X (log D) is locally free if D is a normal crossing divisor, which is not true in the algebraic case. We usually take reflexivizations, so we avoid the problem of distinguishing between these two cases.

Proposition 2.3. Let (X, D) be a variety with boundary and let g: Z → Y and f: Y → X be generically finite morphisms. Assume that X is smooth and f is a good morphism for the pair (X, D). Moreover, assume that either Y is smooth or g is finite. Then (gf)^∗Ω_X (log D) = g^∗(f^∗Ω_X (log D)).

Proof. If either Y is smooth (or at least locally factorial) or g is finite, then gf is a good morphism for the pair (X, D) and div g^∗t_i = g^∗ div t_i (the last equality does not hold if g is only generically finite and Y is not locally factorial). Now the lemma follows immediately from the definition. Q.E.D.

Definition 2.4. Let (X, D) be a variety with boundary. Let π: Y → X be a finite dominant morphism of normal varieties such that π^∗D is a Weil divisor. Let U be an open subset of X such that π|_π−1_U is good for the pair (U, D|_U ) and codim(X − U) ≥ 2. We define the pull back ^π^∗Ω_X (log D) of the module of logarithmic 1-forms of X along D to Y as the reflexivization of (π|_U )^∗Ω_U (log D|_U ).

Lemma 2.5. (Covering Lemma, cf. [5, Theorem 1-1-1]) Let (X, D) be a projective variety with boundary. Then there exists a finite morphism π: Y → X such that π^∗D is a Weil divisor. Moreover, if X is smooth and Supp D is a simple normal crossing divisor, then there exists a finite good morphism for the pair (X, D) from a smooth variety Y .

Proof. The second part of the lemma follows from [5, Theorem 1-1-1]. To prove the first one take a log resolution f of (X, D) and construct a finite good morphism π̃ for the resulting pair. Taking the Stein factorization of fπ̃ we get the required morphism. Q.E.D.

Definition 2.6. Let (X, D) be a surface with boundary and π: Y → X any finite morphism such that π^∗D is a Weil divisor. We define the Chern numbers of the pair (X, D) by c^2_1(X, D) = (K_X + D)^2 and c_2(X, D) = c_2(Y, ^π^∗Ω_X (log D))/ deg π.

By Theorem 1.5, Proposition 2.3 and Lemma 2.5 the number c_2(X, D) is well defined. Note that c^2_1(X, D) = c^2_1(Y, ^π^∗Ω_X (log D))/ deg π.

The following theorem generalizes [11, Theorem 4.2], which was one of the main ingredients in Megyesi’s proof of his generalized Bogomolov–Miyaoka–Yau inequality.

Proposition 2.7. (cf. [11, Theorem 4.2]) Let f: (X, D) → (X^′, D^′) be a birational morphism between normal projective surfaces with boundary (i.e., f_∗(K_X + D) = K_X′ + D^′). Then c^2_1(X, D) − 4c_2(X, D) ≤ c^2_1(X^′, D^′) − 4c_2(X^′, D^′).

Proof. There exists a commutative diagram Y^g−−−−→ Y^′ π π^′ X^f−−−−→ X^′ such that π, π^′ are finite and π^∗D, (π^′)^∗D^′ are Weil divisors. Set E = ^π^∗Ω_X (log D) and F = ^π^{′∗}Ω_X′ (log D^′). From the definition of the pull back of logarithmic 1-forms we see that (g_∗(Ŝ^{2n}E(−nc_1E)))^{∗∗} = Ŝ^{2n}F(−nc_1F).

Therefore χ(Y, Ŝ^{2n}E(−nc_1E)) = χ(Y^′, Ŝ^{2n}F(−nc_1F)) − ∑ x∈Y^′ χ(x, Ŝ^{2n}E(−nc_1E)) ≤ χ(Y^′, Ŝ^{2n}F(−nc_1F)). Since χ(Y, Ŝ^{2n}E(−nc_1E)) = 1 3 (c^2_1E − 4c_2E)n^3 + O(n^2) and χ(Y^′, Ŝ^{2n}F(−nc_1F)) = 1 3 (c^2_1F − 4c_2F)n^3 + O(n^2), we get c^2_1E − 4c_2E ≤ c^2_1F − 4c_2F.

The last inequality is equivalent to the asserted inequality. Q.E.D. 3. Covering lemma and uniformization of log canonical singularities The following theorem is similar in statement and proof to [3, Theorem 17] (see also [5, Theorem 1-1-1]).

Theorem 3.1. (see [3, Theorem 17]) Let (X, D) be a log canonical variety with a fractional boundary such that each prime component of D − [D] is Q -Cartier. Then there exists a finite morphism π: (Y, D̃) → (X, D) such that R = K_Y + D̃ − π^∗(K_X +D) is an effective divisor and (Y, D̃) is a log canonical variety with reduced boundary. In particular, we have a natural inclusion ^π∗Ω_X (log D) → ^Ω_Y (log D̃).

Moreover, we can assume that π(Supp R) ∩ Sing(X, D) = ∅. Proof. Write D − [D] = ∑_n i=1(1 −^1_{qi} )D_i, where D_i are distinct prime divisors. We will construct π inductively as a sequence of ramified cyclic coverings π_i. Since D_1 is Q -Cartier there exists a non-zero integer m divisible by q_1 such that mD_1 is a Cartier divisor. Let us take a very ample divisor H^′ on X such that mH^′ − mD_1 is very ample. Choose a general divisor H ∈ |mH^′−mD_1| such that (X, D+(1−^1_{q1} )H) is a log canonical pair.

This is always possible since by Bertini’s theorem we can take smooth H and such that H intersects Supp D transversally in the smooth locus of X and Supp D. Now take as π_1 a normalized q_1-th cyclic covering associated to the divisor mD_1 + H ∈ |mH^′|. Then K_Y + π^{−1}_1 ([D]) + ∑ i>1(1 −^1_{qi} )π^∗_1 D_i = π^∗_1 (K_X + D + (1 −^1_k )H).

Therefore (Y, π^∗_1(D − (1 −^1_{q1} )D_1)) is a log canonical surface. In general, π^∗_1 D_i may be reducible but it is reduced and it consists of a disjoint sum of irreducible components. Hence we may apply the above process for π^∗_1 D_2 (which is still Q- Cartier). Repeating the above procedure, we get the required morphism. The last part of the theorem follows from the Logarithmic Ramification Formula. Q.E.D.

Remark 3.2. If X is a surface with at most quotient singularities then there exists a generically finite morphism f: (Y, D̃) → (X, D) from a smooth surface Y such that (Y, D̃) is log canonical and

^π∗Ω_X (log D) → ^Ω_Y (log D̃).

More precisely, there exists a finite morphism π: Z → X which locally factorizes through π_α: X_α → U_α ⊂ X, where X_α is smooth and K_{Xα} + π^{−1}_α (D − [D]) = π^∗_α(K_X + D|_{Uα} ). To construct π one can use Theorem 3.3. Then the morphism f is constructed by resolving the singularities of (Z, π^∗(D − [D])).

This is the main idea of a Q-variety structure on the pair (X, D), which was used in [11] to define Chern numbers of (X, D). The Chern numbers defined in this way agree with our Chern numbers. Equality of c^2_1 is obvious whereas equality of c_2 follows from the existence of asymptotic Riemann–Roch theorem in both cases (cf. the proof of [8, Theorem 5.1]). We show it also by an explicit calculation in Section 6.

Here we want to show an “algebraic” uniformization of log canonical surface singularities with boundary whose proof does not depend so heavily on a classification:

Theorem 3.3. (see [15] and [6, Section 3.1]) Let (X, D, x) be a log canonical surface singularity with fractional boundary. Then there exists a surface (Y, D̃, y) with reduced boundary and a proper finite map π: (Y, D̃, y) → (X, D, x) such that

^Ω_Y (log D̃) = ^π∗Ω_X (log D).

In particular, π is branched with ramification index m over an irreducible curve C if and only if C appears in D with coefficient (1 −^1_m ). Furthermore, we can choose (Y, D̃, y) such that 1. if (X, x) is a quotient singularity then Y is smooth, 2. if (X, x) is not a quotient singularity then D = D̃ = 0 and Y is either a simple elliptic singularity or a cusp.

Proof. To construct π we take a log canonical index 1 covering, i.e., a cyclic cover given by

Spec m−1⨁ i=0 O_X ([i(K_X + D)]) → X, where m is the smallest positive integer such that m(K_X + D) is Cartier. If (X, x) is a quotient singularity then we compose it with a local smoothing covering of the obtained singularity (which is also a quotient singularity). Q.E.D.

4. Logarithmic Ramification Formula

Theorem 4.1. (Logarithmic Ramification Formula; see [5, Lemma 0-2-13]) Let f: X → Y be a generically surjective morphism between smooth varieties. Let D and B be effective normal crossing divisors on X and Y , respectively. If f^{−1}(B) ⊂ D then there exists a natural inclusion

f^∗Ω_Y (log B) → Ω_X (log D).

Theorem 4.2. Let (X, D) be a log canonical surface with reduced boundary. Let f: (X̃, E) → (X, x) be a good resolution of the pair (X, D) and π: (Y, y) → (X, x) a finite proper morphism. Consider the commutative diagram (Ỹ , F )^g−−−−→ (Y, y) π̃ π (X̃, E)^f−−−−→ (X, x) obtained by the normalization of X̃ in the function field of Y . Then for any positive integer n g_∗π̃^∗(S^nΩ_{X̃} (log(f^{−1}D + E))) = Ŝ^n ^π^∗Ω_X (log D).

Proof. To prove the theorem it is sufficient to check it after a further pull back. Hence by Theorem 3.3 we can assume that (X, x) is either a smooth germ, a simple elliptic singularity or a cusp.

In the first case the assertion follows directly from Theorem 4.1. In the remaining cases D = 0 and it is sufficient to prove the theorem for one fixed resolution of (X, x).

Assume that (X, x) is simple elliptic. Let f be the minimal resolution. Then K_{X̃} + E ≃ O_{X̃} and on X̃ we have a non-split exact sequence

(4.2.1) 0 → O_{X̃} −→ Ω_{X̃} (log E) −→ O_{X̃} → 0

obtained by lifting an Euler derivation of the local ring O_{X,x} to X̃ and contracting with it. Passing to a resolution of singularities of Ỹ we can assume that Ỹ is smooth and π̃ is generically finite. Taking the pull back of the sequence (4.2.1) to Ỹ we see that for any g-exceptional curve F_i and any line bundle A of negative degree on F_i we have h^0(π̃^∗S^nΩ_{X̃} (log E) ⊗ O_{Fi} (A)) = 0.

Therefore we can use the formal function theorem to show that the cohomology group H^1_F (π̃^∗S^nΩ_{X̃} (log E)) vanishes (cf. the proof of [17, Lemma 3.13]). In particular, g_∗(π̃^∗S^nΩ_{X̃} (log E)) is reflexive and the assertion follows.

If (X, x) is a cusp then we take a resolution f: (X̃, E) → (X, x) such that E is a cycle of smooth rational curves (if in the minimal resolution the exceptional curve is nodal we blow it up twice to get the required resolution). By assumption (E − E_i)E_i = 2 for any component E_i of E. Since (K_{X̃} + E_i)E_i = −2 by the genus formula we get (K_{X̃} + E)E_i = 0. Hence the residue map

Ω_{X̃} (log E)|_{Ei} → O_{Ei}

leads to Ω_{X̃} (log E)|_{Ei} ≃ O^2_{Ei} . Similarly as above we can pull back S^nΩ_{X̃} (log E) to Ỹ and use the formal function theorem to get the required assertion. Q.E.D.

Corollary 4.3. (Logarithmic Ramification Formula for reduced log canonical surfaces) Let f: (X, D) → (X^′, D^′) be a birational morphism of log canonical surfaces with reduced boundary. Assume that f^{−1}(D^′) ⊂ D. Then there exists a natural inclusion (f^∗ ^Ω_X′ (log D^′))^{∗∗} → ^Ω_X (log D).

Corollary 4.4. (Bogomolov’s lemma for reduced log canonical surfaces) (see [1, Theorem 4] and [2, Corollary 6.9]) Let (X, D) be a log canonical surface with reduced boundary and π: Y → X a finite morphism from a normal surface. If a rank 1 reflexive sheaf L is contained in ^π^∗Ω_X (log D) then κ(Y, L) ≤ 1.

Proof. Let f: X̃ → X be a log resolution of (X, D) and let g: Ỹ → Y be a resolution of Y dominating the normalization of the main component of Y ×_X X̃. Let π̃: Ỹ → X̃ be the induced map. By Lemma 4.2 F = π̃∗Ω_{X̃} (log ⌈f −1D⌉ + E) contains (g^∗L)^{∗∗}. Take a rank 1 subsheaf M of F containing (g^∗L)^{∗∗} and such that Q = F/M is torsion free. Changing Ỹ we can assume that Q is a line bundle. It follows that M^{⊗n} is a subline bundle of S^nF with a locally free quotient Q_n. Now we can use the diagram 0 −−−−→ H^0(Ỹ , M^{⊗n}) −−−−→ H^0(Ỹ , S^nF) −−−−→ H^0(Ỹ , Q_n)

0 −−−−→ H^0(Ỹ − F, M^{⊗n}) −−−−→ H^0(Ỹ − F, S^nF) −−−−→ H^0(Ỹ − F, Q_n) to deduce that H^0(Ỹ , M^{⊗n}) = H^0(Ỹ −F, M^{⊗n}) = H^0(Y, L^{⊗n}). Since κ(Ỹ , M) ≤ 1 by [1, Theorem 4], we also get κ(Y, L) ≤ 1, Q.E.D.

Conjecture 4.5. Let (X, D) be a log canonical variety with reduced boundary. Let f: X̃ → X be a log resolution of the pair (X, D) and E the exceptional divisor of f. Then f_∗(Ω_{X̃} (log(f^{−1}D + E))) = ^Ω_X (log D).

The conjecture implies the Bogomolov–Sommese vanishing theorem for log canonical varieties (see [2, Corollary 6.9]).

Conjecture 4.6. (cf. [17, Conjecture 4.4]) Let f: (X̃, E) → (X, x) be a good resolution of a surface (X, D, x) with reduced boundary. Let F = Ω_{X̃} (log(f^{−1}D + E)) and let c_1(x, F) = P + N be the Zariski decomposition. Then dim(f_∗S^nF)^{∗∗}/f_∗S^nF = − n^3 6 P^2 + O(n^2),

dim R^1f_∗S^nF = − n^3 6 (N^2 − c_2(x, F)) + O(n^2).

By Theorem 4.2 Conjecture 4.6 is true for log canonical surfaces with reduced boundary. In fact, in this case dim(f_∗S^nF)^{∗∗}/f_∗S^nF = 0.

5. Generalized Bogomolov–Miyaoka–Yau inequality This section is devoted to the proof of Theorem 0.1 and its corollaries. The notation and assumptions in this section are as in Theorem 0.1. Lemma 5.1. Let π: Y → X be a finite morphism. If h^0((π^∗F)^{∗∗}(−C)) ≠ 0 and L(C −^1_2 π^∗N) > 0 for some nef divisor L then Cπ^∗P ≤ c_2((π^∗F)^{∗∗}) − 1 4 (π^∗N)^2.

Proof. For simplicity of notation assume that Y = X (in general the proof is the same). Replacing O(C) by a larger subsheaf of F we can assume that O(C) is saturated in F (i.e., F/O(C) is torsion free). Then by [9, Proposition 2.12]

(5.1.1) c_2F ≥ C(c_1F − C) = P C + 1 4 N^2 − ( C − 1 2 N )_2 . Since O(C) → F ⊂ Ω_X (log D), we have κ(X, C −^1_2 N) ≤ κ(X, C) ≤ 1 by Bogomolov’s Lemma 4.4. In particular, if L(C −^1_2 N) > 0 for some nef L then (C −^1_2 N)^2 ≤ 0. Hence P C ≤ c_2F −^1_4 N^2 by (5.1.1). Q.E.D.

Lemma 5.2. (Branched covering trick, see [12, Lemma 11]) Let X be a normal surface and E a rank 2 reflexive sheaf on X. Let s be a section of Ŝ^nE(−D). Then there exists a finite morphism π from a normal surface Y to X such that π^∗s splits into the product s_1 . . . s_n, where s_i is a section of (π^∗E)^{∗∗}(−D_i).

The proof is almost the same as the proof of [12, Lemma 11].

Lemma 5.3. If h^0(Ŝ^nF(−C)) ≠ 0 and L(C −^n_2 N) > 0 for some nef divisor L then P C ≤ n ( c_2F − 1 4 N^2 ) . Proof. Take a section s ∈ H^0(Ŝ^nF(−C)) and a finite morphism π: Y → X splitting s into the product of s_i ∈ H^0((π^∗F)^{∗∗}(−D_i)) (see Lemma 5.2). Note that ∑ D_i = π^∗C and ( ∑ D_i −^n_2 π^∗N)π^∗L = deg π(C −^n_2 N)L > 0.

If (D_i −^1_2 π^∗N)π^∗L > 0 or D_iπ^∗P = (D_i −^1_2 π^∗N)π^∗P > 0 then by Lemma 5.1

D_iπ^∗P ≤ c_2((π^∗F)^{∗∗}) − 1 4 (π^∗N)^2 = deg π(c_2F − 1 4 N^2).

Note that (D_j −^1_2 π^∗N)π^∗L > 0 for some j. Hence D_iπ^∗P = 0 ≤ deg π(c_2F −^1_4 N^2) also for the remaining indices i. Summing all these inequalities and dividing by deg π, we get the required inequality. Q.E.D. 5.4. Proof of Theorem 0.1.

Since (c_1F)^2 = P^2 + N^2, the asserted inequality is equivalent to 1 3 P^2 ≤ c_2F − 1 4 N^2.

Assume that^1_3 P^2 > c_2F −^1_4 N^2.

Let us fix an ample Cartier divisor H. If

h^0 ( X, Ŝ^nF ( − n 2 N − naP − H )) ≠ 0

for some a ≥ 1/3 then^1_3 nP^2 ≤ naP^2 < P (naP + H) ≤ n(c_2F −^1_4 N^2) by Lemma 5.3. We can therefore assume that

h^0 ( X, Ŝ^nF ( − n 2 N − naP − H )) = 0 for all a ≥ 1/3.

Now we have

h^2 ( X, Ŝ^nF ( − n 2 N − naP − H )) = h^0 ( X, Ŝ^nF ( − n 2 N − n(1 − a)P + H ) ^⊗ω_X )

= h^0 ( X, Ŝ^nF ( − n 2 N − n(1 − a)P − H )) + O(n^2)

In particular, for a =^1_3 , our assumption gives χ ( X, Ŝ^nF ( − n 2 N − n 3 P − H )) ≤ O(n^2).

Since χ ( X, Ŝ^nF ( − n 2 N − n 3 P − H )) = 1 6 ( 1 4 N^2 − c_2F + 1 3 P^2 ) n^3 + O(n^2),

we have 1 3 P^2 ≤ c_2F − 1 4 N^2

as required. Q.E.D.

Define a function f: Q_+ → Q_+ by f(^p_q ) =^{max(p,q−1)}_q , where p and q are relatively prime positive integers. Let (X, D) be a surface with boundary. Write D = ∑ d_iD_i, where the D_i are distinct prime divisors. Then we set D^{(f)} = ∑ f(d_i)D_i. The divisor D^{(f)} is a round up of D to a fractional boundary divisor (see [11, 6.1]). The following corollary generalizes Corollary 0.2.

Corollary 5.5. Let (X, D) be a surface with boundary such that (X, D^{(f)}) is log canonical. Assume that K_X + D is pseudoeffective and let K_X + D = P + N be its Zariski decomposition. Then

3c_2(X, D) + 1 4 N^2 ≥ c^2_1(X, D) = (K_X + D)^2.

Proof. It follows immediately from Theorems 0.1 and 3.1. Q.E.D.

Remark 5.6.

1. It is obvious from the definitions that κ(X, D) ≥ 0 implies K_X + D pseudoeffective. The converse is also true for log canonical surfaces (X, D), but it is much harder. (It is an important step in the proof of log abundance for surfaces.) Corollary 5.5 was known for a log canonical surface (X, D) with fractional boundary if κ(X, D) = 2 (see [7, Theorem 12]) or κ(X, D) ≥ 0 (see [11, Theorem 0.1.(i)]).

Note that if (X_m, D_m) is a log minimal model of any pair (X^′, D^′) such that K_X′ + D^′ = f^∗(K_X + D) for some f: (X^′, D^′) → (X, D) then c^2_1(X_m, D_m) = P^2. This follows from the fact that the pull back of K_{Xm} + D_m to X^′ is a positive part of the Zariski decomposition of K_X′ + D^′ (see the proof of [Corollary 7.5, Sa2]).

Therefore [11, Theorem 0.1.(i)] is equivalent to Corollary 5.5 for surfaces with fractional boundary and his formulation seems to be unnecessarily complicated. The second part of [11, Theorem 0.1] follows from the first one by Proposition 2.7. 2. Looking at our proof we see that even if we want to prove the Bogomolov– Miyaoka–Yau inequality for surfaces with at most quotient singularities we need to use Chern classes of reflexive sheaves in a more general setting. There are two steps of our proof at which we need to go outside the category of orbifolds or Q-varieties. Both of them are related to covering tricks (see Theorem 3.1 and Lemma 5.2).

Proposition 5.7. (see [14, Theorem 6.1]) Let E be a reflexive sheaf on a normal projective variety X. Assume that c_1E is nef and c_1F of any torsion free quotient F of E is pseudoeffective. Let S be a general complete intersection of (dim X − 2) globally generated divisors. Then

c_2((E|_S)^{∗∗}) ≥ 0.

Corollary 5.8. (see [14, Theorem 1.1]) Let (X, D) be a log canonical variety with reduced boundary. Assume that K_X + D is nef and X is not uniruled. Let S be a general complete intersection of r = dim X − 2 globally generated divisors H_1, . . . , H_r. Then

3c_2(^Ω_X (log D)|_S ) ≥ c^2_1(^Ω_X (log D)|_S) = (K_X + D)^2H_1 . . . H_r ≥ 0.

The proof is essentially the same as in [14] and it follows from Theorem 0.1 and the fact that (S, D|_S) has only log canonical singularities.

6. Local Chern classes of (X, D) and computation of c_2(^Ω_X (log D))

Definition 6.1. (cf. [11, Definition 1.7]) Let (X, D, x) be a germ of a log canonical surface with fractional boundary. If (X, D, x) is Kawamata log terminal and π is the map defined in Theorem 3.3, then^1_{deg π} is called the local orbifold Euler number of (X, D, x) and denoted by e_{orb}(x; X, D). Otherwise we set e_{orb}(x; X, D) = 0.

Definition 6.2. (cf. [7, Theorem 12] and [11, Definition 1.8]) Let (X, D) be a log canonical surface with fractional boundary and let Y be a constructible subset of X. Write D − [D] = ∑ (1 −^1_{mi} )D_i. Then we define the orbifold Euler number of Y by e_{orb}(Y ; X, D) =e_{top}(Y ∩ (X − Supp D ∪ Sing X)) + ∑ 1 m_i e_{top}({y ∈ Y : dim_y(Y ∩ (D_i − Sing(X, D))) = 1}) + ∑ x∈Y ∩Sing(X,D) e_{orb}(x; X, D).

The number e_{orb}(X; X, D) will be denoted by e_{orb}(X, D). It is clear from the definition that the orbifold Euler number is, similarly to the topological Euler characteristic, additive over disjoint subsets.

Lemma 6.3. Let (X, D) be a germ of smooth surface with a normal crossing divisor D. Let f: (X̃, E) → (X, x) be the blow up of X at x. Then

c_2(x, Ω_{X̃} (log(f^{−1}D + E))) = { −1, 0, if D = 0, otherwise.

Proof. We distinguish three cases according to the number of components of D (passing through x).

If D has two smooth components passing through x then using local coordinates one can easily check that Ω_{X̃} (log(f^{−1}D + E)) = f^∗(Ω_X (log D)) ≃ O^2_{X̃} and the assertion follows.

If D has only one component passing through x, then we have the following short exact sequence (see the proof of [17, Definition–Proposition 2.9])

0 → f^∗(Ω_X (log D)) −→ Ω_{X̃} (log(f^{−1}D + E)) −→ ω_E (f^{−1}D|_E ) → 0. The last term in this sequence is isomorphic to O_E (E). Therefore by [17, Theorem 2.7]

c_2(x, Ω_{X̃} (log(f^{−1}D + E))) = c_2(x, Ω_{X̃} (log f^{−1}D))−χ(O_E (E))− 1 2 E(K_{X̃} −E) = 0. If D = 0 then using local coordinates one can check that Ω_{X̃} (log E) ≃ O(E) ⊕ O(E). Hence c_2(x, Ω_{X̃} (log E)) = −1. Q.E.D.

Definition–Corollary 6.4. (cf. [17, Definition–Proposition 2.9]) Let (X, D, x) be a germ of a surface with reduced boundary. Let f: (X̃, E) → (X, x) be a non-trivial log resolution of the pair (X, D). Then the number c_2(x, X, D) = c_2(x, Ω_{X̃} (log(f^{−1}D + E))) does not depend on the choice of f.

Proof. It follows from the fact that for any two log resolutions of (X, D) we can find a third one dominating both of them. By Lemma 6.3 c_2(x, Ω_{X̃} (log(E + f^{−1}D))) does not change under a single blow up so the corollary follows. Q.E.D. Corollary 6.5. If (X, D) is a log canonical surface with reduced boundary then c_2(x, X, D) = − 1 |π_1(X, x)| , 0, if D = 0, otherwise.

Proof. If D = 0 then the result is known (see [17, Theorem 2.11]). Otherwise, (X, x) is a quotient singularity. Let π: (Y, y) → (X, x) be its local smoothing covering. By the base change and the minimal resolution of singularities we get the following commutative diagram (Ỹ , F )^g−−−−→ (Y, y) π̃ π (X̃, E)^f−−−−→ (X, x) in which Ỹ is smooth. Set D̃ = π^∗D. Then by the Logarithmic Ramification Formula Ω_Ỹ (log(g^{−1}D̃ + F )) = π̃^∗Ω_{X̃} (log(f^{−1}D + E)).

Therefore the assertions follow from the “naturality” of Chern classes. Q.E.D.

Corollary 6.6. (see [4, Lemma 2.6] and [10, Theorem 10.8]) If (X, D) is a log canonical surface with reduced boundary then c_2(^Ω_X (log D)) = e_{orb}(X, D).

Proof. Let f: (X̃, E) → X be a log resolution of the pair (X, D). For simplicity we can assume that f is an isomorphism outside of Sing(X, D). Then we have e_{top}(X − (D ∪ Sing X)) = e_{top}(X̃ − (E ∪ f^{−1}D)) = c_2(Ω_{X̃} (log(E + f^{−1}D))). Since f_∗Ω_{X̃} (log(f^{−1}D + E)) = ^Ω_X (log D) (actually we only need equality of reflexivizations), we have c_2(^Ω_X (log D)) = c_2(Ω_{X̃} (log(f^{−1}D + E))) − ∑ x∈Sing(X,D) c_2(x, Ω_{X̃} (log(f^{−1}D + E))).

Therefore the asserted equality follows from Corollary 6.5. Q.E.D. Definition-Proposition 6.7. Let (X, D, x) be a germ of a log canonical surface with fractional boundary. Let π: (Y, D̃, y) → (X, D, x) be a finite proper morphism from a log canonical surface with reduced boundary such that π^∗(K_X +D) = K_Y +D̃. Then the number c_2(x, X, D) = c_2(y, Y, D̃) deg π depends only on (X, D, x).

In particular, if (X, D, x) is not Kawamata log terminal then by Corollary 6.5 c_2(x, X, D) = 0. Note that a map satisfying the assumptions of the definition exists for every (X, D, x) (see Theorem 3.3). From the definition it follows that c_2(x, X, D) = −e_{orb}(x; X, D). Proposition 6.8. (see [Me2, Theorem 3.5]) Let (X, D) be a log canonical surface with fractional boundary. Then c_2(^Ω_X (log D)) = e_{orb}(X, D).

Proof. By Theorem 3.1 there exists a finite morphism π: (Y, D̃) → (X, D) such that π^∗(K_X + D) ≤ K_Y + D̃. Let B_1, . . . , B_k denote irreducible components of the branch locus of π not contained in Supp D. We can assume that the ramification indices e_i over a fixed component B_i are the same. Set F = D + ∑ (1 −^1_{ei} )B_i.

Then K_Y + D̃ = π^∗(K_X + F ) and hence (X, F ) is log canonical. The proposition will be proved once we show the following assertions: 1. c_2(X, F ) = e_{orb}(X, F ), 2. c_2(X, F ) − c_2(X, D) = e_{orb}(X, F ) − e_{orb}(X, D). To prove 1 note that by Corollary 6.6

c_2(X, F ) = 1 deg π c_2(Y, D̃) = 1 deg π e_{orb}(Y, D̃). Therefore we need only to show that e_{orb}(Y, D̃) = deg π · e_{orb}(X, F ). This follows immediately from Definition 6.2 and Definition–Proposition 6.7.

Note that ^π^∗Ω_X (log F ) = ^Ω_Y (log D̃). Therefore the second equality follows by the Riemann–Roch theorem from the appropriate exact sequence relating ^π^∗Ω_X (log D) and ^π^∗Ω_X (log F ). Q.E.D.

Appendix: Bogomolov’s instability Theorem A.1. (Bogomolov’s instability theorem) Let E be an H-semistable rank 2 vector bundle on a smooth surface X. Then 4c_2E ≥ c^2_1E.

Proof. Assume that 4c_2E < c^2_1E. Since χ(X, S^{2n}E(−nc_1E)) = 1 3 (c^2_1E − 4c_2E)n^3 + O(n^2)

and h^2(X, S^{2n}E(−nc_1E)) = h^0(X, S^{2n}E(−nc_1E)) + O(n^2) by the Serre duality theorem, we get

h^0(X, S^{2n}E(−nc_1E)) = 1 6 (c^2_1E − 4c_2E)n^3 + O(n^2).

In particular, there exists a non-zero section s ∈ H^0(X, S^{2n}E(−nc_1E)) for a large n. We can find a covering π: Y → X decomposing π^∗s into the product s_1 . . . s_n, where s_i ∈ H^0(π^∗E(−D_i)) (see Lemma 5.2). Let O(D^′_i) be a saturation of O(D_i) in π^∗E. Then

(A.1.1) D^′_i(c_1E − D^′_i) ≤ c_2(π^∗E).

Since π^∗E is π^∗H-semistable (see, e.g., [14, Proposition 3.2]) we have D_iπ^∗H ≤ D^′_iπ^∗H ≤^1_2 c_1(π^∗E) · π^∗H. Because ∑ D_i =^1_2 nc_1(π^∗E), we get D_iπ^∗H =^1_2 c_1(π^∗E) · π^∗H and D_i = D^′_i. By the Hodge index theorem we have (D_i − 1 2 c_1(π^∗E))^2 ≤ 0.

Therefore by (A.1.1) 1 4 c^2_1E − c_2E ≤ 1 deg π ( 1 4 c^2_1(π^∗E) + D_i(D_i − c_1(π^∗E)) ) ≤ 0, a contradiction. Q.E.D.

The idea of the above proof is that Bogomolov’s inequality for a semistable but not stable vector bundle follows from the inequalities for vector bundles of lower rank. Therefore it is sufficient to prove Bogomolov’s inequality for bundles, which remain stable under each finite covering. We prove that if this happens for a rank 2 vector bundle E then h^0(S^{2n}E(−nc_1E)) = 0 for each n ≥ 1.

Added in proof. Recently the author generalized Theorem 0.1 to any log canonical surface with boundary (see math.AG/0012180). The only difference in the proof is a generalization of Corollary 4.4 to any log canonical surface with (non-reduced) boundary (cf. Conjecture 4.5).

References.

1. F. A. Bogomolov, ‘Holomorphic tensors and vector bundles on projective varieties’, Math. USSR Izv. 13 (1979) 499–555.

2. H. Esnault, E. Viehweg, Lectures on vanishing theorems, DMV seminar 20 (Birkhäuser Verlag, Basel, 1992).

3. Y. Kawamata, ‘Characterization of abelian varieties’, Compositio Math. 43 (1981) 253–276.

4. ———–, ‘Abundance theorem for minimal threefolds’, Invent. Math. 108 (1992) 229–246.

5. ———–, K. Matsuda, K. Matsuki, ‘Introduction to the minimal model program’, Adv. Stud. Pure Math. 10 (1987) 283–360.

6. R. Kobayashi, ‘Uniformization of complex surfaces’, Adv. Stud. Pure Math.

18 (1990) 313–394.

7. ———–, S. Nakamura, F. Sakai, ‘A numerical characterisation of ball quotients for normal surfaces with branch loci’, Proc. Japan Acad. Ser. A 65 (1989) 238–241.

8. A. Langer, ‘Chern classes of reflexive sheaves on normal surfaces’, Math. Z.

235 (2000) 591–614.

9. ———–, ‘Adjoint linear systems on normal surfaces II’, J. Algebraic Geom. 9 (2000) 71–92.

10. G. Megyesi, ‘Chern classes of Q-sheaves’, Flips and abundance for algebraic threefolds (ed J. Kollár), Astérisque 211 (Société Mathématique de France, Montrouge, 1992) pp. 115–126.

11. ———–, ‘Generalisation of the Bogomolov–Miyaoka–Yau inequality to singular surfaces’, Proc. London Math. Soc. (3) 78 (1999) 241–282.

12. Y. Miyaoka, ‘On the Chern numbers of surfaces of general type’, Invent. Math.

42 (1977) 225–237.

13. ———–, ‘The maximal number of quotient singularities on surfaces with given numerical invariants’, Math. Ann. 268 (1984) 159–171.

14. ———–, ‘The Chern classes and Kodaira dimension of a minimal variety’ Adv.

Stud. Pure Math. 10 (1987) 449–476.

15. S. Nakamura, ‘Classification and uniformization of log canonical singularities in the presence of branch loci’, Master’s thesis (in Japanese), Saitama University, 1989.

16. F. Sakai, ‘Semi-stable curves on algebraic surfaces and logarithmic pluricanonical maps’, Math. Ann. 254 (1980) 89–120.

17. J. Wahl, ‘Second Chern class and Riemann–Roch for vector bundles on resolutions of surface singularities’, Math. Ann. 295 (1993) 81–110.

18. ———–, ‘Miyaoka–Yau inequality for normal surfaces and local analogues’, Contemporary Mathematics 162 (Amer. Math. Soc., Providence, RI, 1994) pp. 381– 402.

19. S. T. Yau, ‘Calabi’s conjecture and some new results in algebraic geometry’, Proc. Nat. Acad. Sci. USA 74 (1977) 1798–1799.

Adrian Langer: 1. Instytut Matematyki UW, ul. Banacha 2, 02–097 Warszawa, Poland

E-mail address: alan@mimuw.edu.pl

2. Mathematics Institute, Warwick University, Coventry CV4 7AL, U.K. E-mail address: langer@maths.warwick.ac.uk